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Analisi matematica. — Spectral properties of weakly asymptotically almost periodic
semigroups in the sense of Stepanov. Nota di VALENTINA CASARINO, presentata (*) dal Socio
E. Vesentini.

Asstract. — The spectral structure of the infinitesimal generator of strongly measurable, asymptotical-
Iy $?-almost periodic semigroups is investigated.
migroup: 18

Key worps: Semigroups of class (A); Asymptotically $?-almost periodic functions; Spectrum.

RiassSUNTO. — Proprieta spettrali di semigruppi debolmente asintoticamente quasi periodici nel senso di Stepa-
nov. Si studia la struttura spettrale del generatore infinitesimale di semigruppi fortemente misurabili, de-
bolmente asintoticamente quasi periodici nel senso di Stepanov.

According to the approximation theorem, proved for scalar-valued functions by N.
N. Bogoliubov and extended to vector-valued functions by S. Bochner, the space of al-
most periodic functions defined by H. Bohr coincides with the closure of the class of all
trigonometric polynomials under the uniform convergence. Of course, completions of
this space with respect to other metrics yield, in principle, different classes of almost
petiodic functions. For scalar valued maps, by using the metric

t+L 1/p

d(f,g)=ts§]g % J [f(s) —gl)|Pds|

t

where p e [1, + ®) and L > 0, W. Stepanov defined a class of almost periodic func-
tions, for which continuity fails, and only measurability and integrability in the sense of
Lebesgue are required. L. Amerio and G. Prouse extended this definition to functions
with values in a Banach space.

For a strongly continuous semigroup T of linear bounded operators on a complex
Banach space 8, H. Henriquez proved that the definitions of almost periodicity given
by H. Bohr and by W. Stepanov are equivalent; he proved also the equivalence be-
tween the asymptotic almost periodicity (as defined by M. Fréchet) and the asymptotic
S?-almost periodicity, that will be defined in n. 1.

In[13] E. Vesentini investigates which constraints on the spectral structure of the
infinitesimal generator of a strongly continuous semigroup are generated by very weak
hypothesis on the almost periodic behaviour of the semigroup, for example by the exis-
tence of some x € § and A € &' for which the function ¢+ {T(#)x, A) is asymptotically al-
most periodic. Under this assumption, the equivalence proved by H. Henriquez does
not hold, so that also the case of a strongly continuous semigroup can be considered.
When T is strongly continuous, one finds that almost every result of [13] can be estab-

(*) Nella seduta del 19 giugno 1997.
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lished without substantial modifications, by substituting the hypothesis of asymptotic
almost periodicity with that of asymptotic S§”-almost periodicity for some p € [1, + ).
Therefore it may now be considered the case of a semigroup T: R, — £(8), which is
only strongly measurable for # > 0; this assumption being closer to the original defini-
tion of W. Stepanov.

Some of the results which are only announced in this paper will be established in
one of the chapters of the author’s doctoral dissertation.

1. Letf bea Ll (R; &) function, for some 1< p <+ and let € > 0. A Stepanov

loc
e-period for f is a real number 7, for which

1 1/p
J||f(t+s+r£)—f(t+s)||pds <e¢ foreveryzeR.

0

A function £ in L{ (R; 8) is said almost periodic in the sense of Stepanov (or S?-almost
periodic) if for every € > 0 there is a relatively dense set of Stepanov &-periods for £.

For a continuous function f e L{,. (R; &) the almost periodicity in the sense of Bohr
implies that of Stepanov. The converse is false, except, as is well known, in the case of
uniformly continuous functions.

S. Bochner pointed out that almost periodicity in the sense of Stepanov can be re-
duced to that of Bohr. More precisely, a function /: R — & is almost periodic in the
sense of Stepanov if, and only if, the function 7 (¢) = {f(¢ +5): s € [0, 1]} from R to
L?([0, 11; &) is almost periodic in the sense of Bohr.

A function fe L? (R, ; 8) is said to be asymptotically almost periodic in the sense of
Stepanov (or asymptotically SP-almost periodic) if the function /: R, — L ([0, 11; 8) is
asymptotically almost periodic.

