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Analisi matematica. — Characterization of the domain of an elliptic operator of in­
finitely many variables in L2(ju) spaces. Nota(*) del Corrisp. GIUSEPPE DA PRATO. 

ABSTRACT. — We consider an elliptic operator associated to a Dirichlet form corresponding to a differ­
ential stochastic equation of potential form. We characterize the domain of the operator as a subspace of 
W2'2(jt), where fi is the invariant measure of the differential stochastic equation. 

KEY WORDS: Elliptic equations; Kolmogorov equations; Dirichlet forms. 

RIASSUNTO. — Caratterizzazione del dominio di un operatore ellittico con infinite variabili in spazi L2(JU). Si 
considera un operatore ellittico associato alla forma di Dirichlet corrispondente a un'equazione differenzia­
le stocastica di tipo potenziale. Si caratterizza il dominio dell'operatore come un sottospazio di W2'2{fi), 
dove fi è la misura invariante dell'equazione differenziale stocastica. 

1. INTRODUCTION 

Let H, K be separable Hilbert spaces with K continuously and densely embedded 
on H. We are given a linear operator A: D(A) c H ~ > H and a nonlinear mapping 
U-.K-+H, such that 

HYPOTHESIS 1. (/) A is self-adjoint and there exists co > 0 such that (Ax,x)H^ 
^ -O)\X\H, for all xeD(A). 

( « M ^ e J M H M 1 ) . 

(Hi) UsC2(K;H) and 

(D2U(x)y,y)H^0, VyeK. 

We set Q = ( — 1/2)A'1, and denote by //0 = «NXO, Q), the Gaussian measure 
with mean 0 and covariance operator Q. We set moreover 

fi(X) = e-2UMfi0(dx). 

As well known, see e.g. [3], // and v are the invariant measures of the stochastic 
systems (2) 

(1.1) dZ=AZdt + dWt) 

and 

(1.2) dX = (AX - DU(X))dt + dWt, 

respectively. We denote by Pt, t ^ 0, the transition semigroup in L2 (H; v) correspond--

(*) Presentata nella seduta del 7 marzo 1997. 
(*) J£(H) is the Banach algebra of all linear bounded operators on H, endowed with the sup norm || • ||. 

By £i(H) (norm || • HJ^H)) we mean the Banach space of all trace-class operators on H, and by «£2(H) 
(norm || • \\£2(H)) t n e Hilbert space of all Hilbert-Schmidt operators in H. If T e «Ĵ  (H), the trace of T is de­
noted by TrT. 

(2) By Wt we mean the cylindrical white noise on H. 
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ing to equation (1.2), and by (3LV its infinitesimal generator, formally defined as 

(1.3) <3Lu<P = ( l /2)Tr[D 2 (p] + (Ax-DU(x),D<p)H . 

The Dirichlet form corresponding to Pn t ^ 0: 

a{cpy\p) = \(Dq)(x)y Dxp{x))pi{dx) y 

H 

has been extensively studied, see e.g. [5]. Instead, the domain of C%, as a linear opera­
tor on L2 (H; pi), has not be studied at our knowledge. When U = 0 a characterization 
of &o, was presented in [1,2] and when H is finite-dimensional case in [4]. The main 
goal of this paper is to characterize the domain of Cly for a general U. 

We will use the following notations. We shall denote by {e^} a complete orthonor­
mal system of eigenvectors of A and by {— / ^ } the corresponding sequence of 
eigenvalues: 

Aek= ~likek , keN. 

We have clearly 

Qek = htk> keN, 
where A* = — pt^1/!. 

For any k N w e denote by D^ cp the derivative of cp in the direction of e^, and we 
set xjz = (x, £&)H, * e H. It is well known that D^ is closable. We shall still denote by D^ 
its closure. 

We finally recall the definition of Sobolev spaces. We denote by W1,2(H; pi) the 
linear space of all functions cp G L 2 ( H ; pi) such that Dkcp E L 2 ( H ; pi) for all k G N 
and 

f \Dcp(x)\2pi(dx) = Ì f |D*ç>(*)|VW*) < + °° • 
H H 

W1,2(H; pi), endowed with the inner product 

\ (<P, V)i = J q>(x)ip(x)ft(dx) + J (Dcp(x), Dtp(x))Hju(dx), 
H H 

is a Hilbert space. 
In a similar way we can define the Sobolev space W2,2 (H; pi) consisting of all func­

tions cp <= W1'2 (H; pi) such that ~DhDkcp G L2(H; /*) for all h, k G N and 

r °° r 
\ |,||D2c>(*)|li<H>0(<k) = E | D i D t ç ) U ) | V ( ^ ) < + 0 0 • 

J h,k — 1 J 
H H 

W2'2{H; /A,), endowed with the inner product 

(<P, V>2 = -(9, V>i + 2 DhDk(p{x)DhDkip(x)fi(dx) = 
h,k = l J 

H 

= (<P> V>i + J (D2cp(x), D2ip(x))£2{H)/*(dx) 
H 

is a Hilbert space. 
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We shall also need some weighted Sobolev spaces. Let J5: D(J3) c H - ^ H b e a self-
adjoint operator such that 

