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Analisi matematica. — Spectral properties of weakly asymptotically almost periodic 
semigroups in the sense ofStepanov. Nota di VALENTINA CASARENO, presentata ( *) dal Socio 
E. Vesentini. 

ABSTRACT. — The spectral structure of the infinitesimal generator of strongly measurable, asymptotical
ly ^-almost periodic semigroups is investigated. 

KEY WORDS: Semigroups of class (A); Asymptotically S^-almost periodic functions; Spectrum. 

RIASSUNTO. — Proprietà spettrali di semigruppi debolmente asintoticamente quasi periodici nel senso di Stepa-
nov. Si studia la struttura spettrale del generatore infinitesimale di semigruppi fortemente misurabili, de
bolmente asintoticamente quasi periodici nel senso di Stepanov. 

According to the approximation theorem, proved for scalar-valued functions by N. 
N. Bogoliubov and extended to vector-valued functions by S. Bochner, the space of al
most periodic functions defined by H. Bohr coincides with the closure of the class of all 
trigonometric polynomials under the uniform convergence. Of course, completions of 
this space with respect to other metrics yield, in principle, different classes of almost 
periodic functions. For scalar valued maps, by using the metric 

d(f,g) = *uJj- J |/(5) -g(s) \"ds\ \ 

where p G [ 1, + oo ) and L > 0, W. Stepanov defined a class of almost periodic func
tions, for which continuity fails, and only measurability and integrability in the sense of 
Lebesgue are required. L. Amerio and G. Prouse extended this definition to functions 
with values in a Banach space. 

For a strongly continuous semigroup T of linear bounded operators on a complex 
Banach space 8, H. Henriquez proved that the definitions of almost periodicity given 
by H. Bohr and by W. Stepanov are equivalent; he proved also the equivalence be
tween the asymptotic almost periodicity (as defined by M. Fréchet) and the asymptotic 
P-almost periodicity, that will be defined in n. 1. 

In [13] E. Vesentini investigates which constraints on the spectral structure of the 
infinitesimal generator of a strongly continuous semigroup are generated by very weak 
hypothesis on the almost periodic behaviour of the semigroup, for example by the exis
tence of some x e 8 and A e 8' for which the function t "-> (T(t)x, X) is asymptotically al
most periodic. Under this assumption, the equivalence proved by H. Henriquez does 
not hold, so that also the case of a strongly continuous semigroup can be considered. 
When T is strongly continuous, one finds that almost every result of [13] can be estab-

(*) Nella seduta del 19 giugno 1997. 
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lished without substantial modifications, by substituting the hypothesis of asymptotic 
almost periodicity with that of asymptotic P-almost periodicity for some p e [ l , +00). 
Therefore it may now be considered the case of a semigroup T: R+ —» JS(8), which is 
only strongly measurable for t > 0; this assumption being closer to the original defini
tion of W. Stepanov. 

Some of the results which are only announced in this paper will be established in 
one of the chapters of the author's doctoral dissertation. 

1. Le t / be a Lfoc (R; 8) function, for some 1 ̂  p < + 00 and let e > 0. A Stepanov 
e-period for / is a real number T£ for which 

1 ] i/p 
H/U + s + r£ ) -f(t + *)||p ^ ^ £ for every * e R . 

1° J 
A function/in L£C(R; 8) is said almost periodic in the sense of Stepanov (OTSP-almost 
periodic) if for every e > 0 there is a relatively dense set of Stepanov £-periods for / 

For a continuous function/e Lp
oc (R; 8) the almost periodicity in the sense of Bohr 

implies that of Stepanov. The converse is false, except, as is well known, in the case of 
uniformly continuous functions. 

S. Bochner pointed out that almost periodicity in the sense of Stepanov can be re
duced to that of Bohr. More precisely, a function / : R —> 8 is almost periodic in the 
sense of Stepanov if, and only if, the function/U) = {/(£+$): $e [0, 1]} from R to 
Lp([0, 1]; 8) is almost periodic in the sense of Bohr. 

A function/e Lp
oc (R+ ; 8) is said to be asymptotically almost periodic in the sense of 

Stepanov (or asymptotically Sp-almost periodic) if the function/: R + - ^L p ( [0 , 1]; 8) is 
asymptotically almost periodic. 

A function / e L j ^ R ; 8) is said to be Sp-bounded if 

/ ' + 1
 \ I / P 

ll/IU = sup \\f(s)\\pds\ < + œ . 