A function fe L (R; 8) is said to be S?-bounded if

t+1 1/p
Al = sup| [ Al ds| < +oo.
teR

t

The space, which will be denoted by §7, of all $?-bounded functions is a Banach space
for the norm |+ ||s». The following theorem is a version of Bochner’s criterion for
asymptotically almost periodic functions in the sense of Stepanov.

Tueorem 1.1. If f belongs to S?, the following assertions are equivalent:
1) f is SP-almost periodic;
2) the set of all translates f(e +s) of f by all s € R is relatively compact in SP.

Also for S?-almost periodic or asymptotically SP-almost periodic functions the
limit
t
lim L1 Je‘io’f(x)ds

t—+o0o |
0
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exists for all @ € R and vanishes for all values of 6 with the possible exception of an at
most countable set of values. These values of 6 and the corresponding values of the lim-
it are again called the Fourier exponents (or the frequencies) and the Fourier coefficients
for £.

From the decomposition theorem for asymptotically almost periodic functions in
the sense of Bohr the following, analogous result follows [6]:

Tueorem 1.2. Let f: (0, + ) — 8 be asymptotically SP-almost periodic for some
1<p< +o. There exist g€ Ll (R; 8) and q e L (R ; &) such that:

a) g is SP-almost periodic;

b) q(t) = {q(t +5): s € [0, 11} belongs to Cy (R, ; L? ([0, 1]; §)), i.e. g is a con-
tinuous function from R, to LP([0, 11; 8) vanishing at infinity,

c) f£) = gr, () + q(2) for every t > 0.

In analogy to the case of asymptotically almost periodic functions, g and ¢ are said,
respectively, the principal term and the correction term for f.

A function fe L{ _(R; 8) is called weakly S*-almost periodic (or weakly asymptotical-
ly St-almost periodic if fe LL (R, ; 8)) if for every A € &' the function £+ (f(¢), 1) is
S?-almost periodic (or asymptotically S?-almost periodic) (1).

2. Let the semigroup T(#): [0, + ) — £(8) be strongly measurable for # > 0,
ze. for every x € & there exists a sequence of finitely valued functions strongly conver-
gent almost everywhere to the function ¢+ T(#)x. According to a classical result of R.
S. Philips, T is strongly continuous for # > 0. Let w, = ing (1/1) log || T(2)]| be the type
of the semigroup T. Given a linear operator X, its ;;nge will be denoted by RX.

A semigroup T is said to be of class (A) if the linear subspace &, = ;90 RT(¢) is

dense in & and if there exists w; > w such that, for every { € C, RE > w, there is a
linear bounded operator R(Z) on & satisfying:

+
a) R(C)x = J e ¥T(t)xdt for every x € &;
0

b) ||R()|| is bounded in the halfplane RE > w,, and

c) : Iiril ZR(Z)x = x for every x € & (i.e. T(+)x is Abel-summable to x for every
xeg).

(*) Obsetve that this definition is different from that given by L. Amerio and G. Prouse [1]; according
to their definition, a function f is called weakly S?-almost periodic if the associated map f from R to
L?([0, 1]1; &) is weakly almost periodic.
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Now, let X, be the linear operator defined on the linear submanifold of &:
D(Xy) ={xeé&: lin%) % (T(#)x — x) exists in 8}
t—

by Xox = ﬁr%t_l(T(t)x - x).
t—>

X, is called the infinitesimal operator of T. In general, the operator X, is neither
closed nor densely defined; however, M(X,) is dense in &,. The smallest closed exten-
sion of X,,, when it exists, is denoted by X and is called the infinitesimal generator of T.
E. Hille and R. S. Phillips proved that, if T is of class (A), the infinitesimal generator
exists and R(§) =R(E, X) for RE > w,, where R(E, X) is the resolvent operator of X.

For semigroups of class (A), E. Hille and R. S. Phillips built a duality theory; more
precisely, given a semigroup T of class (A), one defines &§* as the closure of M(X') in &',
and X" as the part of X' in &%, Ze. the restriction of X' to the linear space

DX*)={pedX'):X"pes}.

