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Teoria dei controlli. — Exact null controllability of structurally damped and thermo-
elastic parabolic models. Nota (*) di Irena Lasiecka e Roserto TriGGIANI, presentata dal

Corrisp. G. Da Prato.

AsstrACT. — We show exact null-controllability for two models of non-classical, parabolic partial
differential equations with distributed control: (7) second-order structurally damped equations, except for
a limit case, where exact null controllability fails; and (77) thermo-elastic equations with hinged boundary
conditions. In both cases, the problem is solved by duality.

Key worps: Exact null-controllability; Structurally damped parabolic equations; Thermo-elastic para-
bolic equations.

Ruassunto. — Controllabilita esatta all'origine di equazioni fortemente smorzate e di equazioni termo-
elastiche. In questa Nota dimostriamo la proprieta di controllabilita esatta all’origine per due modelli di
equazioni alle derivate parziali, di tipo parabolico, non-classiche, con controllo distribuito: (7) equazioni del
secondo ordine fortemente smorzate, eccetto che per un caso limite dove tale proprieta di controllabilita &
falsa; (i7) equazioni termo-elastiche, con condizioni al contorno incernierate. In entrambi i casi, il problema
¢ risolto per dualita.

1. Two crassEs oF paRABOLIC-LIKE P.D.E.’s. STATEMENT OF MAIN RESULTS

In this article we present a preliminary study exhibiting the property of exact null-
controllability for two classes of non-classical, parabolic-like P.D.E.’s, with distributed
L,(0, T; - )-control, along with an important limit case where this property fails. As
a motivation for our study, we recall that the notion of exact null-controllability for
deterministic parabolic-like P.D.E.’s plays an essential, critical role in connection with
corresponding stochastic parabolic differential equations. In this context, it is known, in
fact, that the notion of exact null-controllability is equivalent to the strong Feller prop-
erty of the semigroup of transition of the corresponding stochastic differential equation,
which is obtained from the deterministic one by simply replacing the deterministic
control with stochastic noise (G. Da Prato, private communication, July 1997). The
two non-classical, parabolic-like classes of P.D.E.’s studied in this article are: (7) struc-
turally damped second-order abstract equations [2, 4, 5] (subsection 1.1), and (7) some
thermo-elastic abstract equations (subsection 1.2). Under the action of distributed con-
trol, it is proved below that each of these two classes is exactly null-controllable at any
finite time T > 0, by means of L,(0, T'; - )-controls except for the limit case a =1 in
(1.1.1) below. This means that arbitrary initial data in the state (energy) space (or in
compatible, rougher spaces, see Remark 2.1 below) can be steered to rest over the time
interval [0, 7], 0 < T < 00, by means of L,(0, 7; - )-distributed controls. The proof
is, for each class, by duality. It exploits special structural/spectral properties exhibited

(*) Pervenuta in forma definitiva all’Accademia il 3 ottobre 1997.
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by these two parabolic-like classes.

1.1, First class: Structurally damped second-order abstract equations.

Let X be a Hilbert space and let S : X D D(5) — X be a strictly positive, self-
adjoint unbounded operator, with compact resolvent. In this subsection, we consider
the following second-order, structurally damped, abstract equation

(1.1.1) w, +Sw+ pSTw,=u, w0)=uwy; w,0)=w; p>0 1/2<a<l.

Here and throughout, # € L,(0, 7 X) is the control function, « is a real constant in
the range 1/2 < a < 1, whereby the homogeneous problem corresponding to eq. (1.1.1)
with # = 0 is structurally damped [2, 4, 5]: this means, mathematically, that the
operator

(1.1.2) A

po

o 7 | — D(SY2) & X
[—S —pS"‘]' EDD(APQ)—>E—D(S ) x X;

(1.13) DA,)={lx,x]€E: x DS, 5D, S "% +
+ px, € D(S%)}

. . . A
is the generator of a s.c. contraction semigroup ¢’

s {wy, w = {w(), w,(8)} with
# =0 on the energy space £ above, which, moreover, is analytic (holomorphic) here,
t> 0 [4, 5]. Setting z(#) = [w(#), w,(#)], we may rewrite the second-order equation

(1.1.1) as a first-order problem,

0
(1.1.4) zt:ApaerBu, 2(0) = {w,, w}, B= [[] .
The extreme cases & = 1/2 and o = 1 are the two most important ones in applications.
The main result of the present subsection is, perhaps, surprising in the splic between a
positive result for 1/2 < @ < 1 on the one hand, and a negative result for « = 1 on
the other.

Trrorem 1.1.1. With reference to problem (1.1.1), let T > 0, and let p* # 4u. > for
alln=1,2,3, ..., where the |1, are the eigenvalues of the positive self-adjoint operator S; in
particular, let p # 2 for o = 1/2.

(1) Let 1/2 < o < 1. Then: Given arbitrary initial conditions {w,, w,} € E, there
exists a control function u € L,(0, T3 X), such that the corresponding solution {w(z) , w,(¢)} €
€ L0, T5D(4,)) N C(0, T D(=4,)'%), D((=4,,)"%) = D(S'™*/*) x D(S*?) [8,
6] of (1.1.1) satisfies the terminal rest condition: w(T) = 0; w(T) = 0. In short: system
(1.1.1) 4s exactly null controllable on the energy state space E, over any [0, T1, by means of
L,(0, T;X)-controls.

(71) Let o« = 1. Then, system (1.1.1) is not exactly null controllable on the energy state space
E, within the class of L, (0 , T'; X)-controls [but is exactly null controllable on E within the larger
class of L, (0, T; [D(S)))-controls].
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Remark 1.1.1. For p* = 4/1}1:20‘ for some 7", in particular for p =2 and a =1/2,
we refer to Remark 2.2 at the end of Section 2. O

Remark 1.1.2. The above results complement very recent investigations in S. A. Av-
donin and S. A. Ivonov’s manuscript, 1997, entitled Controllability of the wave equation
with structural damping on reachability/controllability properties of a one-dimensional sys-
tem of type (1.1.1), where § = —dz/dxz, with right-hand side # replaced, however, by
the term &(-)u(z) with separated space and time variables, 4 € X and #(z) € L,(0, T) a
scalar control. By using the classical moment problem (which requires one-dimensional
scalar controls, and hence cannot apply to (1.1.1)), and sharp non-harmonic analy-
sis properties of families of exponential functions [1], this manuscript shows that for
1/2 < o < 1 the structurally damped equation there considered is 7ot exactly null
controllable by scalar L,(0, 7)-controls #(z). Our results with distributed controls
ue L,(0, T5X) are, by contrast, positive for 1/2 < a < 1; moreover, for o = 1 they
are still negative as in Avdonin-Ivanov’s work, but with a much larger class Z,(0, 75 X)
of controls, while they are positive with the even larger class L,(0, T [D(S'D)]) of
controls. It should be possible to re-obtain the aforementioned negative results of
Avdonin-Ivanov by using the approach of this article, which is based on the character-
ization (2.13). O

1.2, Second class: An abstracr thermo-elastic equation (hinged mechanical B.C./ Dirichlet
thermal B.C.).