' e R \ / / 

The space, which will be denoted by Sf, of all Sp-bounded functions is a Banach space 
for the norm || • \\Sp. The following theorem is a version of Bochner's criterion for 
asymptotically almost periodic functions in the sense of Stepanov. 

THEOREM 1.1. If f belongs to Sp, the following assertions are equivalent: 

1) f is Sp-almost periodic; 

2) the set of all translates f(*+s) of f by all s e R is relatively compact in Sp. 

Also for Sp- almost periodic or asymptotically Sp-almost periodic functions the 
limit 

Mm ì \e-mf{s) ds 



SPECTRAL PROPERTIES OF WEAKLY ASYMPTOTICALLY ... 169 

exists for all 9 E R and vanishes for all values of 9 with the possible exception of an at 
most countable set of values. These values of 9 and the corresponding values of the lim
it are again called the Fourier exponents (or the frequencies) and the Fourier coefficients 
for / . 

From the decomposition theorem for asymptotically almost periodic functions in 
the sense of Bohr the following, analogous result follows [6]: 

THEOREM 1.2. Let / : (0, + oo ) —> g be asymptotically Sp-almost periodic for some 
1 ^ p < + oo . There exist g e Lfoc (R; 8) and q E L(OC (R+ ; 8) such that: 

a) g is Sp-almost periodic; 

b) q(t) = {q(t+s):se[0, 1]} belongs to C0(R+ ; Lp ([0, 1]; 8)), i.e. q is a con
tinuous function from R+ to Lp([0, 1];8) vanishing at infinity; 

c) fit) = g\R+ (t) + q(t) for every t > 0. 

In analogy to the case of asymptotically almost periodic functions, g and q are said, 
respectively, the principal term and the correction term for / . 

A function/E L£C(R; 8) is called weakly Sp-almost periodic (or weakly asymptotical
ly Sp-almost periodic i f / E LP

OC (R+ ; 8)) if for every X E 8' the function t •-> (f(t), X) is 
S^-almost periodic (or asymptotically ^-almost periodic) (1). 

2. Let the semigroup T{t): [0, + oo ) -> £(g) be strongly measurable for t > 0, 
z>. for every X G 8 there exists a sequence of finitely valued functions strongly conver
gent almost everywhere to the function t*-> T{t)x. According to a classical result of R. 
S. Philips, T is strongly continuous for / > 0. Let œ0 = inf ( 1 / 0 log ||T(t) II be the type 

t> o 
of the semigroup T. Given a linear operator X, its range will be denoted by SIX. 

A semigroup T is said to be of class (A) if the linear subspace 80 = U 8iT(t) is 

dense in 8 and if there exists col> œ0 such that, for every Ç E C, 9t£ > co x, there is a 
linear bounded operator R(£) on 8 satisfying: 

+ oo 

a) R(Ç)x= e~^T(t)xdt for every X E 8 0 ; 
o 

b) ||R(£)|| is bounded in the halfplane dit, > coly and 

c) lim £R( £ ) x = x for every X E ^ (z'.e. T( • ) x is Abel-summable to x for every 
X E 8 ) . 

I1) Observe that this definition is different from that given by L. Amerio and G. Prouse [1]; according 
to their definition, a function / is called weakly Sp-almost periodic if the associated map / from R to 
Lp{[0, 1]; 8) is weakly almost periodic. 
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Now, let X0 be the linear operator defined on the linear submanifold of 8: 

(D(X0 ) = \x E 8: lim — (T(t)x — x) exists in 8 
[ *->o t 

by X0x — lim t~l{T{t)x - x). 

X0 is called the infinitesimal operator of T. In general, the operator X0 is neither 

closed nor densely defined; however, Q(X0) is dense in 80. The smallest closed exten

sion of X0, when it exists, is denoted by X and is called the infinitesimal generator of T. 

E. Hille and R. S. Phillips proved that, if T is of class (A), the infinitesimal generator 

exists and R(Ç) =R(Ç, X) for 9ì£ > œx, where R(£, X) is the resolvent operator of X 

For semigroups of class (A), E. Hille and R. S. Phillips built a duality theory; more 

precisely, given a semigroup T of class (A), one defines 8+ as the closure of (D(Xf ) in 8f, 

and X + as the part of X ' in g + , i.e. the restriction of X' to the linear space 

0)(X+ ) = {<j>e (D(X'): X > e 8 + } . 

