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Analisi matematica. — Heteroclinic solutions for perturbed second order systems. 
Nota(*) di MASSIMILIANO BERTI, presentata dal Corrisp. A. Ambrosetti. 

ABSTRACT. — The existence of infinitely many heteroclinic orbits implying a chaotic dynamics is proved 
for a class of perturbed second order Lagrangian systems possessing at least 2 hyperbolic equilibria. 

KEY WORDS: Heteroclinic orbits; Homoclinic orbits; Chaotic dynamics. 

RIASSUNTO. — Soluzioni eterodine per sistemi perturbati del secondo ordine. Viene dimostrata l'esistenza di 
infinite orbite eterodine per una classe di sistemi lagrangiani del secondo ordine, perturbati, aventi almeno 
2 equilibri iperbolici. La dinamica è caotica. 

1. INTRODUCTION 

In a recent paper [2] the existence of infinitely many homoclinic orbits implying a 
chaotic dynamics for perturbed second order Lagrangian systems possessing an hyper­
bolic equilibrium is proved by means of a variational approach. The aim of the present 
Note is to extend these results proving the existence of infinitely many heteroclinic 
orbits for" perturbed Lagrangian systems possessing two or more hyperbolic equi­
libria. 

Let consider second order systems of differential equations like: 

(1.1) u + VV(u) + eVu W(t, u) = 0 

with u eW. Suppose that the potential V has two isolated critical points xx and x2. A 
heteroclinic solution u of (1.1) connecting X\ to x2 is a C2(R, W) function satisfying 
the conditions: 

lim u(t) = Xi, lim u{t) = x2 and lim u(t) = 0 . 
t-+ - o o t-> +oo |^|—^ + oo 

Assume than the unperturbed system (e = 0) possesses a heteroclinic solution ZQ con­
necting j>q and x2. Under general assumptions we show that if the Poincaré 
functions: 

I\0)= - lw(t,z0(t + 6))dt and f(0) = - \w(t,z0( -t - 6))dt 
. R R 

have infinitely many minima or maxima sufficiently separated one each other then there 
exist infinitely many orbits ue winding in the phase space k times between xx and x2. 
When k is odd uE is a heteroclinic solution connecting xY to x2 when k is even ue turns 
out to be a homoclinic solution to x{. A sufficient condition in which these results apply 
is when the perturbation W is almost-periodic in time and the Poincaré functions r and 
t are non-constant. 

Moreover, using as in [2], estimates which do not depend on k> we obtain the exis­
tence of solutions of (1.1) which turns infinitely many times between x± and x2. The ex-

(*) Pervenuta all'Accademia l'I settembre 1997. 
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istence of these orbits implies a chaotic dynamics which can be described as in [2, 6] in 
terms of approximate and complete Bernoulli shifts structures. 

Using the same approach it is possible to study the situation in which the system 
possesses p hyperbolic equilibria. If in the unperturbed system they are connected by a 
chain of heteroclinics7 we prove the existence of infinitely many connecting orbits for 
the perturbed system. 

We assume the reader familiar with the techniques introduced in [1,2]. Since many 
computations and lemmas are the same as in [1,2] many of them will be omitted and 
we will concentrate the attention on the lemmas which differs from [1,2]. 

Notations. The notation Q will be reserved to positive constants which have a fixed 
value. Moreover oL( l ) (resp. oL>£(l)) will denote a quantity which tends to 0 as 
L —> + oo (resp. as L -> + oo and e —» 0) independently of anything else. The expres­
sion «a(zi, •.., zp) — 0{b(z\, ..., Zp))» will mean that there is an absolute positive con­
stant C such that for all (ziy . . . ,* p) , \a(z\, . . . ,zp) | ^C\b(ziy . . . , z p ) | . 

2. EXISTENCE OF SIMPLE HETEROCLINIC SOLUTIONS 

In this section we look for heteroclinic solutions z£ of (1.1) connecting xx to x2 near 
some z0 ( * + 0) as critical points of a suitable functional f£ defined on a Hilbert space E 
with norm || • || induced by a scalar product (*,*)• 

All our existence results will be obtained by means of a finite dimensional reduction 
looking for critical points of f£ constrained to a finite dimensional manifold. 