In this subsection we consider a special abstract thermo-elastic equation, which cor-
responds, in particular, to a «concrete» thermo-elastic plate equation with hinged me-
chanical B.C./Dirichlet thermal B.C. [3]. The distributed control may either be a
«mechanical» control, or else a «thermal» control, see eq. (1.2.3) below. Let throughout
X be a Hilbert space and A: X D D(A) — X a (strictly) positive, self-adjoint operator

with compact resolvent. The equation here considered is

(1.2.1) y,=Ay+ Bu; y=I[Aw, w,,0];
0 A 0

(1.2.2) A=|-A 0 Al : H=XxXxXD>D(A) =
0 -4 -A

=D(A) x D(A) x DA) — H ,
and the operator B is
(1.2.3) either B=B =1[0,7,0], orelse B=B,=1[0,0,7],

corresponding to the mechanical control or the thermal control, respectively. Physically,
with reference to the three components of the vector y in (1.2.1), we have that w is
the mechanical displacement, w, its corresponding velocity, and @ the temperature. The
main result of the present subsection is
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Treorem 1.2.1. With reference to problem (1.2.1), let T > 0. Given arbitrary initial
conditions y, € H, there exists a control function u € L,(0, T X), such that the corresponding
solution y(1) € L0, T;D(A) N C([0, T1;D(A7?), DAY?) = D(A?) x D(A?) x
xD(A?) [6] of (1.2.1) with either B = B, , or else B = By, as in (1.2.3) satisfies the terminal
rest condition y(T) = 0. In short: problem (1.2.1) is exactly null controllable on the space H
within the class of L,(0 , T'; X)-controls.

Remark 1.2.1. The above result complements the very recent paper [7] which shows
exact null controllability in the case of a one-dimensional thermo-elastic equation, with
hinged B.C., under some restrictions which exclude our model (1.2.2), by means of a
scalar boundary control. Reference [7] uses a moment problem approach. O

2. Proor o Tueorem 1.1.1.
TuE cast a = 1/2: FACTORIZATION AND DIAGONALIZATION

Even though it is possible to give a proof of Theorem 1.1.1 which is valid for all
values of @, 1/2 < o < 1, see the approach of the subsequent Section 3, it is, however,
enlightening to single out the (important) case v = 1/2, as it exhibits the simplifying
structural/spectral properties of factorization followed by diagonalization (see eq. (2.2)
below), which are not shared by the other values of 1/2 < o < 1. A proof based —
ultimately — on the diagonalization of the infinitesimal generator A in (2.2) (hence of
the analytic semigroup ¢*) is given here when oo = 1/2. In this special case, we rewrite
more conveniently eq. (1.1.1) with SV = A positive, self-adjoint, unbounded operator
on X, with compact resolvent, as

(2.1) w, + Alw + pAw, = u; w(0) = wy; w,(0) =w; p>0.
The specialization of Theorem 1.1.1 to the dynamics (2.1) is then

Treorem 2.1. With reference to (2.1), let T > 0, and let p # 2. Given arbitrary initial
conditions {w, , w,} € E = D(A) x X, there exists a control function u € L,(0, T;X), such
that the corresponding solution {w(r), w,(r)} € C([0, T1;D(AY?) x D(A?)) of problem
(2.1) satisfies the terminal rest condition w(T) = 0, w,(T) = 0.

Proor or THEorREM 2.1.

Step 1. Setting y = [Aw, w,] € H = X x X, we rewrite eq. (2.1) as a first-order
equation on /7 as:

0 A 0
(22) y=Ay+Buon H=XxX, Az[ }:AM; B:{ };
-A —pA I

(2.3) M:{_O1 jp}; det(z]fM):zz—i—pz—l—1:(z+rl)(z+rz):

=z + (r, + )z + nr;
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(2.4) nn=1 n+n=p ynn/ln+n=1/p

-, = {pi\/p24] /2, real, if p>2;
(2.5) —1 o, = {pii\/4p2] /2, if0<p<2.

Henceforth, unless otherwise stated, we shall take 0 < p, p # 2, so that the matrix M
has two distinct eigenvalues —#, and —7, (real if p > 2; complex conjugate if 0 < p < 2)
with corresponding eigenvectors [1, —7,] and [1, —7,]. Then M is diagonalizable, with
diagonalizing matrix P,

| —n 0 11
(2.6) P MP = ; P = .
0 -z —-rn =7,
We define the operator IT = P(Identity on X) € £(H) and obtain by (2.2), (2.6),

0 A ~ .~ [-An 0 I I
2.7) A:[ }ZHAH ,A:{ };H:{ };
-A —pA 0 —Ar, —nl —nl

~ B —Art
e 0
(2.8) A =TT A= [

]; Re ., > 0.

0 e—Arzz

To proceed with the proof of Theorem 2.1, it is convenient to distinguish between
real distinct eigenvalues (p > 2) and complex conjugate distinct eigenvalues (0 < p < 2).
2.1.  Continuation of proof of Theorem 2.1 for p > 2: Distinct negative roots.

Step 2. In this case the eigenvalues —r, , —r, are real negative and distinct and we

have
- ~A 0 S s At
(29) A:A*:|: n :|; eAtZKA t:|:€ . t:|;
0 —Ar, 0 e 2
(2.10) /(i +r)=1/p<1/2,

recalling (2.7), (2.8), (2.4). Applying ! on both sides of equation y = Ay + Bu in
(2.2) yields

~ G~ _ 1 4 [Aw
(2.11) y,=Ay + Bu; y=I""y=1I ;

w,

E:HIanlmz ! [[};E*V‘]= ! O =)

7’2 — )/2 72 — 71
(2.12) BeL(X;H), B*eL(H;X).

The y-problem in (2.11) on H represents the diagonalized version of the original
y-equation in (2.2), through the bounded, boundedly invertible operator II in AH.
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Accordingly, the exact null-controllability on H, over [0, T, of the original dynamics
y, = Ay + Bu in (2.2) is equivalent to the same property for the diagonalized dynamics
yt—A)/—l—Buzn(le) O

Step 3. It is well known that, via functional analytic arguments, exact null-controlla-
bility in H for the j-dynamics in (2.11) within the class of L,(0, 7; X)-controls, is
equivalent to the following inequality: there exists a constant C > 0 such that

(2.13) /HB* A ’x ’

where, in the present distributed case, U = H. Thus, the crux of our proof consists in
verifying the validity of inequality (2.13).

2
xH , VxeH,
H

Step 4. Let, at first, the positive self-adjoint operator A have simple eigenvalues {1}
with corresponding eigenvectors {¢ } forming an orthonormal basis in X,

(2.14) Ae, = e, 0<p, —+oo.

