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Analisi matematica. — Differentiability of the transition semigroup of the stochastic
Burgers equation, and application to the corresponding Hamilton-Jacobi equation. Nota di
Giuserpe Da Prato e Arnaup Desusscre, presentata (*) dal Corrisp. G. Da Prato.

AsstracT. — We consider a stochastic Burgers equation. We show that the gradient of the corresponding
transition semigroup P, does exist for any bounded ¢, and can be estimated by a suitable exponential
weight. An application to some Hamilton-Jacobi equation arising in Stochastic Control is given.

Key worbs: Stochastic control problem; Burgers equation; Hamilton-Jacobi equation.

Ruassunto. — Differenziabilita del semigruppo di transizione dell equazine di Burgers stocastica e appli-
cazione all’ equazione di Hamilton-Jacobi corrispondente. Si considera un’equazione di Burgers stocastica. Si
prova che il gradiente del semigruppo di transizione corrispondente P,¢ esiste per ogni ¢ limitata e che
puod essere stimato con un opportuno peso esponenziale. Viene data un’applicazione ad una equazione di
Hamilton-Jacobi che interviene in un problema di controllo stocastico.

1. INTRODUCTION

We consider the stochastic Burgers equation

dX = (AXJr%%(XZ)) dr +/QdW, £€[0,1],r>0,

(1.1) X(£,00=X(,1)=0, t>0,

X(0,8=x(©), £€[0,1],

where x € 12(0, 1).

Here W is a cylindrical Wiener process on I*0, 1), adapted to a stochastic basis
Q, F,{F,},o0>P). Moreover Q is a symmetric linear operator on I?(0,1), and A is
the unbounded operator on L*(0, 1) defined by

Ax = 0%x/0¢*, D(A) = H*(0,1)N H, (0, 1).

Existence and uniqueness of a solution X(-, x) to (1.1), have been proved in [5]. We
consider the transition semigroup

(1.2) Pp(x) = Elp(X(2, x)], x€ H, p € B,(H) ("),

where H = [%(0, 1). In [6] it is proved that the semigroup P,, > 0 is Strong Feller,
that is if ¢ € B,(H) and #> 0 then P,p is continuous. In this paper we show that,

(*) Nella seduta del 18 giugno 1998.
(1) B,(H) is the set of all bounded Borel real functions on H.
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under suitable assumptions on Q, P belongs to C'(H) (2) and that the following
estimate holds

(1.3) IDPo(x)| < Cot 7 |gll,, €0, T], x € H,

where 6 > 0 is arbitrary and C;. > 0, 7 < 1 are suitable constants depending on 6.

This result allows us to prove existence and uniqueness of a regular solution of the
Hamilton-Jacobi equation:

@ e = L T QD 9] + (Ax 26, D, x)> +

(1.4) ~ F(x, Dilt, %) + g(),
u(0,x) =

where F is Lipschitz continuous with respect to Du and exponentially decaying with
respect to x. Moreover ¢ and ¢ € C,(H) and D denotes derivatives with respect to x.

Hamilton-Jacobi equations in Hilbert spaces of the form
d 1
7 uw(t, x) = 3 Tr [QD*u(z, x)] + (Ax + f(x), Du(t, x)) +
—F(x, Du(t, x)) + g(x),

u(0,x) =)
have been studied in [2, 9], under the assumption that f is a Lipschitz contin-
uous mapping from H into H, by doing a fixed point in a space of C' func-
tions. These results can be generalized to the case where f has a polynomial growth,
see [3].

The more singular equation (1.4) was studied by the authors, [4], using Hopf
transform. This requires a special quadratic form of the Hamiltonian.

In this paper we will solve equation (1.4) in a more general situation by using esti-
mate (1.3) and by doing a fixed point in a suitable space of functions having exponential
growth.

This result can be applied, using an usual argument of Dynamic Programming to
the following optimal control problem,

Minimize:
g 1
(15 Je2)=F ( / [g(ﬂ:)) +, /a(Y(s»z(s)z] s+ w(Y(T))> ,
0

over controls z that are adapted to W, and such that |z(s)| < R, where R > 0 is fixed

(2) Cy(H) is the Banach space of all continuous and bounded mappings from H into R, endowed
with the norm [|[|y = sup,.. 7 |(x)]. Moreover C'(H) is the set of all functions in C,(H) that are Fréchet
differentiable.
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and subjected to the state equation

AY = (AY+ %%(YZ) n \/_z>dt+ JQdW, €€[0,1], £>0,
(1.6) Y(£,00=Y(s,1)=0, £>0,

Y,8)=x, £e€l[0,1].
Moreover g, s, ¢ are nonnegative functions on C,(H), and

(1.7) hx) < Ce—="" | xe H,

for some C, e > 0.
In this case the related Hamilton-Jacobi equation is equation (1.4) with

(1/2) |2 if |2 < R,
F(x, z) =

(Rlz| — R?/2) h(x)  if|z| > R,

(1.8)
see e.g. [8].