We prefix the following definition: 

DEFINITION 1. A submanifold McE is called a natural constraint for the func­
tional f if 

u e M and ( / | M ) ' («) = 0 imply that / ' (u) = 0 . 

Consider a family of C2(E, R) functionals f£ = / 0 + eG satisfying the following 
assumptions: 

• (hj) /o has a d-dimensional manifold Z of critical points at level b = 

=fo(Z); 

• (h2) For all z G Z the second derivative f£(z) is Fredholm of index 0; 

• (h3) For all z e Z, Ker/£U) = TZZ. 

The following lemma, proved in [1, Lemmas 2, 4, Theorem 6], locally defines a nat­
ural constraint for f£ near to Z. 

LEMMA 1. There exist £0 > 0 and a C1 function w = w(z, e) s'E such that: 

• (/) w(Zy 0) = 0 *W ||^(z, e)|| = O(e); 

• («) Tfe manifold defined locally as Z£ = {z + ^U, e) | | e | ^ £0} ^ ^ natural 
constraint for fE; 
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• {Hi) The functional fe restricted to Ze is given by: 

fe\z£ (z) =f£(z + w{z, £)) =/o (z) + eG(z) + o{e)=b + eG(z) + o(e). 

By Lemma 1 and Definition 1 it follows (see [1, Theorems 6-7]) that if G has a 
proper minimum or maximum in a point z e Z the functional f£ possesses a critical point 
z + w{%, e) near z. 

We will apply Lemma 1 to study the existence of heteroclinics for perturbed second 
order systems like (1.1). We assume that: 

• (V!) VeC2(WyR)y V{x1) = V{x2) = 0, W{x,) = W{x2) = 0/ D2V(x1)y 

D2V(x2) are negative definite matrix; 

• (Wi) f e C 2 ( R x R*,R) , W{t,xx) = W{t,x2) = 0, VuW{t,x,) = 
= VuV{t,x2) = 0, D2W(t,Xi)<=Lœ {R) and D2W{t, •) is continuous uniformly 
with respect to t. 

Because of (V^) the points xly x2 are hyperbolic equilibria of the unperturbed 
system: 

(2.1) u + VV(u) = 0. 

We will assume: 

• (V2) There exists a heteroclinic solution z0 of (2.1) connecting x1 and x2 such 
that the solutions <j) E E of the linearized equation: 0 + D2 V(z0) 0

 = 0' form a 1-di­
mensional space. 

Since the unperturbed system (2.1) is autonomous all the translated Ze(') = 
= Zo(' + 0) are still heteroclinic solutions of (1.1) connecting xx to x2. 

REMARK 1. In the geometric language of the dynamical systems hypothesis (V2) means 
that the heteroclinic z0 is transversal on the energy level containing the equilibria x^. 

Indeed since Zo in a heteroclinic connecting xx and x2 and equation (2.1) is autonomous 
results that y0 = (z0, z'o)(R) ç Mu (xi) C\ Ms (x2), where Mu {xx) is the unstable manifold 
of x1 and Ms (x2) is the stable manifold to x2. Hence for any x ey0 there results 
that: 

(2.2) TxYoQTxM
u(Xl)n TxM

s{x2). 

Since the linearized equation of hypothesis (V2) is the variational equation of {2.1) results 
that dim[ker/o (ze - z0)l = dim[TxM

u{x1) fl TXMS (x2)l. Hence (V2) exactly means 
that TxM

u{x1) PI TxM
s{x2) is 1-dimensional and from (2.2) that: 

(2.3) Txy0 = TxM
u{xx) H TxM*{x2). 

This also implies, calling H0 = {{x, x) E R2n \ {\jl)x2 + V{x) = V{x;)} the {In - \)-di-
mensional energy level that TxM

u{xl) + TxM
s{x2) — TXH0. Indeed, since Mu{xx), 

Ms {x2 ) ç H0, we clearly have for all x E y0 that 

(2.4) rxM«Ui) + rxM J(x2)cTxH0 . 
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Since dim(TxM
u(x1) D TxM

s(x2)) = 1, we have: 

dim(TxM*(x1) + TxMJU2)) = 

= dimTxM*Ui) + dimTxM'(x2) ~ dim(TxM*(*i) H TXM*(*2)) = 2» - 1, 

^•ow which toe deduce that in (2.4) equality holds; that is that y0 is transversal on H0. 