For the multiple eigenvalue case, see Step 9 below. Then, by (2.14), we obtain

(2.15) e’A”’xl = Z e (x, e ) ve,, X €X;

n=1

(2.16) e_Amxz = Z e (xy, e ) ve,, x, €X;

n=1
oo

(2.17) e_A”’xl — e_AVZZxZ = Z [e_”””’(xl se)y —e M (xy, "n)x} e,

n=1

Thus, by recalling B* from (2.12), A from (2.9), as well as (2.15), (2.16), we
obtain with x =[x, , x,] € H:

(2.18) Bty = [r, — 17 [ — e
— e 12
(2.19) HB*EA ‘x ‘H =|r, - 71|—2 He—Arltxl _ e—Arztx2||X
— = S - 2
(2.20) (by (2.17)) = |r, — n,]| 2 Z |f o ]t(xl o)y — et zt(xz i en)X} '

n=1

Hence, setting for x, € X,
(2.21) a, = ,e)€ly B,=(x,¢),€l,,
we obtain from (2.20), (2.21) the expression for the left-hand side of (2.13):

o T
2 2 Lnty t Hntyt 2
— - —Hnll —Hn
’ dr=|r,—n| E |e a, —e Bn| dt.
H
n:10

T
(2.22) / Hg*eg*tx
0
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Similarly, from A7 in (2.9) and (2.15), (2.16), we obtain

e 12 2
(2.23) s TxH =|le A0 Txl + e_Arszz
H X
(224) (by (215)’ (216)) = Z |:e—2Hni‘l T|(X1 , e,,)x‘z + €—2MnrzT|(x2 , en)X|2:|
n=1
(225) (by (221)) _ Z {e—zunr1T|Oén|2 + €—2unrzT|ﬂn|2:| ,
n=1

where in the last step we have recalled (2.21). Using (2.22) and (2.25) in inequality
(2.13), we obtain

Lemma 2.2. When A has simple eigenvalues, the characterization for exact null-controllabi-
lity in H with L,(0, T'; X)-controls of the y -dynamics in (2.11), equivalently of the original
y-dynamics in (2.2); i.e., of (2.1), is via (2.21) rewritten as the following inequality:

T
220 > / e rmia, — i Pde > €3 [ Ta, )P 4 e T .
n=1

n=1 0

Step 5. Thus, the crux of our proof consists in showing the validity of inequality
(2.26). To this end, the following lemma is fundamental.

Lemma 2.3. Let a, b > 0 be two positive constants, o and 3 two possibly complex constants.
Assume that k= ab/(a + b) < 1/2. Then, the following inequalities hold true:

(2)
s 2
(2.27) ]
0/ +
2 2
ey

—at —bt 2 1 o |2 B
e a— et dtzz(l—zk)“ﬁ +)ﬁ

_%(1 + 2k) |:€_2ﬂT

ffaza o €7bz,8

2 . 2aT
dt > % {(1 Zk)f _ (1 + Zk) } e—ZﬂTla‘Z 4

a a

2 b b

1 a=20" Q420 _wur 0
3 - e Bl

Proor. We have, using |z]* =z z :
(2.29) I — e " BIF = e |al* + e 28> — D2 Re(af).
Setting

(2.30) a=e¢Ta; B=¢B; hence a =T, =15,
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and integrating (2.29) over [0, 77 yields

T
(2.31) /
0

(1 _ E_ZﬂT)

b ol
e Yoa—e "Bl dt = 5

2 —26T
- | 8
+2‘

e
Va

(by (2.30))
1 fjap? 8 2 4\/_ B

e = { Gl e () ()]
Lfjap, B 4vab  [(@ g
2 1Va ‘ﬁ Tatb (ﬁ) NT

(by (2.34) below)

(172,%) Rk (1+2k) B2
(2.33) > |: +‘ﬁ :| _b ],

where, in the last step from (2.32) to (2.33), we have recalled # = Wab/(a+ b)] < 1/2;

and, moreover, we have used the inequalities

Y%

(1 =2k)[pf + I9/];

(2.34) IpI> + |g° — 2% -2 Re(pg ){
7 1 1+ 28)[pI* + |4I’]

A

twice, once with p = a/v/a, ¢ = 3/Vb; and once with p = @/y/a and ¢ = B/Vb.
Then, (2.33) shows (2.27), as desired, via 7 and § in (2.30). Then (2.27) readily yields
(2.28). O

Step 6. We apply Lemma 2.3(i7), eq. (2.28) with
a=p,r,>0; b=pr,>0;
(2.35) k=Vabl(a+ b) = /77/(rn+71)=1/p<1/2
a=(q,e)y=a; B=(y,¢)y =05,
where we have recalled (2.10), and obtain by (2.28), (2.35),

T

(2.36) / i, — e dr >

2pnr T
05 () s
2 P) B p) t,n
1 2\ anT 2\ 1
HO-D5 (- e
2 P) M7 P) '
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Step 7. Given 7> 0 fixed (but arbitrary), there exists a positive integer N = N,
depending on 7 (as well as on p, which is fixed), such that

1 2\ il 2\ 1
2. “J(1-= —(14+2) 2 \> ;
2:37) 2{< p) 1,7, ( +p> unn}‘CT”N>O

Vn>Ng i=1,2,

where we recall that 2/p < 1 by (2.35): this is possible, since p1, 7, =+ 0o as 7 —+ oo,
i=1,2. Then, inequality (2.37) used in (2.36) yields (recalling v and 3 in (2.35)),

(2.38) / |e‘7“”’”‘(x1 se)y —e M (xy, en)X|2 dt >
0

—2puun T 2 —2puury T 2
> CTpN[ Hnl |(X1,€”)X| + e Knl ‘(xz,en)x|} , v nzNT

A fortiori, (2.38) implies for N = N,

T
(2.39) > / e (s ) — € P (xy , e) | e >
n=N 0

> Cryn 2 [ 1650 el + € |G, 6,
n=N
Eq. (2.39) is the «right> sought-after inequality (2.26), only from 7 = N, on, however.

Step 8. We now analyze the same inequality (2.39) up to any positive integer V.

Lemma 2.4, Let T > 0 and let N be any positive integer. Then, there exists a positive
constant € 1, > 0, such that:

N-1 T
(2.40) N = / |e_“’”"(x1 se)y —e M (xy, eﬂ)X’2 dt >
n=1 0
N-1
> €y Z {e_zwrl B M e i (O N
n=1

Prook. First, for the left-hand side K, of inequality (2.40), the following alternative
holds true: (7) either K7, = 0, in which case — due to the lincar independence of the
exponentials e *""" and e """ with 7, # r, under present assumption (p > 2) —
would follow that (x,,¢), =(x,,¢), =0, V=1, , N —1, and then the right-
hand side of (2.40) would vanish as well; and (2.40) Would hold true as an equality
for all €,y > 0; (i) or else K, > 0, in which case there surely exists some constant
€y > 0, such that (2.40) holds true. O
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Step 9. We apply Lemma 2.4 for NV = the positive integer NV, provided by (2.39).
Summing up (2.39) and (2.40) for such N = N, then yields inequality (2.26), as
desired. Thus, the exact null-controllability inequality (2.13) is proved: problem (2.11) in
7, equivalently problem (2.2) in y, or (2.1) in w, is exactly null controllable in A, with
L,(0, T;X)-controls, at least in the present case p > 2, where A is assumed to have
simple eigenvalues.