They proved that X' is the infinitesimal generator of a semigroup of class (A)
T": R, — £(8"). Moreover, given

r={pes: lm |T'0)¢ - g]l=0},

they proved that I' = &, showing that §* is the largest subspace of &', on which the
semigroup of adjoint operators {T'(#)}, defined by T'(¢) = T(¢)’' for every ¢ > 0, has
suitable continuity properties.

Finally, for semigroups of class (A) the following spectral mapping theorem [7]
holds:

ProposrrionN 2.1. If T is a semigroup of class (A) with infinitesimal generator X and if x
is an eigenvector for X with eigenvalue &, for some § € C, then x is an eigenvector for T(t)
with eigenvalue ¢%, for every t = 0.

In the following, T: (0, + ) — £(8) will denote a strongly measurable semigroup
and of type w, < 0 of continuous linear operators on &, such that:

1
by) for every x € SJHT(s)des < 4o,
0

h,) there are z, > 0 and M > 0 such that || T(¢)x|| < M||x| for all # = ¢, and for all
x€é.

It will now be shown as the mean ergodic theorem; proved for strongly continuous
semigroups in [5], can be generalized to strongly measurable semigroup.
Set

t— 4o f

t
F=1{xe&: lim 1 JT(:)xa’sexistsin8 .
0
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For every x € & define

¢

Px = lim 1 jT(S)de.
£

t— +®

Tueorem 2.2. Let T be a strongly measurable semigroup of type wo < 0 on a complex
Banach space 8, satisfying by) and b,). Let P and F be defined as above. Then:

1) PT(r)x = T(r)Px = Px for every x € F and all r > 0;

2) P is a linear bounded projection operator on F, with ||P|| < M;
3) ®X, c ker P;

4) KP =ker X, and P yx, = I;

5) RP NkerP = {0} and F=kerP @ RP.

If, in addition, T is of class (A), then:

1) F=ker X ® RX;
2b) kerP = ®X.

Proor. 1) If x e F and r > 0, then

r+¢

r+t r
T()Px = lim % JT(:)de":t_l)ier %(Oj —J)T(:)xds=

t— +

r+t

= lim rts 1 JT(:)xds=Px,
f—+® t r+t G

since, by ;) and the local boundedness of || T(#) ||, it follows that J T(s)x ds is bounded.
0

Analogously, PT(r)x = Px for all xe & and » > 0, 7Ze. 1) holds.
2) If xe &, then

t t

1 o1

z—l}l}?w " IT(s)xds = ;_lfrfoo p JT(s)xa’s,
to

so that, by b,), ||P|| < M. Moreover, from 1) it follows

13

lim 1 JT(S)deS = Px,

t—>+o [

and therefore P is a projector.

3) Letv € &X,. For every & > 0 there is some w € R(X,) for which |j» — w| < e.
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Let z € M(X,) be such that X,z =w. Now:

t—> +

lim l[ﬂww—ma=1m —jnnw—m¢=o,
t—>+o G

by b,;) and the arbitrariness of &.
Since, moreover,

t

jnan¢
0

' =|T(t)z —z|| < M+ 1)|z]| forallz=¢,,

the conclusion follows.

4) If x € &, then ((T(z) —I)/t) Px = (Px — Px)/t = 0, so that X,Px = 0.

Moreover, since, for every x € M(X,) such that J||T(t)X0x||dt< o the equality
; 0
me“x=INﬂ&ﬂﬁ,

0
t

holds, then, if x € kerX,, one has hrJ{l (1/¢) J s)xds =x and therefore
t— o

ker X, c KP. . 0
5) It is obvious, since P is a projector.