Since Xi and x2 are hyperbolic equilibria the heteroclinic solution z0 converges expo­
nentially fast to Xi and x2 respectively as / —» — oo and as t —> + <*> ; moreover also the 
derivative £0 converges exponentially fast to 0 as | ̂  | —> H- oo. 

We will work in the Sobolev space E = H1 (R, W). We consider the following 
functional defined on E: 

fe(v)= ~ \v2- fmzo + v)+z0vldt-elw(t,Zo + v)dt. 
R R R 

Because of (Vi) and (WJ the functional fe is well-defined and smooth on E. A critical 
point v of fe is a C2 solution of the following system of differential equations: 

v + VV(zo + v)+Zo + eVuW(t,z0 + v) = 0. 

Hence u = Zo + v is a C2 heteroclinic solution of (1.1). 
The manifold: 

Z={ze-z0,0eR} 

is a 1-dimensional critical manifold for f0 at level 

f0(zd-z0)=h= - lv(zo(t))dt. 
R 

The tangent space to Z in Ze — ZQ is given by TZ(Ze_ZQ) = span(i0). 
The following lemma shows that we can apply Lemma 1 to the functional fe : 

LEMMA 2. Assumptions ( h j , (h2), (h3) of Lemma 1 hold for f£. 

PROOF. (hx) is obvious. For all Ze ~ z$ G Z there results that TZ(Ze-Zo) ç ker/o (z$ — 
— Zo); (V2) exactly means that ker/o (Ze ~ Zo) is 1-dimensional and hence we deduce 
(h3). 

It remains to prove (h2). The linear operator fo(zo — Zo): E-^E is defined 
by: 

(fo(ze-Zo)y,u>) = \yw - ^D2V(ze)yw. 
R R 

Let consider a function y: R—>M(«, R), the set oin X n matrices, with y(t) uniform­
ly negative definite and such that lim y(t) = D2V(x2) and lim y(t) = D2V(x1). 
Hence we can write: 

(fo(ze"Z0)y,w) = 

= kyw - y{t)yw] - l[D2V(zd) ~ yWlyw = (y,w)Hi - (F"{ze - z0)y,w) 
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where 

(y> W)HX = \\.yw - y(t)yw] 
R 

is a scalar product in E equivalent to the standard one. We now prove that F" (ze — Zo) 
is a compact operator. Indeed we have to show that F" (z$ — Zo)yn —» 0 strongly on E 
whenever yn^0. We have: 

\\F"(ze-z0)yn\\= Sup \(F"(ze - z 0 ) y n , w)\ = Sup I i[D2V(ze) - y(t)iyn 

IMI = i M = l l
R

J 

Hence, by the Holder inequality, we get: 

\\F"(ze-Zo)yn\\^l \\D2V(ze)-Y(t)\2\y„ 

w 

,2vi* 

The above integral tends to zero as n —» oo because y„ —> 0 in L^c and 
lim D2V(ze(t)) — y(t) = 0. Hence fS(ze - z0) is an operator of the form Id + 

| / | - > o o 

+ Compact and then it is Fredholm of index 0. • 

By Lemma 1-(///) the expression of the functional fe on Z£ is given by: 

(2.5) fAze-Zo + wE)=fo(z0-Zo)-e\w(t,Zo + (ze-Zo))dt + o(8)=b + 8nô)+o(e) 
R 

where 

I\0)=-jW(t,Zo(t+.0))dt 
R 

is the Poincaré function of the system. 
Since we are considering a reversible system, if Zo is a heteroclinic solution of (2.1) 

from %i to x2 the function Zo(t) = Zo ( — t) is still a solution of (2.1) which is a heteroclin­
ic from x2 to #j . 

