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Analisi matematica. — Linear elliptic equations with BMO coefficients. Nota di Menita
Carozza, Gioconpa MoscarieLLo e ANTONIA PassareLL pr Narols, presentata (*) dal Socio

E. Magenes.

AsstracT. — We prove an existence and uniqueness theorem for the Dirichlet problem for the equation

div (a(x)V#) = div f in an open cube Q C RY, when £ belongs to some I (), with p close to 2. Here we
assume that the coefficient z belongs to the space BMO(Q) of functions of bounded mean oscillation and
verifies the condition a(x) > X, > 0 for a.e. x € Q.

Key worps: Dirichlet problem; Existence and regularity; BMO-space.

Ruassunto. — Equazioni lineari ellittiche a coefficienti BMO. Siprova un teorema di esistenza ed unicita

per il problema di Dirichlet per I'equazione div(a(x)V#x) = divf in un cubo aperto @ c RY, dove f
appartiene a Z(Q), con p vicino a 2. Si assume che il coefficiente « appartenga allo spazio BMO(Q) delle
funzioni ad oscillazione media limitata e verifichi la condizione a(x) > A, > 0 per q.0. x € €.

1. INTRODUCTION

The main objective of this paper is to investigate the existence and uniqueness of
solutions # € VV: "?(Q) of the Dirichlet problem

{ div(a(x)Vu) =divf in

1.1
(1.1 u=0 on O9

where 2 is an open cube of RY, (N > 2), f belongs to /(€ RY), with 2 close to 2,
and « is a function verifying the following assumptions

(2) a(x) > A, >0 for a.e. x € Q

(i) a(x) € BMO(Q).

BMO(S)) denotes the space of John and Nirenberg of functions of bounded mean
oscillation (for the definition see Section 2 below).
We say that u € \Val "2(€) is a solution of problem at (1.1) if u verifies

/ﬂ(x)VuV«pz/thp Ve CrQ).
Q Q
We establish the following

Tueorem A. Under the assumptions (i), (ii), there exists €, > 0, depending on X, and the
BMO-norm of a, such that for every f € L “(GRY), |e| < e,, problem (1.1) admits

(*) Nella seduta del 13 novembre 1998.
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unique solution u € VVOI 272(Q) and the following estimate
(12) lall g2 < il
with ¢ = c(\y, 4|l gps0» IN), holds.

The main tool in the proof of this theorem is an a priori estimate obtained by using
the Hodge decomposition in conjunction with a local version of a regularity result of
div-curl quantities on the Hardy space H' (see [2] and Proposition 2.5 below).

Let us remark that Theorem A is an extension of a well known result due to Meyers
who considered the case when a(x) is bounded (see [6]).

It is worth pointing out that for #(x) bounded, the result of Meyers gives € which
gets small as ||4||_ tends to co. From this point of view Theorem A is somewhat
surprising.

2. DEFINITIONS AND PRELIMINARY RESULTS

Here and subsequently, € is a cube in RY. In order to introduce the Hardy
space H'(€), we consider a function ¢ € Gy (€) such that suppy C B,(0) = {x €
€RY: |x| < 1} and [ @dx = 1. For every #> 0 we consider the mollifying function
,(x) =1t "p(” %) and given any function / € Ll (©) we set

h(x) = hxp,(x) for ae xeQ,
whenever 0 < r < dist(x, 09). Then we define the radial maximal function of f by
Mb(x) = Mg h(x) = sup{|h,(x)]; 0 < ¢ < dist(x, O}
for all x € Q. Now, we are in position to give the following

Derinrrion 2.1. The Hardy space H' () consists of the functions 4 € Llloc(Q) such
that

(2.1) 1Al = MA@l 1) < 00
The functional |||, is a norm which makes H'(2) a Banach space (see [7, 5]).