They proved that X + is the infinitesimal generator of a semigroup of class (A) 

T+ : R + - > £ ( 8 + ) . Moreover, given 

r={0ES ' : l im | | r ' ( / ) 0 - 0 | | = o} , 

they proved that r = 8+ , showing that 8+ is the largest subspace of 8f, on which the 

semigroup of adjoint operators {T'(t)}, defined by V{t) = T{t)'. for every t > 0, has 

suitable continuity properties. 

Finally, for semigroups of class (A) the following spectral mapping theorem [7] 

holds: 

PROPOSITION 2.1. If T is a semigroup of class (A) with infinitesimal generator X and ifx 

is an eigenvector for X with eigenvalue Ç,for some £ E C, then x is an eigenvector for T(t) 

with eigenvalue e^, for every t ^ 0. 

In the following, T : ( 0 , + oo ) -^ £(8) will denote a strongly measurable semigroup 

and of type co0 ^ 0 of continuous linear operators on 8, such that: 

l 

hi) for every x e 8 Ì \\T(s)x\\ds < + oo ; 

o 

h2) there are t0 > 0 and M > 0 such that || T(t)x || ^ M||x || for all f ^ /0 and for all 

xe8. 

It will now be shown as the mean ergodic theorem, proved for strongly continuous 

semigroups in [5], can be generalized to strongly measurable semigroup. 

Set 

^ = im - \T(S) 
+ 00 t J 

x e 8: lim — T(s)xds exists in 8 
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For every x e ^ d e f i n e 

t 

Px = lim — \T(s)xds. 
/ -» +00 t J 

0 

THEOREM 2.2. Let T he a strongly measurable semigroup of type co0 ^ 0 on a complex 
Banach space 8, satisfying hi) and h2). Let P and &he defined as above. Then: 

1) PT(r)x = T(r)Px = Px for every x E $ and all r > 0; 

2) P is a linear bounded projection operator on &9 with ||P|| ^ M; 

3) ^XÔckerP; 

4) SIP = kerX0 and P,kerX() = I; 

5) £P PI kerP = {0} and &= kerP 0 &P. 

If, in addition, T is of class (A), then: 

lb) ^ = k e r X 0 ^ X ; 

2b) kerP = &X. 

PROOF. 1) If x E $ and r > 0, then 

r + t I r + t r\ 

T(r)Px= lim - \T(s)xds= lim - f -{\T(s)xds = 
r \ 0 0 / 

r + t 

= l j m ZL, T(s)xds = Px, 
/ -» + oo / r + / J 

o 

since, by Z )̂ and the local boundedness of || TU) ||, it follows that T(s)xds is bounded. 
o 

Analogously, PT(r)x = Px for all x E ̂  and r > 0, />. 1) holds. 

2) If x E #; then 

t / 

lim — T(s)xds= lim — T(s)xds, 
; - » + °° £ J * -> + «> j J 

0 t0 

so that, by h2), \\P\\ ^ M. Moreover, from 1) it follows 

lim — T(s)Pxds = Px , 
/^+oo t J 

and therefore P is a projector. 

3) Let v E £RX0. For every e > 0 there is some UJ E #t(X0) for which \\v — w || < e. 
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Let z e (D(X0) be such that X0z = to. Now: 

t t 

lim — \ T(s)(v — w)ds = lim — 7X0 (# — w)ds = 0 , 
/-• +00 £ J z ^ + œ ^ J 

0 /o 

by h2) and the arbitrariness of e. 
Since, moreover, 

Jr(j)X0z<& | | T ( / ) z - z | | ^ ( M + l ) | | z ( | for all t & t0 , 

o 

the conclusion follows. 

4) If x e ^ then ((T(t) - I)/t)Px = (Px - Px)/t = 0, so that X0Px = 0. 

l 

Moreover, since, for every xe O)(X0) such that ||T(0X0x||<^< oo the equality 

/ ° 
T{t)x — x = \T(r)X0xdty 

o 
t 

holds, then, if x e kerX0, one has lim ( 1 / 0 T(s)xds=x and therefore 
kerXoC&P. " + c° o 

5) It is obvious, since P is a projector. 