Hence we can perform the same procedure for the heteroclinic zQ dealing with the 
following functional: 

Mv)= I jv2 - \[V(Ï0 + v) +ï0vl - e jW(t,ï0 + v)dt. 
R R R 

As can be readily verified, from hypothesis (V2) it follows that also the solutions (p e E 
of the linearized equation: 0 + D2 V(zo) 0 = 0 form a 1-dimensional space. Hence one 
obtains for fe a formula like (2.5) with the new Poincaré function: 

f{6)=-\w{tjd)dt. 
R 

In conclusion we find: 

THEOREM 1. Let (VJ, (V2) and (WJ hold. If r (resp. r) has a proper local 
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minimum or maximum at some 0 then for e small (1.1) has a heteroclinic solution 
z£ connecting x\ to x2 (resp. x2 to x{) near z0(- + 0) (resp. Zo(* + 0)). 

3. EXISTENCE OF INFINITELY MANY HETEROCLINIC SOLUTIONS 

TURNING k TIMES BETWEEN Xx AND X2 

We now prove that it is possible to «glue» heteroclinic orbits zB. and zQ. in order to 
find orbits emanating at t = — oo from xx turning k = 2/ + 1 times between x1 and x2 

and arriving for t —» + oo to x2 (heteroclinic orbit to xx ) or turning k = 2l times and 
being asymptotic as t —» + oo to xx (homoclinic orbit). In the rest of the paper we will 
make the explicit computations for the heteroclinics only. In Remark 4 we will say how 
to obtain the homoclinic solutions; in the sequel hence k will always be an odd number, 
£ = 2 / 4 - 1 . 

3.1. The variational formulation and the «pseudo-critical» manifold. 

In order to get heteroclinic solutions turning k = 2l + 1 times between xx and x2 we 
will study the behaviour of the functional f£ near a suitable «pseudo-critical» manifold 
ZL whose elements are the «candidate» pseudo-critical points Ze near which we look 
for true-critical points of f£ corresponding to heteroclinics turning k times between X\ 
and x2. 

In the sequel we will always assume that L > 2 and the symbol 0 will mean 0 = 
= (01 ? . . . , 0* )eR* .Forany0 = (01 ? ..., 0k) e R*withmin(0 / + x - 0/) > 3 L we de­
fine a smooth family of functions depending on k parameters zè1}...}ek

 s u c n t n a t f° r 

/ = 1,...,7 

if * e ( - o o , - 0 ( 2 / + 1 ) - L - 1] , 

if / € [-0(2*'+D _ -L, ~0(2/+l) + L], 

if / e [ - 0 ( 2 | . + 1 ) + L + l , - 0 2 | - - L - 1 ] , 

if / 6 [ - 0 2 | . - L , -02,-+ L ] , 

if ; e [ - 0 2 / + L + l , - 0 ( 2 / _ 1 } - L - 1] , 

i f / e [ - 0 ! - L , - 0 ! + L ] , 

if / e [ - 0 ! + L + 1 , +oo) . 

r*i 

2<9 — ^6»1? ,0k 

^0(2/ + 1) 

* 2 

Ze2i 

x\ 

z0l 

x2 

In the complementary set 

2 / + 1 2 / + 1 

U (-&J-L- 1, -Oj-L) U ( - 0 y + L, - 0 y + L + 1 ) 
7=1 / = 1 

such functions Ze can be also taken so that are C00 (R) and such that: 

sup Wdow-vZo-Zew-vW^O a n d SUP , ^ 2 / * 0 ^ 2 ; • 0 as L -

Clearly the family of functions ZQ has been chosen so that as L —» + oo they «splits» 
into the «sum» of k = 2/ + 1 distinct 1-dimensional heteroclinics. 
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As can be readily verified the manifold: 

ZL={z%-z0\0eRk min > 3LJ 
(0/ + 1 - Oi) 

is a ^-dimensional «pseudo-critical» manifold for / 0 , that is: 

(3.1) sup ||/o' (z£ - z0 ) || -* 0 as L -* + oo . 

The tangent space of ZL at z# - z0 is given by TZ{ZL_ZO) = span(301?Z0 , ..., 

For our purposes, differently from Lemma 1, we need here to define a natural con­
straint ZLe for/e close to ZL in a global fashion; this is possible because from (Vi) and 
(Wi)/o and G" are bounded on bounded subsets of E. It is possible to prove (see [2, 
Lemmas 3, 4]) the following lemma: 

LEMMA 3. T^ere £?otf e 1 , o 1 , L 1 , C 1 > 0 such that VL > Lx there is a unique C1 

function 

tv(L,e,0)=wL{0)+wLte(0):(-e1,£1) X 

x { ( 0 1 ? ..., Ok)sRk | min(0 / + 1 - 0,-) > 31} -> {t; eE| | | i ; | | <"d1} 
i 

such that'. 