15) If T is of class (A), it is easy to see that SCXO = ®X and ker X, = ker X, and,
therefore, from 3) and 4) it follows ker X @ ®X c & The proof of the converse inclu-
sion paraphrases that of E. Vesentini in the continuous case and it is reported for the
sake of completeness. If there exists xo e F\(ker X @ ®X), then there is some A, e
€ 8'\{0}, vanishing on kerX ® ®X and such that {x,,1,) # 0. Thus for all x e

(X){Xx, o) = 0, so that A, € D(X') and X' 1, = 0. That implies 1, € D(X *) and
X*2,=0, whence T" (¢)1, =4, for every £ = 0. Now

lim —J(T §)Xg, Ao )ds = (%0, Ag) Z 0,

t—>+o [

which is absurd since Px, € ker X.

2b) It follows from 14) and 5). ™

It is worth noticing that 3) and 4) imply that

(2.1) kerX, N /X, = {0}
and, when T is of class (A), also that
(2.2) kerX N /X = {0}.

Let now the Banach space & be weakly sequentially complete.
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If, given x € &, the limit
t
(2.3) lim % f (T(s)x, A)ds
t—> +
0

exists for all A € &', then there is some Qx € § for which the limit (2.3) is equal to
(Qx, A). Define

¢
g={xeé: lirf % I(T(s)x, A)ds exists for every A € &'
t— +
0

Tueorem 2.3. Let T be a strongly measurable semigroup, of type w o < 0, satisfying hy)

and b,), on a complex, weakly sequentially complete Banach space 8.
Let Q and G be defined as above. Then:

1) QT(r)x = T(r) Qx = Qx for every x € § and all r > 0;
2) Q is a linear bounded projection operator on S, with || Q| < M;
3) ®X, ckerQ, RQ = kerX, and Qerx, = 1;
4) RO NkerQ = {0} and G =kerQ ® RQ.

If, in addition, T is of class (A), then:
16) G =ker X ® RX;
2b) kerQ = KX.

Proor. 1) If xe @ and r > 0, then:

(T(r)Qx, A) =(Ox, T' (r)A) =

= lim f(T yx, T' (r) A )ds—tlim = ](T )x, A)ds = (Qx, 1)

t— + [ S tw

for every A€ &', and therefore T(r) Qx = Qx for every r > 0. Analogously
J(T () T(r)x, l)ds— lim = J(T(s x, A)ds

t—>+w 1,‘

if x € G, and therefore QT(r) =Q for any » >0 on G.
2) If xe G, then

(Qx,2) = lim j (T(s)x, A)ds ,
so that, by 4,), |(Qx, )| < M|lx| - ||/'LH for all A € 8'. Moreover, since

(Q%x, 4y = lim_ % j(T(s)Qx, Ayds = lim % j(Qx, Ayds = (Qx, A)
0 0

for every A e &', then Q?x = Qx on G.
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3) On ®X, and on ker X, P is defined, and therefore also Q is defined and it co-
incides with P, whence the thesis follows.

4) It is obvious by 2). .
15) and 2b) They follow from 15) and 25) in Theorem 2.2. ®

In virtue of the fact that the dual of a Banach space &' is always sequentially weak-
star complete (as a consequence of the Banach-Steinhaus theorem), E. Vesentini
proves in [13] a version of the mean ergodic theorem on the dual space of &, whose
proof requires only few changes with respect to the original one, when the continuity
hypothesis is dropped. Set

t
H'={1eg: lim —i— J(T(s)x, A)ds exists for every x € 8.
t— + 0
Given A € I’, there is some RA € &' such that

(x, RAy = lim % J-<T(5)x, A)ds for allx e §.
t— +
0

Tueorem 2.4. Let T be a strongly measurable semigroup, of type w o < 0, satisfying by)
and b,), on a complex Banach space &.
Let R and IC' be defined as above. Then:

1) RT'(r)A =T' (r)RA = RA for every A€ IC" and all r > 0;
2) R is a linear bounded projector on ', with |RA| < M|A| for every 1 e
e X',
3) if A€ dC’, then (Xox, RA) = 0 for every x € M(X,);
4) KR NkerR = {0} and ' = kerR ® RR.
If, in addition, T is of class (A), then:
1) KR =kerX ™ ; ,
2b) keﬂEBEXTCf)C' and RA =tliTm(1/t)IT+ (s)Ads for each Ae
ekerX*ORX. 0
Proor. 1) The proof is very similar to that of 1) in Theorem 2.3.