2. ESTIMATE OF THE SOLUTION

Let H = L*(0, 1) be endowed with the usual norm and inner product denoted by
|| and (-, ). As usual, H*(0,1), # € N, is the Sobolev space of all functions in
H whose derivatives up to the order 4 belong to H, and HO1 (0, 1) is the subspace of
H'(0, 1) of all functions whose traces at 0 and 1 vanish.

The operator A is selfadjoint, strictly negative and has a compact inverse. We can
define (—A)’ and D((—A)’) for any s € R. For s = %, we have D((fA)I/Z) = HO1 0,1)

and its norm and inner product are denoted by
Ixll = (=A%, (%, 9) = ((—A)l/zx, (—A)l/zy) , %,y € HY0,1).
The sequence of eigenvalues of 4 is
N\, =k, keN,

it is associated to the orthonormal basis of eigenvectors {e,}, y »

e, =1\/2/m sinké, keN, £€10,1].

For any positive integer 7 we denote by P the orthogonal projector on the space
spanned by ¢, ..., ¢ .

We also consider a linear operator Q which is assumed to be symmetric, nonnegative
and of trace class, a cylindrical Wiener process W on H associated to a stochastic basis
Q, F {F 0 P)-

For x € HOI(O, 1) we set
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For any x € H, equation (1.1) has a unique solution, see [5]. This solution can be
constructed as the limit of Galerkin approximations. For m € N, we define B by

B()=17P, [aaf(me)Z]  xe 20, 1),

and consider the following Galerkin approximation of (1.1):
{ dX = (AX + B (X ))dt+ \/Q, dW,
X (0)=x,=P x,
where Q = P QP,. Notice the crucial identity

(2.1)

(2.2) (B(X),X)=0.
We start by estimating |X (#)| and ||X (2)]].

Provosirion 2.1. For all T > 0 there exists C. > 0 such that

T
(2.3) ]E( sup X, (2)) +/ |Xm(s)||zds> < Co(|% + 1),
0

tel0, 7]

Proor. For any m € N, we have from It6’s formula and (2.2), that

24 1X,0F + 2/ 1X,,(5)|2ds = 5| + £ Tr Q,, + 2/ (%.0.vQ, aw,) .
0 0
that yields

(2.5) E <|Xm(t)|2 + 2/ ||Xm(s)|2ds> =+ TrQ, + |x*|.
0

Moreover by (2.4) it follows

sup |X () <||+ TTrQ, +2 sup / (Xm(s) .V Q,, dW;) .
0

te(0, 7] tel0, 7]

Here we have dropped expectation of the Itd integral term. This fact can be justified
approximating |Xm(t)|2 with \Xm(t)\z/(l + 5|Xm(t)|2) and then letting § tend to 0.
Taking expectation, and using a well known martingale inequality, we find

. 1/2
IE(/O |,/Qme(s)|2ds>] .

By (2.5) and the boundedness of Q there exists C; , > 0 such that

E ( sup |Xm(t)|2> <K+ TTrQ, +4

tel0, 7]

E( sup |Xm(t)|2> < CI)T(|x2\ +1).
[0, 7]

Now the conclusion follows from (2.5). O
Now we want to estimate exponential moments of |X (#)].
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Provosirion 2.2. Let € < ey =7"/(2||Q|), then forany t € [0, Tl and me N,

2.6) E (€e|xm<r>\2+s Jo uXm(s)uzds) < ST Q
Proor. We set
t
:\Xm(t)\z—i—/ 1X (5)|*ds, ¢ <[0, T).
0

Then we have

dZ(2) = (1X,0I + Tr Q,) de +2(X,.\/Q, dW,).

eZ(1)

By It6’s formula applied to ¢ , it follows that

AeF2D — o 20 { X (t)|| +2¢[/Q X\ + Tr Qm} dt +

+200 (X,(0.1/Q,, dW,).