• WL,O(OI, •••, ©A) = 0 *»</ littleII ^ C i | e | ; 

• sup | |^L(0)| |->O as L - » + oo; 
{0|min(0 /+1-0/)>3L} 

• w;L(0), wL)£(d)eTZUzL__Zo); 

• /o (*£ - ô + ^ L (#)) e TZL(ZL _ Z o ) . 

Moreover, defining, 

Zue= {zè " z0 + «>(L, e, 0) | min (0 / + x -0i)> 3L} . 
i 

ZL) £ «• # natural constraint for fe. 

By Lemma 3 we are led, in order to find heteroclinic solutions turning k times be­
tween Xi and %2 , to look for critical points of the functional fe restricted to the ^-dimen­
sional manifold ZL £. The expression of the functional fe restricted to ZL>£ is given by 
the following lemma: 

LEMMA 4. Let k = 2/ + 1, for L>LX and \e\ < eÌ9 fe\zLe has the following 
form: 

(3.2) fe(ze-z0 + w(L,ey0)) = 

= (* - \)a+kb + e f ' l * /X0(2,--i)) + ] S f ( 0 2 / ) j + o L ( l ) + 0 ( £
2 ) 

w;Âer<? a = (1/2) \zo is a constant. 
R 

PROOF. Let L > Lx, \e\ < e'i and min(0z + x — 0Z) > 3L. Since wLfe e TZL(^_Zo), 



258 

by Lemma 3, (foizè - z0 +wL(0)),wL>e) = 0; by Lemma 3 \\wLte\\ ^ Cx \e\. 
Moreover, since by (VJ, (WJ/o and G' are bounded on bounded subsets of E we can 
write: 

fe(zo-zo + wL(0) + wL,e(0)) =fo(ze -z0 + WL + WUE) + 

+ eG{ze-Zo + wL + wL,£) =f0(ze -z0 + wL) + (fò(ze ~ z0 + wL)ywL}£) + 

+ 0( | |^L , J 2 ) + eG(z!ï-z0 + wL) + eO(\\wLJ) = 

= /o (ze ~ Zo + ^L ) + ^G(^L - Z0 + ^L ) + 0(£ 2 ) . 

Now, by Lemma 3 | | ^ L ( 0 ) | | = O L ( 1 ) , hence: 

/o (zè ~z0 + wL (6)) = / 0 (z£ - zo ) + oi ( 1) = 

= / | ( # - zo f ~ jlV(zi> ) + io (zi - Zo )] + oL ( 1 ) 
R R 

which is equal, by an integration by parts, to: 

|[|tó)2-Vtó)]-||io2 + oL(l). 
R u J R 

By (VJ and the «splitting» properties of Ze as L —»' oo we have that the above term is 
equal to: 

ì\ (zef-V(ze 
R 

= * [ | |io2+*)+0L(i)" | |zo2 = (*-l)^+tó+0L(l), 
\ R / R :, 

where # = — ÌQ. In the same way, because of (Wi), and the properties of Ze as 
R 

L —» + oo we have: 

Gfee
L - ZoL + ^ i (0)) = f ' Ì + ' r ( 0 ( a : _ i) ) + 'E f (0 2 , ) + OL ( 1) • 

/ = 1 

This concludes the proof of Lemma 4. 

By the above lemma the existence of minima for F and T sufficiently far one each 
other ensures the existence of critical points of/e restricted to ZL e and hence implies 
the existence of heteroclinics turning k times between xi and x2. To be more precise we 
make the following hypotheses on F and F: 

CONDITION 1. There arerj > 0 and a sequence (Un = (cn, dn ))„ e z> (U« = (£» > <4))» e z 
of bounded open intervals of R which satisfy: 

(i) r\un> T\îjn attain its minimum resp. at some a„e(cn,d„), a„e(c„,dn) and 
r\{cn,dn} ^ r(an) + y> ̂ sp. f\{cnjn) ^ r&n) + «7; 

(//) £«,£*-*+ °° as n—> + oo ^^^ ^ ? ̂  ^ — oo as n -^ — co . 
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Condition 1 is satisfied for example if F and r are non-constant periodic, quasi-peri­
odic or almost-periodic functions. (See [2, Section 2.4]). 