2) If Ae (', 1) implies that for every x € §
t t 4
L [(T)x, R2Yds = 1 [, 775 RAYds = 1 f(x, RAYds = (x, RA),
) a &
ie. RA e 3¢ and R?1 = RA. A standard application of »;) and h,) yields ||RA| < M||A|
for every A e 9C'.
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3) If A€ 9C’, then

_ t NT(t)x —x,RA)y=¢t"x, T'(t)RA —Ri) =0,
and therefore, if x € M(X,), then (Xyx, R1) = 0.

4) Obvious.

16) 1t follows from 3) that for every x € M(X) (Xx, RA) =0, and therefore
Rle ®(X') with X’RA=0. Thus RAe ™(X*) and X" RA = 0. Viceversa, if A e
ekerX*\{0}, then T* (#)A =1 for all #> 0 by Proposition 2.1, and

¢

lim + J(T(s)x, Ayds =(x,A) forallxe§,

t—+ow [

so that A € €' and RA = A.

2b) Obvious, since T'* is a semigroup of class (A) and of type w, < 0 on the Ba-
nach space §*. W

CoroLLARY 2.5. If the limit (2.3) exists for all x € & and A € 8", then ' = 8" and
Re L(8%).

If T is a strongly measurable semigroup, possibly of type w, < 0 or of class (A),
then the semigroup {e ~ T(¢)} satisfies the same properties, and X, — 6l and X — 761
represent, respectively, the infinitesimal operator and, if it exists, the infinitesimal gen-
erator of the new semigroup. Thus Theorems 2.2, 2.3 and 2.4 can be reformulated in
terms of the semigroup {e ~# T(¢)}, by introducing the spaces Fy, G,y and 9(;y, and the
operators Py, G;y and Ryg.

Remarxk 2.6. E. Hille and R. S. Phillips investigated the behaviour at infinity of semi-
groups of class (A) and of type w, < 0, with the aid of the Abel means, z.e. in terms of
the operator Qx = cﬁmo CR(Z, X)x, for all x for which the limit exists. It turns out that

Q is a projector defined on ker X @ ®X and that under these assumptions:
1
h{) for every x e SJ. [T(s)x|Pds < + o for some p e (1, + ®);
0

hJ) there are £, > 0 and M > 0 such that || T(¢)x|| < M||x|| for all # = #, and for
all x e §; ,

it coincides with the Cesaro limit P, whose properties have been investigated in Theo-
rem 2.2. Moreover, the construction of Hille and Phillips can be extended to the case
of weakly sequentially complete Banach spaces or of dual Banach spaces, getting, also
in this framework, equivalence with the Cesaro approach. Another possible approach is
given by the mean ergodic theorem of P. Masani [8], establishing that, for strongly
measurable semigroups satisfying /,), the set of all x € § for which Px is defined coin-
cides with § @R, where 5= N ker[T(s) =] and R = U R[T(#) - I1. Note that

Masani’s theorem does not help in settling the question, whether there is a connection
between the frequencies of an asymptotically $?-almost periodic function arising from a
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semigroup and the spectrum of the infinitesimal generator, unless additional hypothe-
ses on the existence of the generator are assumed.

3. Recall that, if X is an effective extension of X;, then pa(X;) c pa(X), whereas
ro(X) cro(Xy).

Tueorem 3.1. Let T: (0, + © ) — £(8) be a strongly measurable semigroup on 8, of
type wo < 0, satisfying by) and b,).

1) If there are x € 8 and A € &' for which the function t — (T (¢)x, A) is non constant
and asymptotically SP-almost periodic, for some 1 <p < + o, then the set of all frequen-
cies of this function is contained in the set [(po(X,) U ra(X,)) NiR]/:.

2) If T is of class (A) and if there are x € § and A € &' for which the function
t+>(T(¢)x, A) is non constant and asymptotically SP-almost periodic, for some 1<p <+
then the set of all frequencies of this function is contained in the set [(po(X,) U ra(X)) N
N:R1/:.