However, in general, if p > 2 and the ecigenvalues ;1, > 0 of the positive, self-
adjoint operator A have eigenvectors ¢, n=1,2,...; k=1,... , K, forming an
orthonormal basis on X, then expansions (2.15), (2.16), (2.18), (2.22), and (2.25)
become

(2.41) e Mty

- . ]
e M (x e ) e, 1=1,2;

3
Il
-

M 1
a2 TM=

(2.42) B =1[r,—n]" [y, e, — €7 (%0 e,0) x| e

1 1

>~
Il

n:

2
‘dt:
X

T
(2.43) / Hg*e;l*’x
0

oo Ky T
_ _ _ 2
= |r =l ZZZ/ ’e B R e R C "n/e)x| dr;

n=1 k=1 0

2
(2.44) ‘ len i |F =
X

Then, the above argument for simple eigenvalues of A, centered on Lemma 2.3 and
Lemma 2.4, extends to the multiple eigenvalue case for A. The proof for p > 2 is
complete.

Remark 2.1. Theorem 2.1 continues to hold true even if we take ‘rough’ (compatible)
initial data; say,

(2.45) Yy ={w,, w} € DA D] x [DA)] = E, for any s> 0,
rather than y, = {w,, w;} € E = D(A) x X. In (2.45), we have taken duality with

respect to the pivot space X. This extension can be seen in two ways:

(1) in one approach, we first take control # =0 on 0 < 7 <¢, with € > 0 arbitrary,
during which time the solution y(#) = ¢*y, is regularized by the analytic semigroup
(extended to E), so that y(e) = eAeyO € E = D(A) x X. Next, we use the above
argument of exact null-controllability on the interval [e, 7"+ €].
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(2) Alternatively, we can draw the same conclusion from the same estimates above:
we return to (2.36), multiply and divide its right-hand side by x>, s> 0 arbitrary but
fixed, whereby then (2.37) is replaced by

1 2 ezﬂn’iT 2 1

V>N, i=1,2,

and (2.38) then becomes
T
(2.47) / |(e_“’”1’(x1 se)y — e M (xy, "n)x|2 dr >
0

-2 T 2 2 —2 T, 2 2
Z CTpN: |:€ Hon :uns|(‘xl > gn)X‘ +e e /“Lnj‘(xZ’ en)X| 4

with, now, p (x;, e ) € D(A’), as desired. O

n

2.2.  Continuation of proof of Theorem 2.1 for 0 < p < 2: Distinct complex conjugate roots.

Step 1. In this case, the eigenvalues —7,, —7, in (2.5) are distinct, complex conjugate:
—n,=[-pEtivi- p’1/2, # , = r,, in which case 4" and ¢*"* are now, recalling 4
and ¢ in (2.7), (2.8):

. | 0 p A0
(2.48) A" = { 2 ]; A= {e :|;

0 —Ar, 0 et
ie, r, and 7, [or x, and x, in X] are interchanged with respect to (2.9). Via (2.15),

(2.16), (2.12), we see that the characterization (2.13) for exact null controllability in
H, with L,(0, T’; X)-controls, reads now

T T
- 2 >
~. * _ - -~ 2
(2.49) /HB o tx’U_Hdt: lr, —n|* E /|e Hinte — e M T dr >
0 N =17

- 2 >
> C A*T H - C { —punpT 2 2 })
= Lp|le X " T ;zl e [|C¥n| + ‘ﬁn| ]
(2.50) Rernn=Rer,=p/2; a,=(x,¢)y, B,=(x5,¢)y,

which is the counterpart of eq. (2.26) in Section 2.1 (p > 2).

Step 2. The crux of the proof now is the following Lemma 2.5, which is the
counterpart of Lemma 2.3.
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Lemma 2.5, Leta = ay + iay and b = a, — ia, = @, a, € R be two complex conjugate

numbers, a, > 0. Let o, 3 be two possibly complex constants. Assume that 2h = |a, [a| < 1.
Then, the following inequalities hold true:

e la—e "B zdt > (1-2h) [’a/\/‘?‘z + |5/\/d_1|2} 2+

—(1 +2h)e T Ua/\ﬁ‘ +[8/va| }/;

—at
e “a—e dt>
2

{(1 2h) Z”IT, (1+2h)}€,2ng[|a‘2+|ﬁ|2].

a

(2.52) /

0

1 1

Proor. We follow the proof of Lemma 2.3, as appropriately modified under present
assumptions. The counterpart of eq. (2.29), now with b=2 is

2
e—ata _ f_bt/B _ E—Zalt[|a|2 + |ﬁ| ) RC( —2at ﬁ) ,

(2.53)

so that, setting now (compare with (2.30))
(2.54) a=eTa; B=e7B; hence a =ae’; =517
we have, by (2.53), that the counterpart of (2.31)-(2.33) is:

T

(2.55) /

0

2
dt =

- b
€ﬂla7€ t

B (1 _ E—Zal T) a
-

()

2

2 _ —2aT -
} 2R [leaﬁ} _
2a

B
=

(256) = % { “\7—7 ’
1

_ UgalTa 2+‘ —ar B 4 Rel € Ta e_”‘Tgezszﬂlﬂ}
Va Va Va4 VA 2a
2.57) (b (254))—1 i2+ £2,4Re a B 4 n
B EA B | IV IV % V@ 2a
~ |2 =
. [a2+ Bl ar(® B )H
NZA NZA a, /4 2a
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1 a |? I6] a a B
A oA oAl | A L
Va Va 2a17 | ya | | y&

Recalling that 2/ = |4, /a| < 1 by assumption, we obtain from (2.58),

]

T

(2.59) /
0

e—ﬂta _ e—blﬁ

dt> (1 —25) [

1

21+2/;)

] |

Finally, (2.59) yields (2.51) as desired, by use of (2.54). Then (2.52) follows at
once from (2.51). O

Step 3. We now verify that, in the present complex conjugate case where 0 < p < 2,
then /= |a,/(2a)| < 1/2, as required by Lemma 2.5, if we take (recall (2.5)):

a=p,r =, (p + z'\/4—p2) /2, hence 4, =y, p/2,
@ w41

laf® 4 47

i.e, h<1/2, as desired, since 0 < p < 2. We then apply Lemma 2.5 with a = r, =

=0b, b=y, as in (2.60), and obtain by (2.52),

(2.60)
dlaP = W05 + 4 — ) = dyis 1=

<

T
(2.61) / ’67“”rztan — f””mﬂn’z dr >
0

> {(1—25)(%1,0)‘1 e —(1 +2/J)(unp)‘1} e o, P +18,1°]
n=1,2,...,
with o, = (%, , ¢)) and B, = (x,, ¢ ) as in (2.50).

