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Analisi matematica. — Maximal regularity for stochastic convolutions in I spaces. No-
ta (*) di Gruserre Da Prato e ALessanpra Lunarpl, presentata dal Corrisp. G. Da Prato.

AsstracT. — We prove an optimal 7 regularity result for stochastic convolutions in certain Banach
spaces. It is stated in terms of real interpolation spaces.

Key worbs: Stochastic convolution; Analytic semigroups; Interpolation spaces.

Riassunto. — Regolarita massimale per convoluzioni stocastiche negli spazi I¥. Si dimostra un risultato di
regolarita ottimale Z? per convoluzioni stocastiche in spazi di interpolazione fra opportuni spazi di Banach.

1. INTRODUCTION

This Note is concerned with optimal regularity of the stochastic convolution

t

(W,(@)(1) = / LB

0

where A: D(A) € X — X is the generator of an analytic semigroup ¢! in a Banach
space X, [ is a standard brownian motion in a probability space (€2, F,P), and ¢ is
a I’ integrable adapted stochastic process in (0, 7).

The smoothing effect of the stochastic convolution is known if X is a Hilbert
space and p = 2 [1]: if ¢ € L?J,(O, T5D,0,2)) with 0 < § < 1 then VVB(QD) S
€ L300, T5D,(0 +1/2,2)) if 6 #1/2, W,(p) € L;(0, T5D(A) if 6 =1/2. Here
D,(a, 2) is the real interpolation space (X, D(A)),, , if 0<a <1, or (D(A4), D(Az))a_1 >
if 1 <a<2. See [8].

This result is useful in the study of partial differential stochastic equations such as
for instance the Zakai equations arising in Filtering Theory [6, 2].

In this Note we generalize this result to a wide class of Banach spaces, p > 1,
and 0 < 0 < 1. Precisely, we show that if ¢ € L{;(O, T5D,(0, p) then W,(p) €
S Lg (0, T;D,(0 + 1/2, p)). Note however that in general D,(0, p) does not coincide
with X, and D,(1, p) does not coincide with D(A).

The class of Banach spaces that we consider are those spaces where the Burkholder in-
equality (see next section) holds. Such inequality is known to be true in the
2-uniformly smooth Banach spaces, and so in particular in the Lebesgue spaces L”’(Rd)
and in the Sobolev spaces Wk’q(]Rd), g > 2. This follows from [7, Proposition 2.4; 5,
Lemma 1.1].

In the case where A4 is the realization of a second order elliptic operator with regular

(*) Pervenuta in forma definitiva all’Accademia il 29 ottobre 1997.
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coefficients in Z/(R?) with p > 2, Krylov [4] proved that if ¢ € Lf;(O, T, Whe(RY)
then %((p) S L’;(O, T; WP (RY) = L‘E(O, T; D(A)). Our method does not allow
us to prove such a result, since for p # 2 W 2(R?) is not a real interpolation space
between Z/(R?) and D(4) = W (R). We have in fact D,(1/2, p) = B, ,(R), and
D,(1,p) = Bj, P(Rd), so that we get an optimal regularity result in Besov spaces rather
than in Sobolev spaces.

2. OPTIMAL REGULARITY

We recall the definition and some properties of the interpolation spaces which will
be used in the following, referring to [8] for an extensive treatment of interpolation
theory.

Let X be a Banach space with norm || - || and let A1 D(A) C X — X generate an
analytic semigroup ¢! in X. For any x € X, 6 € (0, 1), and p > 1 we set

1

? . 1—0 4 ¢4 ||PdE
‘x’DA(O,p)i/’g Ae xH e
0
and
1 e
? . 201-0) 12 ¢4 ||*
|x|DA2(0)P) —/ ¢ Ae xH ?

0

The interpolation spaces D,(0, p), D,(0 + 1, p) and D, (0, p) are defined by
D,@0, p) :{x €X: |x|DA(6:P) <+ OO} > ||x||DA(9’P) = [lx[| + |x‘DA(9,p) ,
D0 +1,p)={xe DA :Axe D,0.p}, I*lp,041, =¥l + [4xll 5., >

D0, p) :{x €EX: |x|DA2(0,p) <+ OO} ’ ”x”DAz(e,p) =[xl + |x‘DAz(9’1>)'

There is some difference for # = 0. Assume for simplicity that 0 € p(A4), so that the

seminorm
1/p

1
x> |xlp 0, = 0/“5/15@”17%

is in fact a norm. The space

X, = {xeX: ‘X|DA(0,1>) <+ oo} ,

endowed with the norm |-, (, . is not complete in general. So, D,(0, p) is defined
as the completion of X in the norm |-,  ,. If 0 € p(A), for all w € R such that
A —wl is of negative type the spaces D, (0, p) are equivalent, so we may choose

w=1+4 2 type of A and we set D,(0,p) = D, _,(0,p). The semigroup e has a
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natural extension to D (0, p), which will be still denoted ¢, and it turns out to be a
holomorphic semigroup. For a detailed treatment of the spaces D (0, p) see [3].
In the proof of our result the next proposition will play a key role.