Conversely, for every i0 € (po(X) U ra(X)) N iR, there are x € W(X) and A € &' for
which (x, XY # 0 and 0 is a frequency of the periodic function t—>(T(t)x, 7).

Proor. The proof is very similar to that of E. Vesentini. ®

Also when the continuity assumption on T is dropped, the above results can be im-
proved if the space & is reflexive. Indeed, the following two results hold:

LemMma 3.2. Let X be a linear operator, defined on (X)c 8. If ker(X — :6I) @
D R(X —16I) = &, then 10 ¢ ro(X).

Lemma 3.3. If & is reflexive, then iR Nro(X) = 0.

In the following, T will denote a semigroup of class (A) and of type @, < 0, satisfy-
ing h;) and b,), with infinitesimal operator X, and infinitesimal generator X.
Lemma 3.3 implies

CoroLLARY 3.4. Let & be a reflexive Banach space. If t—>(T(¢)x, A) is a non-constant
asymptotically SP-almost periodic function for some 1 <p < + o for some x € & and
Ae 8, then the set of all frequencies of this function is contained in [po(X,) N
NiR1/7.

Theorem 2.3 yields also

THEOREM 3.5. Let & be a weakly sequentially complete Banach space 8. If T is weakly
asymptotically SP-almost periodic for some 1<p < + o, then &= ker(X —i6I) D
@ R(X — 46I) and, therefore, ro(X) N iR = @.

Theorem 2.4 and Corollary 2.5 yield

THEOREM 3.6. If the functions t — (T(¢)x, A) are asymptotically SP-almost periodic for



SPECTRAL PROPERTIES OF WEAKLY ASYMPTOTICALLY ... 177

some 1 <p < + o, forall x € 8and ) € 8", then the frequencies of these functions are con-
tained in [po(X*) NiR]/i.

E. Vesentini has recently proved that, if X is a linear, densely defined operator, then
po(X') = ka(X), where the compression spectrum £o(X) is defined by

ko(X)={¢eC:R(X - ¢I) # 8}.

Moreover, if X generates a strongly continuous semigroup, then pa(X ™) = ko(X). His
proof also holds when X is the infinitesimal generator of a semigroup of class (A), and
therefore in the following it will be assumed

po(X')=po(X*t) =ko(X).

A complex number  is said to be of index v (where v is a positive integer) with respect
to a linear operator X in case (X — &I)**! = 0 implies (X — ¢I)” = 0 and there is x,
such that (X — &I)"x, =0 and (X — &I)" ~'x, = 0.

¢ has index zero if, by definition, X — &I has an inverse. If no such integer v exists, §
is said to be of infinite index.

Tueorem 3.7. Let T be a semigroup of class (A) and of type w o < 0, satisfying by) and
h,), and let & = ker (X — i0I) @ R(X — 161) for some 0 € R. Then the complex number i6
is of index O or 1 with respect to X — i61.

If 16 has index 0, then 0 cannot be a frequency for any asymptotically SP-almost periodic
function t—>(T(t)x,A), with x€ & and Le &' .

If 10 bhas index 1, then 10 belongs to po(X,), and O is a frequency of t — T(¢t)x, for some
x € 8.

Proor. If (X — i6I)*x = 0 for some x € D(X?), then (X — 76I)x € ker (X — 760I) N
N R(X — 26I), so that from (2.2) (X —760I)x = 0 follows.

Suppose now that 76 is of index 0. Then X — 76I has an inverse, and therefore
ker(X —i0I) = {0}. Since & = ker(X — 70I) @ R(X — 6I), then 76 doesn’t belong to
ro(X), and therefore 70 € co(X) U #(X). Theorem 1.3 yields now the thesis.

If 76 has index 1, then 76 € pa(X) and 0 is a frequency of a periodic function
t—>TE)x. n

CoroLLARY 3.8. Let T be a semigroup of class (A) and of type w o < 0, satisfying b,) and
b,), weakly asymptotically SP-almost periodic for some 1 < p < + © on a weakly sequen-
trally complete Banach space. Then for every 6 € R 16 is of index 1.