lb) If T is of class (A), it is easy to see that SlX0 = 6iX and kerX0 = kerX, and, 
therefore, from 3) and 4) it follows kerX © ÇRX C #\ The proof of the converse inclu
sion paraphrases that of E. Vesentini in the continuous case and it is reported for the 
sake of completeness. If there exists x0 e <^\(kerX© ÌRX), then there is some A0 e 
e £ ' \ { 0 } , vanishing on kerX©#lX and such that ( x 0 , A 0 ) ^ 0 . Thus for all X E 
E ®(X)(Xx, A0> = 0, so that A0 e ®(X') andX'A0 = 0. That implies A0 G (D(X + ) and 
X + A 0 = 0, whence T + (t)A0 = A0 f° r every / ^ 0. Now 

lim — \(T(s)x0, X0)ds = (x0, A0) ^ 0, 
0 

which is absurd since Px0 e kerX. 

2b) It follows from lb) and 5). • 

It is worth noticing that 3) and 4) imply that 

(2.1) kerX0 H ^ = {0} 

and, when T is of class (A), also that 

(2.2) kerXH <RX={0}. 

Let now the Banach space 8 be weakly sequentially complete. 
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If, given x G 8, the limit 
t 

(2.3) Urn - \(T(s)x,X)ds 
0 

exists for all X e &', then there is some Qx G 8 for which the limit (2.3) is equal to 
(Qx, h). Define 

[ 
g = \x G 8: lim — (T(^)x, A)ûfr exists for every A G 8 , 

I o 
THEOREM 2.3. Let T he a strongly measurable semigroup, of type œ0 ^ 0, satisfying hi) 

and h2), on a complex, weakly sequentially complete Banach space 8. 
Let Q and g he defined as above. Then-. 

1) QT(r)x = T{r) Qx = Qx for every x G g and all r > 0; 

2) Q is a linear bounded projection operator on g, with ||Q|| ^ M; 

3) àXÔ c ker Q, &Q = kerX0 and Q |kerXo = J; 

4) SlQ D kerQ = {0} and g = kerQ © &Q. 

If, in addition, T is of class (A), then: 

lb) g = kerX©^RX; 

2b) kerQ = SÎX. 

PROOF. 1) If x G g and r > 0, then: 

<T(r)Q3c,A> = (Q3e,r(r)A> = 
t r + t 

= lim - \(T(s)x,T'(r)X)ds = lim - f (T(s)x, X)ds = (Qx, X) 
t—> + oo f J ^ -> + oo f J 

0 r 

for every A G 8', and therefore T(r)Qx = Qx for every r > 0. Analogously 

lim - \(T(s)T(r)x, l)ds= lim - \(T{s)x,l)ds 
0 0 

if x G g, and therefore QT(r) = Q for any r > 0 on g. 

2) If x G g, then 

(Qx,X) = lim - f(TU)x,A)Ì5, 
/_> + oo t J 

h 

so that, by h2), \(Qx, A)| ^ M\\x\\ • ||A|| for all A G 8'. Moreover, since 
t t 

(Q2x,X) = lim - UT(s)Qx,X)ds= lim - [(Qx, X)ds = (Qx, X) 
t-+ + oo t J t-+ + oo t J 

0 0 

for every A G 8', then Q2x = Qx on g. 
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3) On 8lX0 and on kerX0P is defined, and therefore also Q is defined and it co
incides with P, whence the thesis follows. 

4) It is obvious by 2). 

lb) and 2b) They follow from lb) and 2b) in Theorem 2.2. • 

In virtue of the fact that the dual of a Banach space 8' is always sequentially weak-
star complete (as a consequence of the Banach-Steinhaus theorem), E. Vesentini 
proves in [13] a version of the mean ergôdic theorem on the dual space of 8, whose 
proof requires only few changes with respect to the original one, when the continuity 
hypothesis is dropped. Set 

X' = \X e 8' : lim — (T(s)x, X)ds exists for every x e 8 

{ o 

Given X E X', there is some RX E 8' such that 

t 

(x,RX) = lim - \(T(s)x,X)ds{orallxe8. 
0 

THEOREM 2.4. Let Tbe a strongly measurable semigroup, of type a)0^ 0, satisfying hi) 
and h2), on a complex Banach space 8. 

Let R and X' be defined as above. Then: 

1) RT' (r)À = T' (r)RÀ = RÀ for every X e X' and all r > 0; 

2) R is a linear bounded projector on X'', with ||i^l|| ^M| | / l | | for every 2 E 
e DC'; 

3) if ÀeX', then (X0x, RÀ) = 0 for every x E Q(X0); 

4) SIR fl kerR = {0} and Xf = kerR 0 &R. 