Step 4. As in Step 7 of Section 2.1, given 7 > 0, there exists a positive integer
N = N, depending on T (as well as on p, which is fixed), such that

@62 {1 =28, T = (U281, = Cry >0, Y = N

(2.63) /|e wnten — et g Py > Cp e (o P4 16,12, Y > Ny
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and hence

n=N

T
(2.64) Z / |€fumtan _ efunr1r6n|2 dr > CTpN Z gfuinHan'z + ‘ﬁn|2] i
n=N 0

which is the counterpart of (2.39).

Step 5. The analysis of the same inequality (2.64), this time up to /V, is the same as
in Step 8 (Lemma 2.4) of Section 2.1; since the proof is based on the property 7, # 7,
which stll holds true.

Lemma 2.6. Let T> 0 and let N be any positive integer. Then there exists a positive constant
€y > 0 such that

N-1

T
N-1
@6 Y [l — g Pz e S e o+ 151
n=1 7 n=1

To obtain the sought-after estimate (2.49), and thus complete the proof of Theo-
rem 2.1 in the present case 0 < p < 2 with simple eigenvalues p, of A, we sum up
inequalities (2.64) and (2.65).

The multiple eigenvalue case can be dealt with as at the end of Section 2.1.

Remark 2.2, In the case p = 2 so far excluded, we have », = r, by (2.5) and so

the matrix leMP in (2.6) becomes a Jordan cell. The operator A and its s.c. analytic

semigroup ¢ have a Jordan structure. To analyze this case, we recall [5, Lemma
A.1(iv)(b), p. 47] that then ¢, = [0, ¢ ] is a generalized eigenvector of A; and that,
moreover, span{®’ ", ¢} = E, see [5, eq. (A.17)]. (In [5], the present p is replaced
by 2p). This special case has not been studied in detail yet. O

3. Proor oF THeorREM 1.1.1: THE case 1/2 < a < 1

Orientation. When 1/2 < o < 1, the factorization property followed by diagonal-
ization, displayed by the operator A in (2.2) for & = 1/2 is no longer true. However,
for the entire range 1/2 < o < 1 of analyticity of the underlying semigroup e** [5]
corresponding to the generator 4,, in (1.1.2), a different set of spectral properties of
Apa hold true, as pointed out in [5, Appendix A]. Accordingly, in the present proof
we shall exploit a subset of the aforementioned spectral theory for p* # 4u' 7%, V »,
where 1 are the eigenvalues of the operator S, see (3.4). It turns out that there is
a basic difference between the set of cases 1/2 < o < 1 on the one hand and the
isolated case & =1 on the other hand. Indeed, in the former situation 1/2 < o < 1,
the eigenvalues of Apa consist of two branches, A\~ and )\: having the following prop-
erties: both of them are real negative for Pt > 4/1}1720‘ L*Za N0 as 7 — oo
for 1/2 < a < 1; and, moreover, both of them tend to —oo: A, Af — —oo, as
n —+ oo, for 1/2 < a < 15 and for a = 1/2, p > 2. By contrast, in the isolated
case & = 1, we stll have A, — —oco; however, now, )\: * finite limit —1/p < 0 as

, where
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n— oo. (Thus, 4, has compact resolvent for o < 1, but not for & =1 on the energy

space £ = DS x X [5, Appendix A]). The fact that the branch )\j — a finite limit
—¢ #0 for « =1 will be responsible for the failure of Theorem 1.1.1 in this case, see
the counterexample below, eqgs. (3.3.1) and (3.3.4).

Proor oF Treorem 1.1.1(7) For 1/2 < av < 1. With reference to eq. (1.1.1), we shall
now set y(1) = (S w(s), —w,(#)] and obtain

(3.1) y,= A y+Buon H=X x X; B= [0[]; 7 [ﬂ S
2
0 _51/2 0 51/2
(3.2) A = {51 ., _psa} A= [_51/2 —pSa} ;

(33)  HoDAL) ={lx. %l € H: x €D +pS* 1] € D).

As seen in Section 2, with no loss of generality we may let the positive self-adjoint
(unbounded) operator S with compact resolvent have simple eigenvalues {1}, with
non-normalized (in X) ecigenvectors {¢ } forming an orthogonal basis on X.

(3.4) Se,=p.e ., 0<p, /4 oo

Then, the operator Apa in (3.2) has eigenvalues {/\;,,} and normalized (in H) eigen-
vectors q):‘*, as follows:

(3.54) AT AT T+, =0, ATA =p5 - =X = ppd;

(3.56) A= (—pu‘; +\/p e — 4u”)/2; /\::—Z,un/(\/pzui“ —4p, + pu(:);

#1/2 e ul/z e
(36) (P: _ n n : q); _ Xn n n :

)\: e, A, e,
(3.7) 19713 =1 < (o, + N Plelk = 1

B.8) (0,15 =1 <= x2=(n, + NP/, + 1N Clle, I =1/(u, + X, [

(3.9) {@F}°°, and {®, }° each forms an orthonormal family on H.

(3.10) {®]"} is a complete family on H, under the assumption
that p* # 4u. %%, so that AT #£ A .

(3.11) H=H" + H ™ (non-orthogonal, direct sum); x=x"+x ,xteH" ,x eH;

(3.12) H* =span{®/}>* ; H =span{®, }° .
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Accordingly, from the above properties (3.6)-(3.12), we obtain that A s the direct
sum of two normal operators (on H' and on H~) and

(3.13) Moty =3 D), + DN L B,), D,
n=1 n=1

2 o + i _
D B[O S R SR O S

n=1 n=1

(3.14) He"mfx

Recalling from (3.1) that —B[y, , y,] = y,, we obtain by (3.13),

(3.15) —Br ety = [EA”“’x} =
second component
(.16 by B13), BO) =Y [ DA lle ] /e, +
n=1
> + _ _ _
+ 3 [P @0 e e/l
n=1
(3.17) 1Bl = D7, @A el +
n=1

2
+ L @) N, el -

Thus, the characterization for the property of exact null controllability of eq. (1.1.1) on
E = D(5"%) x X, with L,(0, T'; X)-controls (equivalently, of eq. (3.1) on H = X x X),

T
(3.18) /‘
0

is equivalent, via (3.14), (3.17), to the inequality:

w T
(3.19) Z/
n=1 0

2 2
Brltraty ‘ dr > C; Hre TxH , x€ H,
X

H

2

+ =y _
M RN A e Nl + €M e, @) N eIl | dr >

> G {Z R S M e (O <I>n>le} ’

n=1 n=1
for some constant C. > 0. The crux of the proof now consists in showing the validity
of inequality (3.19).