Provosirion 2.1. Forevery p > 1, 0 € [0, 3/2) it holds
(2.1) D,0+1/2,p=Dp0/2+1/4,p),
with equivalence of the respective norms.

We will also need the Burkholder inequality, which does not hold in any Banach
space. A class of Banach spaces in which it holds are the 2-uniformly convex spaces [7].

We denote by Lg(O, T;X) the set of all adapted X-valued stochastic processes ¢
such that

T
/Hgo(t)H”dt <+ 0.

Lg (0, T;X) is a Banach space endowed with the norm

1/p

el 0, 751 / ()| de

From now on we assume that X and p > 1 are such that the Burkholder inequality

holds, that is
HC;) >0 such that forall ¢ e L’L;(O, T;X)
T I T ?/2

B (| [ewaso)| | < || [lewrs
0

0

(2.2)

We are able now to state our main result,

Treorem 2.2, Let X be a Banach space, p > 1 be such that (2.2) holds. Let A: D(A) C
C X — X generate an analytz'c semigroup ¢ in X. Then for every 0 € [0, 1) and ¢ €
€ L]7 0, T5D,0, p), Wy(p) € LP (0, T;D,(0 + 1/2, p)), and there exists K independent

of(p such that
W ( HLP<0 TiDy041)2,p) = HQDHL”(O T:D4(0.p) *

Proor. Recalling (2.1), we have only to estimate

(23) J:= E/dt/Hgs/z 0 p .gA/ (-4, )dﬁ()HPdg

0

= E/ dt/ &> / 204504
0 0

<
£
0
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Using the Burkholder inequality (2.2) we get
p/2

T 1 t
(2.4) J<CE / dt / gB/2-0r / | A% O () |2 ds %.
0 0 0

Splitting A% ¢!~ T94 = fplt=+9/24 4, (=+9/D4 40 d using the estimate [|oAe™|| 00 S
<M for 0 <o < (T +1)/2 we get

71 ' ?/2
@5 J=GeMYE [ar [¢r | [msg ade g P S
0 0 0
so that by Hélder’s inequality
T :
(2.6) J< (R / & / gor-op_L1_ / A=A 10 4, E
fP/ZH £
o 0 0
Now, setting 7 = & + ¢ — 5 and exchanging integrals, we find
T T41-s s
J< CE/dS / [Ae™ > (s)||P d /(T —t 4 )2y =
0 0 s
T T4l-s
=(¢E / ds / U1 4720 (5) ()P d T <
0 0
T T4
</E / ds / U= 4™ 2 o (5) |2 dr =
0 0
T min2, T+1) T41
=/E / ds / + / A=Y 4e™ 2 (5) P dr <
0 0 min(2, T+1)
SCHH‘P||L2<0,T;DA<9,,>>>- =
REFERENCES

[1] G. Da Praro, Some results on linear stochastic differential equations in Hilbert spaces by semi-groups
methods. Stoch. Anal. Appl., 1, 1983, 57-88.

[2] G. Da Prato - J. Zasczyk, Differential Stochastic Equations in Infinite Dimensions. Encyclopedia of
Mathematics and its Applications, Cambridge University Press, Cambridge 1992.

[3] G. D1 Brasio, Holomorphic semigroups in interpolation and extrapolation spaces. Semigroup Forum, 47,
1993, 105-114.

[4] N. V. Kryrov, On LP theory of stochastic partial differential equations in the whole space. SIAM J. Math.
Anal., 27, 1996, 313-340.



MAXIMAL REGULARITY FOR STOCHASTIC CONVOLUTIONS IN 7 SPACES 29

[5] E. Lencrart - D. LepiNGLe - M. Prateu, Presentation unifiée de certaines inegalités de la théorie des
martingles. In: J. Azema - M. Yor (eds.), Séminaire de Probabilités XIV. Lecture Notes in Mathematics,
784, Springer-Verlag, Berlin-New York 1978-79, 26-48.

[6] E. Parvoux, Stochastic partial differential equations and filtering of diffusion processes. Stochastics, 3,
1979, 127-167.

[7] M. PrateLLy, Intégration stochastique er géométrie des espaces de Banach. In: J. Azema - P. A. MEever -
M. Yor (eds.), Séminaire de Probabilités XXII. Lecture Notes in Mathematics, 1321, Springer-Verlag,
Berlin-New York 1988, 129-137.

[8] H. TrieseL, Interpolation theory, function spaces, differential operators. North-Holland, Amsterdam-New
York 1978.

Pervenuta il 14 ottobre 1997,
in forma definitiva il 29 ottobre 1997.

G. Da Prato:

Scuola Normale Superiore

Piazza dei Cavalieri, 7 - 56126 Pisa
daprato@sabsns.sns.it

A. Lunardi:

Dipartimento di Matematica
Universita degli Studi di Parma

Via D’Azeglio, 85/A - 43100 Parma
lunardi@prmat.math.unipr.it