Then, integrating and taking expectation we obtain

E(gazo)) — ey Q, / EZ(:) ds +

R (efzm [ emor+21va; Xm<s>|2>ds).
0

Here we have dropped expectation of the It6 integral term. This fact can be justified
approximating ¢=“" with ¢“” /(1 + 6¢°““)) and then letting & tend to 0. Since

2¢[/Q,, X, < 2] QI 1X, () < 2em 2| QI 1X, ) < X,
by (2.7) we have

2.7)

E(e7) <™ 2 TrQ, / (7).

and the conclusion follows from Gronwall’s lemma. O
Now, by Proposition 2.2 we obtain, letting 7 tend to infinity,

Prorosirion 2.3. Let X(-) be the mild solution to problem (1.1). Let € < ¢, = 7r2/(2\| Ql,
then for any t € [0, T

(28) E (86|X(z‘)\2+s fot HX(:)HZd.r) < es\x|2+sz Tr Q

3. EsTIMATES OF DERIVATIVES

In this Section we are going to prove, using (2.8), some estimates on derivatives
of the transition semigroup of Burgers equation. Derivation of our estimates are not
rigorous but they can be easily justified by considering Galerkin approximations as in
the previous Section.
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We start with first derivatives. Let 4 € H, setting
(¢, x) = () = DX(z, )b,

we have

{ dn/ds = An + (Xn),
(3.1)

n(0) = A.
Prorosition 3.1. There exists C, > 0 such that
¢ "t
(32) ‘n(t)‘Z +/ HU(S)HZJS S ECl JO HX(f)\|4/3d5 |h|2
0

Proor. We start from the equality

d 1
3 5 OF + 10l = [ ono)ne d -

! 1
- [ nomoxide = [ rox e

It follows

1 d

) < = IXO|Ink)|34
S (O + [In(2)| H Al In@)1;.

< S IXOIO e < 5 IXOIOP? I,

where we have used the embedding HY40,1) c (0, 1), and a well known interpo-
latory inequality. Since

ab< (3/4)d° + (1/4) 6", a,6>0,

setting
HX Min@P?, 6= @',
we find
1d 2 3 (N s e ] ,
3 G IOF IO <3 (5) IKOIHOR + §
It follows

2 @l + @ < GIXOI P,

that implies, by a well known comparison result,

. 4 Lo 4
(AP < e I XN 2 / G IS XN e 12 s | P2
0

which yields (3.2). O
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Prorosirion 3.2, Forall T> 0 and € € (0, €,) , there exists C_ > 0 such that

(3.3) EOmnf+/ﬁmmW¢)g(;Hh%w3
0

Proor. For any € € (0, g) there exists C. > 0 such that

G [ IXOI < [ X+ G
0 0

Then by (3.2) it follows

E (|7](t)|2 + / ||77(S)||26i_5‘> < E <€5f0[ ”X(f)sz;-‘rCst) ‘b‘Z
0

Now the conclusion follows from Proposition 2.3. O
We now consider second derivatives. Let » € H, setting

M2, %) =C(t) = DX, (¢, %) (b, h),

we have
a¢ >
» {ZM+WQ+@L
¢(0) = 0.

Provosirion 3.3. There exists C, , Cy > 0 such that
(35) ‘C(t)|2 +/ HC(S)HZdS S C3€C2fot HX(S)H‘?/"}a’; |h|4
0
Proor. We have, arguing as in the proof of Proposition 3.1,
1 d 2 2 1 ! 2 X d ! 2 d
57 IC@A" + IO = 2 ), COX(9)ds — ; GO (HdE <

< GIXOIPICP + 3 IKOIF + .

It follows

Kmf+/umw%s/¢@mmw“”wm;ms
0 0

< (G I3 IX@Ndo /t n(s)[4 dbs.
0
On the other hand by Sobolev embedding and interpolation inequality:
@ < G I

(3.6)

and by (3.2) we have
/ |77(S)‘4d5 < C3€2C1 j(; |\X(;)”4/3dy‘h|4
0

Now the conclusion follows by substituting in (3.6). O
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Finally the following result is proved as Proposition 3.2

Prorosrrion 3.4. Forall T> 0 and € > 0 there exists C. >0 such that

(3.7) E (|<<f>|2 + [ ||¢<s>|zds) < C e,
0

4. REGULARITY OF THE TRANSITION SEMIGROUP
Here we assume that
(4.1) Qx| < C|(-A) x|, x€ H,

for some C> 0 and 8 € (1/2, 1). For simplicity we take Q = (—A)”. Now we prove
differentiability of the transition semigroup by using the Bismut—Elworthy formula,
see [1, 7].

ProvosiTioN 4.1. Assume that (4.1) holds, and let h € H and p € C,(H). Then P,y is
twice differentiable and

4.2) (DPp(x), h) = % E [goo((t, %) / ’ (@, dw)] .
Moreover for any T > 0 and & > 0 there exists C_ . > 0 such that

(4.3) IDPp()] < C. ™2 i), re [0, 71,

and

(4.4) 1D Po)] < C. 77" Jlgllye™™, 200, 71,

Proor. We first note that by interpolation
Q) < CI=A) "] < Clal' =7 ]|
Therefore

E / QP n(s))*ds < CE / I[P (o) ||* ds <
0 0

t 1-8 t B
2 2
E / ne) dx] [E / @l ds] .