E. Vesentini proved that a strongly continuous and uniformly bounded group T,
such that Ty, is asymptotically almost periodic, is strongly almost periodic. This result,
combined with that of H. Henriquez, leads to the following

Prorostrion 3.9. If T is a uniformly bounded and strongly continuous group such that
T\, is asymptotically S*-almost periodic for some 1 <p < + o, then T is a strongly al-
most periodic group.
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4. It will now be shown that the closure of the intersection between /R and
po(X) Ura(X) is discrete, in particular in case T is weakly asymptotically S?-almost
periodic.

Recall that, if /: R, — C is an asymptotically §?-almost periodic function, then for
every @ € R the map g: #r>e " f(¢) from R, to C is asymptotically S?-almost peri-
odic, 7.e. the application g from R, in L? ([0, 1]; C) is asymptotically almost periodic;
for every € > 0 there exists, therefore, an inclusion length / > 0, which depends on ¢,
containing an é&-period for g; / will be denoted by (e, ¢).

TueOREM 4.1. Let the semigroup T be of class (A). If the function t—(T(¢)x, 1)
is asymptotically SP-almost periodic for some 1<p < + o, for every x € W(X) and
Ae DX™), and if the following conditions hold:

i) there are xy € WN(X), Age WX ") and & € C such that (x,, Ao) # 0 and either x,
is an eigenvector of X with eigenvalues §, or Ay is an eigenvector of X with eigen-
value C;

ii) fo; some 0 < & <\2|(xo,A0)| it holds snp{l(e, p): g e R} < + 0
then the set (po(X) U pa(X')) N iR has no accumulation point.

Proor. Since the function ¢+ (T(¢)x, A,) is asymptotically S?-almost periodic, for
every € > 0 there are / > 0 and K = 0 such that, for all s = 0, the interval [s, s + /] con-
tains some 7 for which:

1 1/p
(4.1) (J|(T(t+T+u)x0,].0)—(T(t+u)x0,/10)lpdu) <e¢
0
whenever ¢, ¢t + 72 K, ie.
1 1/p

[lestsmeo —etee | (o, 20) < e,

0
that is

1 1/p
o5 = 1] [0, 2} | [ 157 P <,
0

which holds whenever (4.1) holds. If £ = £ + 70, for some &, 6 € R, then the last in-
equality is equivalent to:

(4.2) e = 1] [{xo, Ao)]

1 1/p
[lesropdu) <e.
0

Fix # > K. Let s increase to + © (and, therefore, also 7). If RZ > 0, then |e® — 1]
tends to infinity and this yields a contradiction, and therefore & < 0. Suppose now
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E=0. Then (4.2) becomes
[e — 1] [{x0, 20)| <&,

which, exactly as in [13], if 0 < & < V/2 |{xo, 40)| leads to the inequality |0| > /.

For every ¢ € R, the semigroup {e ~#* T(¢)}, generated by X — i@, is also of class
(A) and satisfies the hypotheses of theorem. In order to prove the thesis, it suffices to
apply the result above to X — i¢p and X * — 7¢, whose point spectra are the images of
po(X) and of po(X*') under the translation by —7i¢, and then to apply
(3.1). =

Observe that condition 77) in Theorem 4.1, combined with asymptotic $”-almost pe-
riodicity of the family of maps #+> (T(¢)x, A) for some 1 <p < + o, for every x €
e M(X) and A € M(X ™), does not imply uniform asymptotic $?-almost periodicity for
that family.

CoroLLARY 4.2. If the semigroup T of class (A) is weakly asymptotically SP-almost peri-
odic for some 1 <p < + @ then the set (pa(X) U po(X")) N iR has no accumulation
potnt.

Recall that a sequence of positive numbers {&,: » € N} is said to be lacunary if
there exists ¢ > 1 for which &, ;> 0&, for every a.