Step 2. We shall show (3.19) when 1/2 < a < 1 and p* # 4/11‘720‘, as assumed. We
begin by working in the case when p2 > 4ui_2a, 1/2 <a < 1, in which case )\:lr’_ are
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both real (negative): this means for all > some N > 1 when 1/2 < a < 1; and for
p > 2 when a=1/2. We apply Lemma 2.3 with
a:—)\jl'>0; b:—)\; > 0
(3.20)
a, =" 00 A el B, =&, @)\, ey

(3.21) k,=Vab/(a+b) = \/\JX, J(=XF = X\)) =
1/p<1/2, fa=1/2, p>2,
= Vit,/(ppy) = { N

0, if1/2<a<1,

recalling (3.54-0), so that the required condition \/%/(ﬂ + b) < 1/2 of Lemma 2.3
is satisfied, at least for all » sufficiendy large, say w.lo.g. stll » > N > 1, for
1/2 < a < 1. Applying Lemma 2.3(77), eq. (2.28), for » > N, we obtain via (3.20),
(3.21):

T

(3.22) /

0

N o - 2
AL RN A e |y + ML @) X A, eyl | dt >

JL[a=28)NT 2k,
2 A A

_ +
} AT Plle, Ie™ 1™, @)l +

1 {(12@)5“” (1+2k)

21y — |2 2 20, T~ - 2
A " )¢
2 ‘)\;| |)\;‘ }Xn| n‘ ||enHX€ ‘(X n)H‘

(recalling the normalizations in (3.7) and (3.8))

[ =26) N7 4+ 20)NT ) s
(3.23) 25{ P +‘ |;|+|2 - +|"A+|;| T (e ) )P+
L@ =2k)0 1™ A+ 28)IN 1| oy e a2
3 T e AR

Vn>N,>1

Step 3. We now complete the proof of Theorem 1.1.1 for 1/2 < o < 1, p* #
* 4/411720‘; or « =1/2, p> 2. In this case, by recalling (3.56), we obtain

(3.24) Ay~ s A N\ =005 AT~ T AT N —oo;

(3.25)

A , 1 1 11
Al Lok N0 for fca<tik =L amd,
[0 L U T 2 P2
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A+ -« -« 1
(3.26) ‘”|+2~ BB N0
w, AT W, + i I, u,

Thus, by (3.24)- (3.26), given 7> 0 fixed (but arbitrary), there exists a positive integer
N, depending on 7" and « (as well as on p, which is fixed), such that

L[ =2k) N1 1T (14 28) A
3.27 > — - e > C >0,
o { NI T i

2
V>N, >N, >1.
Thus, a fortiori, inequality (3.23) implies by virtue of (3.27)

T

(3.28) /

0

> CTpNTa {e—Z\A:\T‘(er , (I),T)le + €—2|)\;\T‘(X— , @;)H‘Z} , Y 2 > NT

. o - B 2
T BN el T B, e | de

o’

and hence
IS T
_ 2
629 Y / L D) AT el €GB e | e >
n=Nr, 0
> Croyy 30 MG @0 P+ e T, 0,
n=Np

Thus, for « = 1/2 and p > 2; or else for 1/2 < a < 1 where ui_za \, 0, and so
P> dple
of generality for all » > N, ), we see that eq. (3.29) proves the required inequality
(3.19) with ReX/"~ = —|\7"7|, at least from » = N, on. Then, we can obtain
the inequality corresponding to (3.29) with Ziv;ll replacing > ., N = N;_, when
P’ # 4,u1fzo‘, in which case A and A are distinct, and the argument of Step 8 in
Section 2 (Lemma 2.4) continues to work. This way, inequality (3.19) is proved. O

, in which cases )\:’_ are real negative for 7 large enough (without loss

It remains to handle the case a« = 1/2, 0 < p < 2. Here we proceed as above by
invoking however, Lemma 2.5(77), eq. (2.5.2) (instead of Lemma 2.3, eq. (2.28)), as
well as Lemma 2.6 (instead of Lemma 2.4).

1-2a
n

above argument, leading to the key inequality (3.27), was carried out for 1/2 < a < 1,
p> > 47>, in which case then A/~ (real negative) N\, —co. In the case a = 1, this

The case o = 1, p* # 4p = 4y " CounterexamrLE TO INEQuUALITY (3.18). The
argument breaks down, as we now have:
(3.30) A, ~p,, A, N\ —oo, but AT A limic — 0= —1/p#0.

Thus, the argument leading to inequality (3.27) continues to hold true for A, when
a = 1. However, regarding )\n+ and o = 1, we obtain for 7 > 0, via (3.30), and
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kN0 by (3.21):
B30 [ =28) T = (U 28) | NS/ G, + AP = [T =110 =0,

as 7 —+ oo, which denies (3.27). Indeed, for o = 1, the critical inequality (3.18) (or
(3.19)) fails to hold true. To show this, we take the sequence of elements x, = @; e H",

so that by (3.11), and (3.6), (3.7), (3.9) we have:
0 if m# n,
1 if m=n

(3.32) x = <I>; , x =0, and (xjﬂ' , CIJZ)H = {

Then, via (3.32), and (3.17), we obtain

I 2 L 2 1 INET
(3.33) / |Br et || = / TN e+ 0| de = N3P le, I S
0 * 0 Al
+
B ‘)\;| (1 o 62)\,,, T) (1 o 67287")
(3.34) (by 3.7)) = A |)\;|2 > —0- s

= O N
as pu, /oo, X /=L, when m — co. Moreover, by (3.32) and (3.14), we obtain

ApaT

21t _2Iat _
p = 2NHIT g = 2T L, 21?T)

(3.35)

meH
as m — oo. Thus, (3.34) and (3.35) combined show that the characterizing inequality
(3.18), or (3.19), is false for « = 1 and p2 =+ 4ui_2a; and thus exact null controllability of
eq. (1.1.1) on the energy space E = D(SY?) x X [or, equivalently, of system (3.1) on
H = X x X] over the time [0, 7], by means of L,(0, 7’; X)-controls s false in this case.