(Bx,x)HZp\x\2, 

for some /J > 0. Then we consider the linear operator DB in L2(H;fi): 

DB<p(x) = VÎÎDç>(x), x e H , 

defined on all cp BWh2(H; fi) such that Dcp(x) E D ( A / B ) /*-a.e. and ^JBDçE 

E L2 (H; /i). It is easy to see that DB is closable; we still denote by DB its closure. We de­
fine WB'2 (H; fi) as the domain of the closure of D{B ). WB* 2 (H; /*), endowed with the 
norm 

IMI^2(H ; / ,) = J ( k U ) | 2 + \y/BDq>(x)\2)pi(dx), 
H 

is a Banach space. 

2. THE MAIN RESULT 

We start with an identity relating operator <% with the Dirichlet form 

a(<P,V>) = J (D(p(x),Dtp(x))Hv(dx)y 

H 

see also [5]. 

PROPOSITION 2.1. Assume that Hypothesis 1 holds. Then for any çeD(6Lu) one 
has 

(2.1) Uacp){x)cp{x)v(dx) = - - j [ |D<pU)|2v(dx). 

PROOF. It is enough to prove the identity 

(2.2) I:= Ï (Ax - DU(x),D<p(x))H<p(x)v(dx) = 
H 

= - | ^Tr[D2(p(x)](p(x)v(dx)- | J |D(^(x)|2vWx), 
H H 

2 / for cylindrical functions. Let ç eL (H; fi) be a cylindrical function: 

ç>(x) = V(*i>.••>*»), 
where n eN and ^ : Rn —» R is a Borei function. Denoting by Qn the orthogonal projec­
tion of Q on the linear subspace of H spanned by ely ..., en, we have 

J = (27r)-* /2[detQJ-1/2 Ï (Ax - DU(x)yDip(x))H^(x)e<Ax^~2U{x) dx 

-(2jt)-n/2 [detQJ" 1 / 2 jiDe^'***-2™,Dtl>(x))Htl>(x)dx -
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•(2jt)-"/2[àetQ„rm 2 \{Dke^xS>»-2U{x),Dktp(x))Hf(x)dx • 
k = 1 J 

'(2jt)-n/2 [detQJ"1/2 Ì fwêvMyW + \Dkip(x)\2]e<Ax>x)H-2U{x)dx = 
k = \ J 

H„ 

= - | j[Tr[D2i/>(x)lil>(x)+ \Dip(x)\2]v(dx). 
H 

We are now ready to give a characterization of D(c%). We write C% as 
^ 00 00 00 

(2.3) (ai;ç>)(x)= -J- E D ^ W - 2 M D ì P W - S D A U W D ^ W . 

THEOREM 2.2. Assume that Hypothesis 1 holds. Then we have 

(2.4) D(av) = ,(peW2>2(H;[i) H W}>2(H;/t): 

UD2U(x)D<p(x),Dcp(x))Hju(dx) < + oo 
H 

PROOF. It is enough to prove the following identity 

(2.5) | J" | | D 2 ( ^ U ) | | | 2 ( H ) ^ ( ^ ) - J(DçK*),i4DçK*)>/*Wc) = 
H H 

= 2 f |/(x)|VW*)-2 J/(x)Mx+ l-Q-^D^uA^W. 

By differentiating (2.3) with respect to xy, we obtain 
00 

CX(D,<p)U) - fijDj<p(x) + 2 DJDhU(x)Dh(p(x) = D,-/(x). 
A = l 

Multiplying both sides by Dj<p(x), integrating with respect to fi and recalling (2.1) we 
find 

| J |DDyç>(*)|VW0+^ J |D>9)(*)|VW = 
H H 

= E f D y D i U W D i f l j ^ v (<&)- f Djcp{x)Djf(x)v(dx). 
h = Ì J J 

H H 

Summing up on j we find 

\ \ \\D2(p(x)\\2
£2iH)Mdx) ~ j(D(p(x),AD(p(x))fi(dx) + 

ï H 

J(Dç)(x),D2U(x)D(?)U))ia(^) = jf(x){Tt[D2(p(x)] - (Q-^DçMft/iblx), 

H 

+ 
H 

and the conclusion follows. 
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