Let /: R — § be an almost periodic function. According to a result given by C. Cor-
duneanu for scalar valued, almost periodic functions in the sense of Bohr, whose proof
holds also for vector-valued functions, if the set of all frequencies of f has the infinity as
unique limit point and if the absolute values of the frequencies constitute a lacunary se-
quence, then the Fourier series of f

+oo
21 dﬂé’io".

converges to f uniformly on R.

Let now f: (0, + ) — & be an asymptotically S?-almost periodic function. Then,
by Theorem 1.2, there are an $?-almost periodic function g and a map ¢ € L (R, ; 8)
such that f(¢) = g(¢) + g(¢) for all # > 0. In[6] it is proved that, if g € L] (R, ; 8) is
such that g€ Cy (R, ; L?([0, 11; 8)) and if w: R, — C is a continuous function such
that |w(#)| < 1, then

t
dim - [w)gt)ds =0,
and therefore the Fourier coefficients of f coincide with those of its principal term g.
Suppose now T is a semigroup of class (A) and of type w, < 0 satisfying b,) and b,),
and such that £+ (T(z)x, 1) is asymptotically S?-almost periodic for some 1 <p < +
+ o, foreveryx e §and A € 8'. Let {0, 0,, ...} be an ordering of the countable set
[(po(X) U ro(X)) NiR]/:i. For x € & and 4 € §*, the Fourier series of the principal
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term of the function £+ (T(¢)x, A) is

+
(43) Z eiG,,t<x’ RI'O,,/‘L>7

n=1

as a consequence of Corollary 2.5. Thus the convergence theorem of Corduneanu
yields:

THEOREM 4.3. If the set of the numbers belonging to [ (pa(X) U ro(X)) N iR1/i, taken
in absolute value, is a lacunary sequence, then the Fourier series (4.3) converges uniformly
on R to the principal term of the function t+>(T(t)x, A) for every x € & and A e &*.

CoroLLARY 4.4. If the group T is weakly SP-almost periodic, under the same bypothesis
of Theorem 4.3 the Fourier series (4.3) comverges uniformly on R to t—(T(t)x, L) for
every x€ & and Ae 8.

CoRrOLLARY 4.5. If the group T is strongly SP-almost periodic, under the same hypothesis
of Theorem 4.2 the Fourier series
+ .
E ezB,,tPign x
n=1

converges uniformly on R to the function t— T(t)x for every x € &.

5. Also the results that E. Vesentini obtained for uniformly asymptotically almost
periodic semigroups can be proved for a semigroup T of class (A) and of type w, < 0
satisfying 5,) and 5,), such that the family of maps {#—>(T(¢)x,A): x€ 8, A€ 8"} be
uniformly asymptotically S?-almost periodic for some 1 <p < + o,

This means that for every ¢ > 0 there exists / > 0 such that for every s = 0, the in-
terval [s,s + /] contains some 7 for which:

t 1/p
J|(T(t+r+u)x,2.)—-(T(z‘+u)x,/1>|1’du <e
0

for all xe & and A € 8", for every ¢, + 7 = K, for some K = K(¢g, x, 4).

If 6 is a frequency of #— (T(¢)x, A), then 76 € [pa(X) U po(X )] NiR. Let tbe a
Stepanov e-period for this function.

If /0 € po(X), then there is some x € M(X) for which Xx = 760x. As in n. 4, this
implies
(5.1) [{x, A} [e¥" — 1] <&,
for all A € &'. Analogously, if /0 € pa(X ™), then, for some 1 € M(X™*) and for every
x € &, (5.1) holds. According to the definition given by Y. Meyer, a subset of real num-
bers A is called harmonious if for each &€ > 0 the set

. 27 <
19/1 {t: |e 1| <e}

is relatively dense in R. Thus
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TueoreM 5.1. Let T be a semigroup of class (A) and of type w o < 0, satisfying hy) and
by). If the family {t—>(T(¢)x,A): x € 8, A € 8"} is uniformly asymptotically SP-almost
periodic for some 1< p < + o then {[po(X) U po(X')INiR}/i is harmonious.
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