Remark 3.1. By techniques similar to the ones employed above, one can prove that
exact null controllability of eq. (1.1.1) with & = 1 on the energy space £ = DS x X
[equivalently, of system (3.1) on the space H = X x X] over the time [0, 7] by means
of the larger class of L,(0, T} [D(S?)]")-controls is true, when o = 1, Pt # 4;;1!_2".
Indeed, in this case, the corresponding exact null controllability characterization is

T

(3.36) / ’

0

2 2
SY2 B Aeaty ’ dt > C; A TxH , xe X,
X X

in lieu of (3.18). Then, the coordinate terms on the left-hand side of inequality (3.19)
are now multiplied by j . Thus, we now have that the key inequality (counterpart of
(3.27) is)

U= 2k ) X121 (14 2k ) A
(3.37) { A S (2 G >0

2
V n> N,

o’
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i.e., (3.27) with the left-hand side multiplied by . Thus, we now have [un|)\:|/(un +
+ |)\n+\2)] S0 #0, and (3.36) hold true also for the )\:-branch, as desired. This way,
inequality (3.36) is proved as before. O

4. THERMO-ELASTIC CASE: PROOF OF THEOREM 1.2.1

Step 1. The proof of Theorem 1.2.1 in the thermo-elastic case (1.2.1)-(1.2.3) is
conceptually similar to that of Theorem 1.1.1, case & = 1/2, Section 2, in that both
cases share the property that the basic operator A can be factored and is diagonalizable.
Indeed, the operator A in (1.2.2) can be rewritten as [3]

0 A 0
(4.1) A=|-A 0 A|=AM;
0 -A -A
1 07
(4.2) M=1-1 0 1| sdet(zl — M) =2 + 2 + 2z + 1
1 1]
=(z—2)(z—-2)(z—7)=0;
(4.3) z = —0.56984; z, = —0.21508 + 7(1.30714); 2z, =% ,,

with accuracy up to the fifth decimal point. Then the matrix M is diagonalizable, with
diagonalizing matrix P:

s 0 1 1 1

4.4 P MP = ; P= % ) z

44 [0 E ; % ) —%
3

l+z 1+z 14z
We define the operator IT = P(/), Identity on X, and obtain

0 A 0 Az, 0
(4.5) A=|_-A 0o A|=TAT"Y A= Az, ;
0 -A -A 0 Az,
et 0
(4.6) = He’zitﬂfl; A = [ P ] , Re 2, <0.
0 At

Applying 1! on both sides of the equation y = Ay + Bu in (1.2.1) yields
(4.7) y,=Ay + Bu, j=1"'y, B=1"'B

The y-problem in (4.7) represents the diagonalized version of the original y-equation in
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(1.2.1). We have, by (4.3),

AZI 0 ) e.Azlt 0
(4,8) Z* _ A% : eA*z _ e-AZ3t ;

0 Azz 0 e.A@t
(49) E = [bl > bz > b3] > E*.y = bl.yl + bZ-yZ + b3-y3 ’

the exact expressions for 4, , b,, by in terms of z, 2, , 2, in either case B = B, =
=[0,7,0], orelse B=B,=1[0,0, /], see (1.2.3), being non-critical in the argument
below, except for being all non-zero. [E.g, for B=B =10, /, 0], we find

by =1+ Zl)/((zl —2)(z — 23));
by =1+ 2)/(( - 2)(z - 5));
by =1+ 2)/((z — 2)(z - 2)).
Instead, for B= B, =1[0,0, /], we find
by =1+ 2)1+2)(1+ z3>/((zl - 5)(z — %))’
b=+ 2z)1+2)1+z)/((z—3)z—27));
by=(1+2z)1+2)1+ z)/((z— )z —2))].
Thus, if x =[x, x,, x;] € H, we have by (4.8), (4.9):

(4.10) Brelty = b, eAZ”xl + bzeAszz + baeAzzzxy

As seen in Section 2, without loss of generality, we may let the positive, self-adjoint
operator A with compact resolvent have simple eigenvalues {1} with corresponding
eigenvectors {e,} forming an orthonormal basis in X,

(4.11) Ae,=p,e , 0<p, —+ oo.
Then
(4.12) A = e (x e )ve,, x X, i=1,2,3.

n=1

Hence by (4.10)-(4.12), we obtain

2 oo
=2
1

n=

2

>

(4.13) Hg*e’q*tx

N (x s e)x T b (%, e,) y + "szrbs(xs s €,)x

while also by (4.8),

~. 2 e
(4.14) HeA TxHH:Z {EZ;anT'(xl ; gn)xl2+ €2un(Rez2)TH(x2 , eﬂ)x|2+ |(x% ) f,,)x‘z]}-

n=1

Thus, the property of exact null-controllability on H, over [0, T, with L,(0, T;X)-
controls of the original problem y = Ay + Bu in (1.2.1) is equivalent to the same
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property for the diagonalized problem (4.7); and this, in turn, is equivalent to the
following inequality: there exists a constant ¢ > 0 such that

. 2
e TxH , VxeH,

’ dt > cr

T
(4.15) /Hg*e’q*”x j{
0

i.e., by (4.13) and (4.14),

wio 3/
0

2

eunzlrb xl ) fn)x + eunzybz(xz , fn)X + t’/fanzsz3(x3 > €n)X dt >

n=1

Z L‘T Z {gzunZI T‘(xl 2 en)X|2 + ezunRe(ZZ)T[‘(xZ 2 gn)X|2 + ‘(xS 2 en)X|2]}'

Step 2. The crux of the proof consists in showing the validity of inequality (4.16).
To this end, critical is the following lemma, the counterpart of Lemma 2.3.

Lemmva 4.1, Let r > 0 and a = a, + ia, and b = a, — ia, be two complex conjugate
constants with a, > 0. Let o, 3, 7y be possibly complex constants. Assume that

(4.17) ky =2 Jra[|r+ a| < 1/2; ky=a,/lal <1— k.
Then, the following inequalities hold true:
(2)

2
«

7

T
(4.182) / ‘e*"oz + B+ ey
0

+’£2+’1
va| V&

1
)

(4.186) c;=min{[1—-2k],[1—k — A1} >0, c,=max{[1 4+ 2&], [l + 4k + &1} >0
(7)

T

2

(419) / 67”04 + Efﬂtﬁ + efbt'_y |:L'1 leT _ CZ:| 672rT % +
0
v 2
2a1 T —Za
+1/2[f1"] 1 [ ‘7 ]
Proor. (i) Writing |z|> = 2z we obtain with b=z,

(420) ’E_rtOé 4 e—al/B + g_ﬁt7|2 _ €—2rt‘a|2 4 €—2a1t |ﬂ|2 + |’Y|2] +

+ 2 Re |:g_(r+ﬂ>taﬁ:| + 2 Re [ (@)= ’7} 42 Re [6’_2””57] .
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Hence, from (4.20) we obtain

T
(4.21) / |€7”04 +e B+ 672t7|2 dr =
0

B (1_672rT) 5 (1_6721117") 5 5 1—67(r+ﬂ)T _
=, el T AP+ bl +2 Re — ap|+
1_€—ZaT B l_e—(r-&-a)T _
2 2 2 —
1 a p Y a p a4
422) =3[ 2] f] ] | 44Re | 2
22 2{[%*‘@*@% |55 v )
B 7 4 } {G v ml]
+ 4Re|-2L L L4Re| L L VAL
[\/_ Va5 V2a NGNS
1 e Ta 2+ [ﬂlrﬁ 2 . 674177 2+
2\ Ve V@ Va
—T—= —aT ) —ay T —ay T )
+4 Re € a e /BE_sz anl +4 Re € /6 ¢ ’Ye—ZzazTﬁ +
ova  ra Vi V&