(4.5) ]E/ 1Q (o) Pds < C. £ P pPe
0

<C

By Proposition 3.2 it follows

Consequently

- ' - —1— |x|?
[(DPp(x), )2 < 1 [0 E [ [1@mora| < o el
0

and (4.3) is proved. (4.4) can proved similarly, using Proposition 3.4 and the semigroup
property of P,.
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5. HAMILTON-JACOBI EQUATION

We are here concerned with the following Hamilton-Jacobi equation

6.1 % u(t, x) = % Tr [QD*u(z, x)] + (Ax + B(x), Du(t, x))— F(x, Du(z, x)) + 2(x),
5.1

u0,x) =)
for x € H, and #> 0. We have denoted by B(x) = (1/2) (xz)g , and F is a continuous
and bounded mapping from A x H into H, such that

(5.2) [F(x, ) — FGe, )| S LWy =l w0, € H,
where L(x) is such that
(5.3) L(x) < ke W7

for some £> 0 and 7 > 0. Moreover ¢, g € C,(H).
We write problem (5.1) in the mild form

(5.4) u(t, ) =P+ / P,_[(F(-, Du(s, ) + glds.
0

We define CWI(H ) as the space of all functions of C,(H) that are differentiable and such
that

o2
1Dy, = sup e™*"| Dy ()] < 0.

Equation (5.4) will be solved by a fixed point argument in the Banach space ZT,«,
consisting of all mappings #: [0, 7] x H — R such that . € C([0, 7] x H), for all
te 0, 7] ult,) e CJ(H), and

148
||u\|ZT = sup |lu(z, )|, + sup £ % | Duls, ')”0,7 <+ oo.
T el0, 7] (0,7

Tueorem 5.1. Assume that F is continuous and satisfies (5.2), (5.3) , and that p and g are
in C,(H). Then there exists a unique mild solution to problem (5.1) in ZTW.

Proor. We shall denote by C any constant. We write equation (5.4) as
u=T(u) + z,
where
t
#(t,) =Py + / P,_ gds,
0
and

T(w)(z, ) = /t P, F(-, Du(s, -))ds.
0

Ster 1. 2 € Z; .
We clearly have

12,0l < Clielly »
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t
H/ P gds
0

o lx|? _
IDPgl, . = supe " |DPp(x)| < Ce P gl s

t
‘D/ P .gds
0

Ster 2. I maps ZT,W into ZT,W.

and

< Tllglly-
0

Moreover by Proposition 4.1

and

t
<c / (¢ — 90245 g, < Cllgllo-
0, 0

Let u € ZT,W then

I, ), < / |E(C, Duts. )y ds.
0

and by (5.2), (5.3)
|F(x, Du(s, x))| < L(x)|Du(s, x)| + |F(x, 0)| < k| Du(s, ~)|0’7 + | FC, 0, <
< ks MO, A+ IEC 0.
Thus
Gy < 55 e, + TIFC, O,

Also by Proposition 4.1

IDL(@)(2, )]y, < C/t(t )" EC, Duls, )| ds <
0

t t

< C/ (r — 5)~ A2 =WEB)2 Yo ||uHZT + C/ (r— 3)*(1+B)/2||F(.,())||06[5 <
0 7 0

< IR, + CIIFC, 0],

Ster 3. T is a contraction.

We argue as in Step 2, for u, v € Z

IT()(z, ) = T(0)(z, )|, < / | F (-, Duls, -)) = F(-, Do(s, )| ds,
0
and, by (5.2), (5.3)
|1F (-, Duls, ) = F(-, Du(s, )| < k| Duls, ) — Du(s, )|, ., »
so that

" 2k -
ID@@)(z, ) — T(@)(z, )|, < /e/ 5D g — HZM < -5 TP/ |1y - HZTW.
o : :
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Moreover by Proposition 4.1

| DL (#)(¢, )= DL(0)(2, )|, < C/t(ts)(1+6)/2|F(- , Du(s, -))—F(-, Du(s, )| ,ds <
0

t
S C/ (l’* 3)7(1+6)/2S7(1+B)/2 615 ||u7 v”ZT’Y S Cl,(lfﬁ)/ZHuHZT’Y.
0 s s

We deduce
1-8
IT(#) 71_‘(7/)”217 <CT 7 ||lu— HZT,»Y'

Thus there exists 7; > 0 such that I" is a contraction on ZTO 8 and we have existence
and uniqueness of a mild solution of (5.1) in ZTO S This solution can be continued to
Z, . in a standard way. O

>y
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