Hence it is possible to prove the following: 

THEOREM 2. Let (Vi), (V2), (Wi) and condition (1) hold. For all k = 2/ + 1, 
for £5*0 small enough there exists L£ such that if min (c^ — d j ) > Le and 

min l (cji2.+ 1) — dj2.) > L£ then equation (1.1) has a heteroclinic solution ue located near 

some Ze[, ...,ek with 0J{2._1) e UÂ2i_1) for i = 1, ..., / + 1 and BJ2. E Uh. for i = 1, ..., /. 

As a consequence of Theorem 2 we have the following corollary: 

COROLLARY 1. For all k = 2/ + 1 <̂?r<? £x&ft £ > 0 such that \fe E ( - £ , 0) U (0, ê) 
equation (1.1) ^ infinitely many heteroclinics winding k = 2/ 4- 1 ///»ey between X\ 
and x2. 

REMARK 2. Note that L£ —» + o° ^ £ —» 0. Using the exponential decay property of i^, 
deriving from the fact that xx and x2 are hyperbolic points the distance can be estimated as 
L£= — K In | £ | for some positive constant X, see Lemma 6. 

REMARK 3. It is also possible to obtain heteroclinic solutions of (1.1) ue turning k times 
between xx and x2 located near Ze where 6j are all maxima of T and F. Moreover with con­
siderations like section (3.3) in [2] streghtening Condition 1 we can also find heteroclinics 
where 0; are either near minima either near maxima of r and F. 

REMARK 4. For proving the existence of homoclinic solutions to Xj turning k = 2/ times 
between x\ and x2 it is enough to repeat the same arguments for the following functional de­
fined on HHR): 

fe(v)= - J > - \v(xi + v) - e\w{t,Xi + v)dt. 
R R R 

A critical point v of f£ gives rise to a solution u = x, + v of (1.1) homoclinic to Xj. 

However the constants L£ and £ given by Theorem 2 and Corollary 1 can depend on 
k so that Theorem 2 cannot be directly used to obtain the existence of solutions turning 
infinitely many times between xi and x2. The bound that we obtain for \\u£ — ZQE || is not 
independent of k. We will show, following [2], in the next section how to derive esti­
mates independent of k by using a different norm. We shall find solutions u£ close to Ze 
only in L°°-norm but not in H^norm. See also [6]. 

3.2. Existence of heteroclinic solutions turning infinitely many times between xx and x2. 

In this section we show how to modify the previous lemmas in order to obtain con­
stants £1 and L£ independent of k. 
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For any ^ < ... < ^ we will consider the norm on E: 

\u\2
d = max \\u2 | + \u\2 

i = 1, ...,k J 
li 

where 

I, = ( ( -0 X - 62)/2, +00), li=((-0.+ l - 0 ( . ) /2,(-0,-- ^ - J / 2 ) 

and 

ik = (-co,{-ek-ek.1)/2). 

In the sequel || • || will still denote the H^norm. 
Since for every u E E we have 

|«|HIMI2^*|«IS, 
the norm | - ( ^ is equivalent to the H1 -norm for fixed k. Moreover the following uni­
form bound can be easily proved: V& e N, V(01? . . . ,0£) with min(0z — 0/_i) > 1 : 

|[̂ ||oo ^ 2\u\e . 
With the above norm the estimates become independent of k. 
A modified version of Lemma 3 (see [2, Lemmas 13-15]) in which the constants can 

be taken independent of k can be proved. 

LEMMA 5. There exist e2, ô2, L2, C2, C3 > 0 ^c/? £&#£ V£, VL > L2 /&ere /Is- a unique 
C1 function 

w(L,8,9)=wL(0)+wL>E(0):(-e2,82) X 

x { ( 0 1 ? . . . , ^ ) e R * | m i n ( 0 / + 1 - 0 , - ) > 3L} -» {z; e E | |H| ^ ô 2 } 

such that: 

• wLj0(0) = 0 *»J | ^ L , C U ^ C 2 | e | ; 

• \wL(0)\d = O(exp(-C3L)); 

• wL(0), wLt8(0)-e TZL{ZL_ZQ); 

•f{(zi>-Zo + wL(d))eTZLizL_Zo). 