4+ 4 Re e a ety pol VL
NN r+z

Setting

a=e¢Tay B=eT8; y=¢"T~, hence
(4.23)

we rewrite eq. (4.22) more conveniently as

r 2
(4.24) /|€7”Oz + e B+ fﬁﬁ”y|2 dr = ;{ + '
0

2 3

o
vr VA

+4 Re[gi\/ﬁl] 14 Re[iiﬁ]+4 Re{zl ml}}_,_

Jra T+ a V@ /7, 2a Vrya, r+a
~ |2 ~ ~ |2 = 5
\/ra
,l @ 4 B 4 0 4 4 Re iﬂgﬂﬂzT ) +
2\ T vaEl T lva iva ria
+ 4 Re B el By fRe | L T T " =
NN 2 r r+a
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where
2
496 Slel |8 V4| i
(4.26) ®*\/; Jr‘ 7 |r+ﬂ\ Vr
4| 5| B V| L
2a Va4 lr+a| |7
Zg2+‘_2 v || a [’ i N
Vi |r+a\ v
v (lal ||
rral Vel lval |
Hence since |7 + 4| = |r + @ |, we obtain from (4.26),
(4.27) ®>J1-2 ¥4 5 v L1
|r—|—a| |r+ a |
+ 12 Y A 52 72:
|7 + a4 a Nz a
o P g P 5 P
={1- = —&—{l—lel—kz}[— +‘\/—ﬂ_1 ]

Hence, recalling the constant ¢, > 0 defined in (4.185), we obtain from (4.27),

B v I
(4.28) D> ||l— +‘\/ﬂ_} +‘\/ﬂ_1 ]
Similarly, from (4.24), (4.25), we estimate
ff PV |al| B
(4.29) Q@< |— S DI a2 ‘ﬁ
+ 2|2 5 VI | O '7
rral vl vl =
N Vg [\ |al
<{1+2| | |‘} -
Vi Al af
7, a4 B A
+{1+2|r+a|+a}[\/¢z_l ]
12 7 5 2
+ {1+ & + &} 77 jLTZ1 _
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Hence, recalling the constant ¢, > 0 defined in (4.185), we obtain from (4.29),

;

2

+

v

\Va,

al, |8

Vil
Thus, using (4.28) and (4.30) in (4.25), we obtain

N

2
(4.30) @ +

=6

2

(4.31) /e "4 B 4 e dt>—c af +‘l 1
| ﬁ ’Y| 1 \[ \/d—l
Al Al A
2 20vrl VA | v |
Recalling (4.23), we see that (4.31) coincides with the desired estimate (4.184).
Then (4.184) readily implies (4.19). Lemma 4.1 is proved. O

Remark 4.1. In going from (4.26) to (4.27), if we use 2ab < ed + 172/6, we obtain
a more general set of sufficient conditions for Lemma 4.1 which reduce to (4.17) for
e = 1. However, (4.17) is sufficient for our purposes in Step 3 below. o
Step 3. We apply Lemma 4.1(i7), eq. (4.19) with
{ r=plz|=pn,(—2z) >0 a=p(-2); a = u, Re(—z) > 0;
lr+al = p, |z + 2;

(4.32)

and recalling (4.3):

2y 2,/(=z)Re(—z)  24/(0.56984)(0.21508) 1

@33 k= =~ e a el 07849z +i015071d) ~ 0492 < 5

U3 b= Re zz‘ N 0.21508 _ 0.21508 _
4| 2 V(0.21508)7 + (1.30714)>  V/0.04625 + 1.70861

_ 021508 021508 6036 <1 & ~ 0.54078.

V1.75486  1.32471
Thus, the assumptions (4.17) of Lemma 4.1 are satisfied.
We obtain from (4.19), (4.32):

1| eall _ ¢
(4.39) / | tta, + B+ ety [P > o |2 2l ealla, P+
=2 Hn|zl|
2pnRe(—2y) T
et — ¢

+ o E2TB 1P 4 |y, ]

1
2| p,Re(-3z)
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with
(436) an = bl (xl > en)X > 5n = b3(x3 2 en)X 2 ,yn = bZ(xZ 4 en)X'
Step 4. Starting from (4.35), we can complete the proof of the sought-after estimate

(4.16), by proceeding as in Steps 7, 8, and 9 of Section 2.1. Given 7> 0 fixed (but
arbitrary), there exists a positive integer N = N, depending on 7', such that

l [1 €2/,1.n|z1 |7 _ Cz l Cl eZunRe(—zﬂT _ CZ
2 Fal2] 2| mRel=z)

This is surely possible since 11, "+ o0, |z,| > 0, Re(—z,) > 0. Then (4.35) and (4.37)
imply

(4.37) >Cp>0, ¥V n> Ny

T
(4.38) Z / }e“”z‘tbl(x1 se)y + B (x,, e + e‘“’zzt%(x3 s en)X|2 dt >
n=N 0

0o
> o 3 7Gxy e+ D[y, e+ [ )
n=N

(439) Chy = Cpymin{ly P 16,2162} > 0,
as all b, # 0 (recall the statements below (4.9)).

N=1
To obtain the corresponding estimate of (4.38) for >, we use the same argument
=1
as in Lemma 2.4, which relies on the same three roots z, , 2, , z; being distinct, hence

on the corresponding exponentials ¢/"", """, oHn%!

being linearly independent. We
omit the details, and refer to Step 8 and Step 9 of Section 2.1, to complete the proof
of Theorem 1.2.1, at least when the eigenvalues of A are simple. The case of multiple
cigenvalues also works along similar lines, as pointed out at the end of Section 2.1,

below Step 9.

5. USE OF RANK CONDITIONS

With reference to both problems, the structurally damped equation (1.1.1) and the
thermo-elastic equation (1.2.1)-(1.2.3), rewritten as y = Ay + Bu on the space H
(see (3.1), (3.2), in the first case), suppose that we attempt to use the rank condition
span{BU, , ABU,} = H, which is sufficient for steering any initial point in D(A) to the
origin on an arbitrary time 7', by means of an explicit smooth control, see [9, Theorem
3.1(4), p. 362]. We then find that the above rank condition never holds true, excepr
in the case of the structurally damped equation (1.1.1) with o = 1/2. In this case, since
e s analytic, we then let #, =0 on 0 < £ <¢, so that y(e) = eAeyO € D(A). Then,
the steering control #, in [9] steers y(e) to the origin over an additional time interval
T (arbitrarily small). Thus, », followed by u, steers y, to the origin on an arbitrarily
small time. This re-proves exact null-controllability for (1.1.1) with o =1/2. i
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