If, in addition, T is of class (A), then: 

lb) &R = k e r X + ; 

2b) k e r X + e ^ X + cXf and RX = lim {lit) [ T+ (s)Ads for each Xe 
/-»• + 00 J 

E k e r X + 0 & X + . o 

PROOF. 1) The proof is very similar to that of 1) in Theorem 2.3. 

2) If X E Xf, 1) implies that for every x E 8 

t t t 

- [{T{s)x,RX)ds= - Ux,T'{s)RX)ds= - Ux,RX)ds = (x,RX), 
0 0 0 

i.e. RXeX' and R2X = RX. A standard application of hx) and h2) yields ||iU|| ^ M||A|| 
for every X E Xf. 
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3) If Ae5C', then 

r^TWx - x, RX) = t~1(x, T' (t)RX - RX) = 0 , 

and therefore, if x E (D(X0), then (X0x, RX) = 0. 

4) Obvious. 

lb) It follows from 3) that for every x E Q(X) (XX, RX) = 0, and therefore 
RX E (D(Xf) with X'RA = 0. Thus RX E Œ(X + ) and X +RX = 0. Viceversa, if A E 
E kerX + \ {0} , then T + (*) A = A for all t > 0 by Proposition 2.1, and 

lim — (T(s)x, X)ds = (x, X) for all x E 8, 
0 

so that X(=Xr and RA = A. 

2b) Obvious, since T+ is a semigroup of class (A) and of type &>0 ̂  0 on the Ba-

nach space 8 + . • 

COROLLARY 2.5. i/7Z>£ //>»/> (2.3) exists for all x e 8 and A E 8+ , /Â w X ' = £+ ^W 
R E J £ ( 8 + ) . 

If T is a strongly measurable semigroup, possibly of type co0 ^ 0 or of class (A), 
then the semigroup {e ~t0tT{t)} satisfies the same properties, and X0 — WI and X — iOI 
represent, respectively, the infinitesimal operator and, if it exists, the infinitesimal gen
erator of the new semigroup. Thus Theorems 2.2y 2.3 and 2.4 can be reformulated in 
terms of the semigroup {e ~lQt T(t)}, by introducing the spaces &w, §w and Kie, and the 
operators Pw, Gw and Rie. 

REMARK 2.6. E. Hille and R. S. Phillips investigated the behaviour at infinity of semi
groups of class (A) and of type (o0 ^ 0, with the aid of the Abel means, i.e. in terms of 
the operator Qx = lim £R(£, X)x, for all x for which the limit exists. It turns out that 

Q is a projector defined on kerX©#lX and that under these assumptions: 
l 

h[) for every x E S J ||T(J-)JîC||P^ < + OO for some p E ( 1, + oo ); 

o 
hi) there are t0 > 0 and M > 0 such that ||T(f)x|| ^ M||x|| for all t ^ t0 and for 

all x E 8; 

it coincides with the Cesaro limit P, whose properties have been investigated in Theo
rem 2.2. Moreover, the construction of Hille and Phillips can be extended to the case 
of weakly sequentially complete Banach spaces or of dual Banach spaces, getting, also 
in this framework, equivalence with the Cesaro approach. Another possible approach is 
given by the mean ergodic theorem of P. Masani [8], establishing that, for strongly 
measurable semigroups satisfying hi), the set of all x E 8 for which Px is defined coin
cides with # © R , where 3 = fl ker[T(/) - 1 ] and R = U &[T(t) - I ] . Note that 

t>o t>o 
Masani's theorem does not help in settling the question, whether there is a connection 
between the frequencies of an asymptotically ^-almost periodic function arising from a 
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semigroup and the spectrum of the infinitesimal generator, unless additional hypothe
ses on the existence of the generator are assumed. 

3. Recall that, if X is an effective extension of X0, thenpa(X0) cpa(X), whereas 
ro(X)cra(X0). 

THEOREM 3.1. Let T: (0, + oo ) —» J3(8) be a strongly measurable semigroup on 8, of 
type a)Q ^ 0, satisfying hi) and h2). 

1) If there are x e 8 and X e 8' /or ufeZ? the function t^(T(t)x, X) is non constant 
and asymptotically Sp-almost periodic, for some 1 ^ p < + oo y then the set of all frequen
cies of this function is contained in the set [(pa(X0) U ra(X0)) fi z'R]/z. 