Let us remark that the Definition 2.1 does not depend on the choice of the function
© up to equivalence of norms and that if @ = R" it is the classical definition of H'(R").
It is well known that the dual space of H'(RY) is BMORY), where

BMORM) ={ ge Il R": ||gll= szp][ g — gol <
Q

is the space of all functions of bounded mean oscillation.

Deemvrrion 2.2, The space BMO(S) is the space of functions g € L'(€) such that

2.2) lell = sup][|g gQ\+][\g|<oo



LINEAR ELLIPTIC EQUATIONS WITH BMO COEFFICIENTS 19

In order to establish our result we need the following

Treorem 2.3. For every g € BMO(QY) there exists a unique T € H () such that
(2.3) T(h) = / h(x)g(x)dx  forall he M ().
Q

Conversely, for every T € (H' Q) there exists a unique g € BMO(SY) which satisfies (2.3).
The correspondence T — g determined by (2.3) is a Banach space isomorphism between
(H' () and BMOY).

Proor. See Theorem 2 in [7, p. 223]. O

It is well known that the space BMO(Q) is related to the Z7(£2) space, for 0 < p < oo,
by the following continuous embeddings

L*(Q) — BMO(Q) — I7(£).
Let us consider two vector fields £ = (E', ..., E”) and B= (B', ..., B") such that

o8, 0F,
curlE = <8x. - =0
7 i,j=1 n

1

and
. - 0B, _
leB—; o, =0.

The scalar product of such vector fields enjoy a higher degree of regularity than

generic products of arbitrary vector fields. The first result in such direction goes back
to the div-curl Lemma due to Murat and Tartar (see [8, 9]) and the subsequent theory
of compensated compactness. More recently in [2] the following celebrated result was

proved

Turorem 2.4. Let B € PRY ,RY) and E € L/RY , RY) where P> q are Holder
conjugate exponents, be two vector fields such that divB = 0 and curlE = 0. Then the scalar
product E - B belongs to the Hardy space H' (RY) and

I|£ - B||H1 < CHEHM”BHU’
where ¢ is a constant depending only on the dimension N.

From now on it is essential to consider  an open cube of R" in order to apply a
local version of the previous theorem (see [5]), namely

Provosrrion 2.5. Let B e IP(Q, RY) and E € L1(Q, RY) be two vector fields such that
divB = 0 and curlE = 0, where 1/p + 1/q = 1. Then their scalar product E - B belongs to
the Hardy space H(Q) and

|| - BHHI(Q) < ‘||EHM(Q)||BHLP(Q)

where ¢ is a constant depending on the dimension N.
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Finally we recall the following

Trrorem 2.6 (Hodge decomposition). Let w € W, (), r> landler 1—r<e < 1.

r

Then there exist 1 € VVOl’ﬁ () and a divergence free vector field H € LT== (£ RY) such
that

\Vw| *Vw=V+ H

and
1—
A - < ¢lell[Vell,,

IVl - < o[Vl

T—¢

where ¢, = c,(N).

Proor. See Theorem 3 in [4]. O

3. Proor oF THEOREM A

Before proving the existence and uniqueness result stated in Theorem A, we have to
establish a Lemma which is a refined version of a result contained in [3].
Lemma 3.1. Let us consider the Dirichlet problem
div (a(x)Vu) = div in Q
3.1) { (x) f
u=20 on 0Of)

where « is a function verifying the following assumptions

0< A, <alx) for a.e. x € )
ae L7(Q).
A
Then for every |e| < e, = ——2— ¢ positive number, and for f € LI’ *(GR") the
lledl paso

problem (3.1) admits a unique solution u and the following estimate
[l 1.2 < ellf 1] o
with ¢ = c(\y, ||| gaso » IN)» holds.

Proor. Let ]][ e *(O;RY) converge to f in L>*(;RY) and ; be the solution to
the problem

{ div (a(x)Vuj) = div ]]” in Q

u, =0 on 0.