Moreover, defining, 

ZL,e= {4 -z0 + w(L, e, 6) | mm(9i+l -0i)> 3L} 

ZLe is a natural constraint for fe. 

By Lemma 5 we are led, in order to find heteroclinic solutions turning k times be­
tween x1 and x2 and then solutions turning infinitely many times between Xi and x2, to 
look for the critical points of the functional fe restricted to the ^-dimensional manifold 
ZL e . The next lemma provides a suitable expression of the functional fe restricted to 
ZLe (see [2, Lemma 18]): 

LEMMA 6. V |e | < e2, VL >L2, Vk,for all (6l9 ..., 0k) e R^ with min(0 / + 1 - 0Z) > 
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> 3L there results: 

(3.3) fe(ze-z0 + iOL(0)+wL>£(0)) = 

= (k- l)a+kb + e l '~Ìf ' r t f l ^ - D ) + Ï f (0 2 / ) +£(L , £,.0) 

where' fi has the following property: there is a positive constant C4 such that, if 6- satisfies 
6- - # ,_ ! > 3L and 0 / + 1 - 0 / > 3L then 

(3.4) bsa,^!, . . ,^, .-!^ 
= 0 ( e x p ( - C 4 L ) ) + fioe>L(l). 

By Lemma 6 it is possible to prove (see [2, Theorem 3]) that: 

THEOREM 3. L^/ condition (Vi), (V2), (WJ #W condition (1) £o/<i. TZ?e/z $ere emft <# 
positive constant C5 such that: Vo> > 0 there exists e3 > 0 J^C/? / t o /or all k = 21 + 1, 
V £ G ( - £ 3 , £ 3 ) , 8*0 if _ min ^ ^ - 4(2,-i)) > L

£
 = - C5 In | e | W _ min fa^-

dJ2t) > Le= — C5ln\e\ then there are Qj{2i_x) e U/(2._1} /or / = 1, ..., / + 1, 0J2. e U72. 
/?r / = 1, . . . , / , and a heteroclinic solution ue of (1.1) which satisfies: 

I I ^ - ^ , . . . , % I I L O O ( R ) ^ œ -

Since Le does not depend on k by standard arguments (see [2,6]) it is possible to 
get from the above theorem the existence of solutions turning infinitely many times be­
tween Xi and x2 according to the following theorem: 

THEOREM 4. Let condition (V^), (V2), (Wi) and condition (1) hold. Then there exist a 
positive constant C5 such that: \/co > 0 there exists £3 > 0 such that Ve s ( — e3y e3), e ^ 0 
for any sequence of intervals with min (cJ2. — dj{2._ ) > LE = — C 6 ln |e | and 

-™11 (9<* + i ) ~ 4 - ) > L « = ~ C 6 l n l £ l then there are 0j\2i-i)eUj\*-i) and °J2>^UJ2t 

for i = 1, ... and a solution uE of (1.1) which satisfies: 

I k - z H L - ( R ) **<»-

The existence of solutions as in Theorem 4 implies a chaotic dynamic which can be 
described, if the perturbation is periodic, in terms of Bernoulli shift structures. If the 
Poincaré functions F and r, possess non-degenerate critical points then a uniqueness 
result for the solutions given by Theorem 4 (see [2, Section 3.4]) can be proved and the 
dynamics of (1.1) possesses a complete Bernoulli shift structure. 

Before ending we remark that the above theorems can be extended to the following 
situation. Assume that the potential V possesses other critical points x3, ...,xN such 
that V{xi) = W(t, Xi) = 0, Vu V(x{) = Vu W(t, x{) = 0 and D2 V{xi) are negative definite 
matrices. Moreover assume that the unperturbed system possesses transversal hetero­
clinic orbits Zouj) connecting the hyperbolic equilibria x{ and Xj. Hence we can modify 
the above arguments in such a way that we manage to connect in the perturbed system 
the hyperbolic equilibria Xj as we wish. For this pourpose it is enough to build a mani­
fold of «quasi-heteroclinic» solutions and to find a true critical point near to this 
manifold. 
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