2) If T is of class (A) and if there are x e 8 and A e 8' ybr #;feÂ the function 
t*->(T{t)x, X) is non constant and asymptotically Sp-almost periodic, for some 1 ^p < +oo, 
then the set of all frequencies of this function is contained in the set [(pa(X0) U ra(X)) fi 
fi iR]/i. 

Conversely, for every id e (pa(X) U m(X)) Ci z'R, ^ r e ^re x e (D(X) and X e 8' /or 
Z£>M:Z? (x, A) ^ 0 #«<i 6 is a frequency of the periodic function t*->(T(t)x, X). 

PROOF. The proof is very similar to that of E. Vesentini. • 

Also when the continuity assumption on T is dropped, the above results can be im
proved if the space S is reflexive. Indeed, the following two results hold: 

LEMMA 3.2. Let X be a linear operator, defined on 0)(X) c 8. If ker(X — idi) © 
© 6l(X - iOI) = 8, then id £ ro(X). 

LEMMA 3.3. If 8 is reflexive, then /R fi ra(X) = 0. 

In the following, T will denote a semigroup of class (A) and of type a>0 ^ 0, satisfy
ing hi) and h2), with infinitesimal operator X0 and infinitesimal generator X. 

Lemma 3.3 implies 

COROLLARY 3.4. Let 8 be a reflexive Banach space. If t *-> (T(t)x, X) is a non-constant 
asymptotically Sp-almost periodic function for some 1 ^ p < + oo y for some x e 8 and 
X e 8', then the set of all frequencies of this function is contained in [pa(X0) D 
n iRi/i. 

Theorem 2.3 yields also 

THEOREM 3.5. Let 8 be a weakly sequentially complete Banach space 8. IfTis weakly 
asymptotically Sp-almost periodic for some 1 ^ p < + oo y then 8 = ker(X — idi) © 
© &(X - idi) and, therefore, ro(X) fi iR = 0. 

Theorem 2.4 and Corollary 2.5 yield 

THEOREM 3.6. If the functions t*-^(T(t)x, X) are asymptotically Sp-almost periodic for 
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some 1 ^ p < +00 Jor all x e 8 and X e 8+ , then the frequencies of these functions are con
tained in [pa(X + ) H il 

E. Vesentini has recently proved that, if X is a linear, densely defined operator, then 
pa(Xf ) = ko(X), where the compression spectrum ka(X) is defined by 

ka(X) = {£ E C:R(X -Q)*Z} . 

Moreover, if X generates a strongly continuous semigroup, thenpa(X+) = ka(X). His 
proof also holds when X is the infinitesimal generator of a semigroup of class (A), and 
therefore in the following it will be assumed 

po(X')=po(X+)=ko(X). 

A complex number Ç is said to be of index v (where v is a positive integer) with respect 
to a linear operator X in case (X - £I)V + 1 = 0 implies (X - £I)V = 0 and there is x0 

such that (X - ÇI)vx0 = 0 and (X - ^)v'lxQ * 0. 
Ç has index zero if, by definition, X — ÇI has an inverse. If no such integer v exists, Ç 

is said to be of infinite index. 

THEOREM 3.7. L<# T be a semigroup of class (A) <2/zJ of type co0 ^ 0, satisfying hi) and 
h2), and let 8 = ker(X — /0I) 0 #t(X — i61) for some 0 e R. TZ?e;z ^ complex number iO 
is of index 0 or 1 with respect to X — iOL 

If id has index 0, then 6 cannot be a frequency for any asymptotically Sp-almost periodic 
function t^(T(t.)x, 2), with x e 8 and XEL8' . 

IfiO has index 1, then i6 belongs to po(X0), and 0 is a frequency oft^> T(t)xyfor some 
xt=8. 

PROOF. If (X - iOIfx = 0 for some x G Q(X2), then (X - i6I)x e ker(X - idi) fi 
fi Si(X - iOI), so that from (2.2) (X - i0I)x = 0 follows. 

Suppose now that id is of index 0. Then X — iOI has an inverse, and therefore 
ker(X - idi) = {0}. Since 8 = ker(X - idi) 0 &(X - idi), then /0 doesn't belong to 
ro(X), and therefore id e <;a(X) U r(X). Theorem 1.3 yields now the thesis. 