By the stability of the Hodge decomposition stated in Theorem 2.6, for every j, % there
2=¢ —e

exist 1 € Wpl’ '=¢(2) and a divergence free vector field H € L%TE(Q ,RY) such that

\Vu, = V| *(Vu, = V) =V + H
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and

1]
—€

IN

alellVa, — V|13
(3.2)
IVll2z < 6|V, — Vg3~

where ¢, , ¢, are constants depending only on N.
From our assumptions it follows that for every j, £

) / Va, — VigPe < / (@()(Vi, — Vi),
Q Q

Vu, = Vu,|*(Vu; = Vu,)) =
- / () (Vi — Vi), Vb + H) =
Q
= /(Jf—fk)VdJ + / Oz(x)(Vuj—Vu/e, H)y=1+IL
Q Q

To estimate I, it suffices to apply Holder inequality and (3.2) to get
(3.3) L< U = Al VY laze < ol = fillo- |IVa = Vg |,75

I—¢

To estimate II we observe that since dived = 0 and curl(Vu]. - Vu) =0, by
Proposition 2.5 their scalar product belongs to the Hardy space #'(Q) and moreover
(H, Vi, = Vuy)lly < 6l |H = ||V, = Vg |,

Since av € L=(2) € BMO(?) by Theorem 2.3, thanks to (3.2) we obtain
(3.4) I < el gyl [(H Vi, — Vauglly < C3f4||a||BMoHH||f%§HV”j = Vaull,_. <
< qeglel ||O‘HBMO|IV7’{]‘ - V%H;:z :
From estimates (3.3) and (3.4) we have
Ao/ﬂ Vi, =V 5 < o|lfi=fill IV = Vi |25 + e eseqlelle] gyl [V, — Va3
and then

IV, = V|, < ellf; = fill,_.-

Then for every € such that

aesellallgyo

we have that

(3.5) ||uj_uk||‘vﬂl-2_f < €|U§_ﬁe||LH'

Formula (3.5) implies that “, is a Cauchy sequence and then it converges to a function

u in \/Vgl’z_E(Q). One can easily check that # solves problem (3.1). O

Now, we are in position to give the proof of Theorem A.
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Proor or THeorem A. Let us consider the sequence 4; defined by
alx) if alx) <j
ax) = .
/ j if a(x)>j
and the Dirichlet problems
{ div(aj(x)Vuj) =divf in Q

u].=0 on Of).

(3.6)

0

cllall a0
and f € L*75(Q), each problem (3.6) admits a unique solution “, in \VgI’Z_E(Q).

As before we use the Hodge decomposition to get

V| (Vi) = Vo, + H,

Since [|4]| g0 < 24l gag0 for every j [1, Lemma A.2], by Lemma 3.1, if |¢| <

where diij =0 and
(A

T—e
V41—

where ¢ denotes a constant depending only on N.

A\

1—
clel|| V12

IN

17
CHV”]'”z_Z

Using that 4(x) > A, and arguing as in the previous Lemma we get

A, /Q V'~ < /Q Y, + /Q a(x)(Vu, H) < e||f1],_ |V |[,=5 + elelllal| ol V241525 -
Then

IVall,. < ellfll,..
with ¢ = ¢(\;, ||4| g0 > V). The sequence (u].) is bounded in W;’LE(Q), and then

there exist a subsequence of (u].), still denoted by (u].), and a function # such that

w, = u weakly in w2=2(Q).

Since, for ¢ € (), 4,V converges strongly to aVy in () for every p < oo and
Vuj converges weakly to Vu in I*75(£2), we obtain that # solves the problem (1.1), i.e.
that

/ﬂ(x)VuV(pz/fch Ve CrQ).
Q Q
Moreover, we have that

(3.7) IVall,_. < ellfll,-.
with ¢ = ¢(\;, ||4llgy0> V). The uniqueness is an easy consequence of the previous

estimate. m|

This work was performed under the research program «Equazioni differenziali e calcolo delle variazioni»

supported by MURST (1997-98).
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