If id has index 1, then idepo(X) and 0 is a frequency of a periodic function 
t^T(t)x. m 

COROLLARY 3.8. Let T be a semigroup of class (A) and of type CD0 ^ 0, satisfying hi) and 
h2), weakly asymptotically Sp-almost periodic for some 1 ^p < +oo on a weakly sequen
tially complete Banach space. Then for every d e R id is of index 1. 

E. Vesentini proved that a strongly continuous and uniformly bounded group T, 
such that T|R+ is asymptotically almost periodic, is strongly almost periodic. This result, 
combined with that of H. Henriquez, leads to the following 

PROPOSITION 3.9. If T is a uniformly bounded and strongly continuous group such that 
T|R+ is asymptotically Sp-almost periodic for some 1 ^p < + oo ? then T is a strongly al
most periodic group. 
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4. It will now be shown that the closure of the intersection between /R and 

po(X) U ro{X) is discrete, in particular in case T is weakly asymptotically ^-a lmost 

periodic. 

Recall that, if/: R+ —> C is an asymptotically 5p-almost periodic function, then for 

every cp e R the map g: t*-> e~ltcp f(t) from R + to C is asymptotically ^-a lmost peri

odic, i.e. the application g from R + in Lp([0, 1]; C) is asymptotically almost periodic; 

for every £ > 0 there exists, therefore, an inclusion length / > 0, which depends on cp, 

containing an £-period for g; I will be denoted by l{e,cp). 

THEOREM 4.1. Let the semigroup T be of class (A). If the function t*-*(T(t)x, X) 

is asymptotically Sp-almost periodic for some 1 ^ p < + oo, for every x e Q(X) and 

X G 6Q(X + ), and if the following conditions hold: 

i) there are x0 E Q(X), A0 E 0)(X + ) and £ E C such that (x0, X0) ?* 0 <#/z<i £#Aer A:0 

«• <37z eigenvector of X with eigenvalues Ç, or X0 is an eigenvector of X+ with eigen

value £; 

ii) for some 0 < £ < y 2 \(x0, X0)\ it holds sup {l(e, cp): cp E R } < + oo ; 

then the set {po{X) Upo{X')) fi /R A<w /zo accumulation point. 

PROOF. Since the function t^> (T(t)x0, X0) is asymptotically ^-a lmost periodic, for 

every s > 0 there are / > 0 and K ^ 0 such that, for all s ^ 0, the interval [s, s + /] con

tains some r for which: 

/ i \ I / P 

(4.1) J | (TU + T + « ) x 0 , A o ) - ( r U + « ) x 0 , A o ) | f ' ^ =£e 

whenever ^, / + r ^ X, />. 

/ i \ I / P 

\o / 

that is 

\ I / P 

| ^ - l | K * o , A 0 > | M k « ' + « ) | ' ^ ^ £ 

which holds whenever (4.1) holds. If £ = £ + z'0, for some §, 0 E R, then the last in

equality is equivalent to: 

(4.2) | ^ - l | | ( * o , A 0 > | M k«' + "Mp^J P ^ e . 

Fix t > K. Let s increase to + oo (and, therefore, also r) . If 9 ^ > 0, then \e^T - 11 

tends to infinity and this yields a contradiction, and therefore £ ^ 0. Suppose now 
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£ = 0. Then (4.2) becomes 

k * - l | K * o , A 0 > | < e , 
which, exactly as in [13], if 0 < e < \2 \(x0, X0)\ leads to the inequality | 0 | > Jt/l. 

For every (p G R, the semigroup {̂  ~ ^ T(*)}, generated by X — i<j)y is also of class 
(A) and satisfies the hypotheses of theorem. In order to prove the thesis, it suffices to 
apply the result above to X — i(p and X+ — i(p, whose point spectra are the images of 
pa(X) and of pa(X + ) under the translation by — z'0, and then to apply 
(3.1). • 

Observe that condition //) in Theorem 4.1, combined with asymptotic 5P-almost pe
riodicity of the family of maps t^>{T{t)xy X) for some 1 ̂  p < + o°, for every x G 
G 0)(X) and X G CD(X+ ), does not imply uniform asymptotic ^-almost periodicity for 
that family. 

COROLLARY 4.2. If the semigroup T of class (A) is weakly asymptotically Sp-almost peri
odic for some 1 ̂ p < + o°, then the set (po(X) Upo(X')) H /R has no accumulation 
point. 

Recall that a sequence of positive numbers { £ w : « e N } i s said to be lacunary if 
there exists Q > 1 for which Çn + i > Q£„ for every n. 

Let/: R —» 8 be an almost periodic function. According to a result given by C. Cor-
duneanu for scalar valued, almost periodic functions in the sense of Bohr, whose proof 
holds also for vector-valued functions, if the set of all frequencies of/has the infinity as 
unique limit point and if the absolute values of the frequencies constitute a lacunary se
quence, then the Fourier series of/ 

+ 00 

» = 1 

converges to / uniformly on R. 
Let now/: (0, + o° ) -» 8 be an asymptotically ^-almost periodic function. Then, 

by Theorem 1.2, there are an ̂ -almost periodic function g and a map q G L(OC (R+ ; 8) 
such tha t /M = g(t) + q(t) for all t> 0. In [6] it is proved that, if q G L £ C ( R + ; 8) is 
such that q G C0 (R+ ; Lp ([0, 1]; 8)) and if w: R+ —» C is a continuous function such 
that ] 10(f) | ^ 1, then 

lim — z^CO^COtìfr = 0 , 

and therefore the Fourier coefficients of/coincide with those of its principal term g. 
Suppose now T is a semigroup of class (A) and of type co0 ^ 0 satisfying hi) and h2), 

and such that t^>{T{t)xy X) is asymptotically 5p-almost periodic for some 1 ̂ p < + 
+ 00 ? for every X G 8 and A G 8'. Let { 61, 62, •. •} be an ordering of the countable set 
[(pa(X) U ro(X)) f! /R]/z. For x G 8 and X G 8+ , the Fourier series of the principal 
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term of the function t*->{T(t)x,X) is 
+ 00 

(4.3) X eie-'{x,Ri6iiX), 
n = 1 

as a consequence of Corollary 2.5. Thus the convergence theorem of Corduneanu 
yields: 

THEOREM 4.3. If the set of the numbers belonging to [(pa(X) U ra(X)) Ci / R ] / / , taken 
in absolute value, is a lacunary sequence, then the Fourier series (4.3) converges uniformly 
on R to the principal term of the function t*-*(T(t)x, X) for every x e 8 and X e 8+ . 

COROLLARY 4.4. If the group T is weakly Sp-almost periodic, under the same hypothesis 
of Theorem 4.3 the Fourier series (4.3) converges uniformly on R to t*-^(T(t)x, X) for 
every x G 8 and X e 8+ . 

COROLLARY 4.5. If the group T is strongly Sp-almost periodic, under the same hypothesis 
of Theorem 4.2 the Fourier series 

+ 00 

n = 1 

converges uniformly on R to the function t^>T(t)x for every x e 8. 

5. Also the results that E. Vesentini obtained for uniformly asymptotically almost 
periodic semigroups can be proved for a semigroup T of class (A) and of type a> 0 ^ 0 
satisfying hx) and h2), such that the family of maps {t*->(T(t)x, X): x G 8, X G 8+ } be 
uniformly asymptotically Sp-almost periodic for some 1 ^ p < + °°. 

This means that for every e > 0 there exists / > 0 such that for every s ^ 0, the in
terval fr, $ + /] contains some r for which: 

/ c Y/p 

J \(T(t + r + u)x, X) - (T{t + u)x, X)\p du\ ^e 
\o / 

for all x G 8 and X e 8+ , for every t,t + t ^ K, for some K = K(s, x, X). 
If 0 is a frequency of t^ (T(t)x, X), then *0 G [pa{X) U pa(X + )] PI /R. Let r be a 

Stepanov £-period for this function. 
If id epa(X), then there is some x G Q(X) for which Xx = iOx. As in n. 4, this 

implies 

(5.1) \(x,X)\\e^-l\ <e, 

for all X G 8'. Analogously, if /0 Gpa(X + ), then, for some X G (D(X + ) and for every 
x G 8, (5.1) holds. According to the definition given by Y. Meyer, a subset of real num
bers A is called harmonious if for each e > 0 the set 

fi { r : | ^ - l | * s e } 
AeA 

is relatively dense in R. Thus 
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THEOREM 5.1. Let Tbe a semigroup of class {A) and of type a)0 ^ 0, satisfying hi) and 
h2). If the family {t^(T{t)x, A): x e 8, A e 8+} w uniformly asymptotically Sp-almost 
periodic for some 1 ^ p < + °°, róe« {[pcr(X) Upa(X')] fi / R } / / «• harmonious. 
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