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Anal i s i matemat ica . — Asymptotic analysts of surface waves due to high-frequency 

disturbances. N o t a (*) d i N I K O L A Y K U Z N E T S O V e V L A D I M I R M A Z ' Y A , p resen ta t a dal SockyE. 

Magenes . 

ABSTRACT. — The present paper is devoted to the asymptotic analysis of the linear unsteady surface 
waves. We study two problems concerned with high-frequency surface and submerged disturbances. The 
two-scale asymptotic series are obtained for the velocity potential. The principal terms in the asymptotics of 
some hydrodynamical characteristics of the wave motion (the free surface elevation, the energy, etc.) are 
described. 

KEY WORDS: Surface waves theory; Asymptotic expansions; Cauchy-Poisson problem; Two-scaled 
asymptotic series. 

RIASSUNTO. — Analisi asintotica delle onde di superficie relative a fenomeni di disturbo di alta frequenza. Il 
lavoro è dedicato all'analisi asintotica delle onde lineari di superficie instabile. Si studiano due problemi re­
lativi le superfici di alta frequenza e i relativi fenomeni di disturbo. Le serie asintotiche sono ottenute per il 
potenziale di velocità. Vengono poi descritti i termini principali nelle parti asintotiche di alcune caratteristi­
che idrodinamiche del moto delle onde. 

1. INTRODUCTION 

In the present paper the effect of high-frequency oscillations of surface and sub­
merged disturbances on hydrodynamical characteristics of the wave motion is consid­
ered. We study two initial-boundary value problems in the linearized theory of surface 
waves. By using the dimensionless period of the oscillations as a small parameter, we 
construct complete asymptotic expansions of the velocity potential. The principal terms 
in these expansions admit a physical interpretation. 

There is an extensive literature on non-stationary linear problems of the surface 
wave theory (see e.g. [6-9 and bibliography cited therein]). In particular, solvability and 
uniqueness theorems were obtained by Garipov [3], Friedman and Shinbrot [1,2] and 
Hamdache [5]. 

In Section 2 we investigate waves due to the pressure 

p(x,z,t, e) = K{t/e)S>{x,z) 

applied to the horizontal free surface (y = 0) of a fluid, which is at rest at the initial mo­
ment t = 0. Here K is a 1-periodic function. We suppose that the frequency e _ 1 is high 
in comparison with an inverse of characteristic time (g/h)1^2, where g is the gravity ac­
celeration and h is a characteristic length. We show that the velocity potential 0 is given 
by the asymptotic expansion 

00 00 

(1.1) </>(P,t,e)~ 2 emamwm(P,t)+ 2 e2m~l^m{t/e)vm(P) 
m = 0 m — 1 

(*) Pervenuta all'Accademia il 17 settembre 1996. 
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where /3m are certain 1-periodic functions, am are constants expressed in terms of fim, 
and vm, wm are harmonic functions, which do not depend on e. The functions vm are 
subjected to the Dirichlet condition on the free surface, and the Neumann condition 
on the rigid surfaces, whereas wm are solutions of the Cauchy-Poisson problem. Both 
sequences can be found recurrently. 

Analysis of the principal term in (1.1) shows that up to the magnitude O(s) the 
waves are the same as those, resulting from the initial elevation of the free surface 

[(K)-K(0)18>(X,Z). 

Here (K) is the mean value of periodic function. Moreover, if (K) = K(0), then the 
wave pattern is stationary up to a term O(e). However, apart of this slow wave motion 
there is a high-frequency motion of amplitude 0(e) with zero mean value, which gives a 
finite contribution to the force-vector applied to a submerged body (see the first term 
in the second sum in (1.1)). 

In Section 3 we consider a pulsating source in the fluid and oscillations of the 
bottom or of a submerged body. In the case of the source the fluid motion also proves 
to be composed of two motions up to 0(e). The principal term of the velocity 
potential is 

[K{t/e) - (K)]V0(P, P0) + (K)W0(P, P0,t). 

Here v0(P, P0) is the waveless potential of the stationary unit source at the point P0 , 
and (K) W0 is the potential of the wave motion due to the source of mean strength, ap­
pearing at t = 0. 

Thus, the force applied to a submerged body is a sum of two components. The first 
one is the large high-frequency force 

e~1Kf {t/e) v0ndS . 

s 

Here S is the body surface, and n is the normal directed into the fluid. The second 
component of the force, which slowly varies in time, is given by 

(K)Udw0/dt)ndS. 
s 

However, the force impulse during the time interval t has the asymptotics: 

S(t, e) = [K{t/e) - (*)] ïv0ndS + (K) lw0ndS + 0(s). 
s s 

We see that two terms in the formula for the force, which have different orders, give 
contributions of the same order into S(t, e). 

For each problem we derive a formal asymptotic series, discuss asymptotic formu­
lae for hydrodynamical characteristics and prove estimates for the remainder 
term. 

We present our results for the three-dimensional case although the same argument 
and similar asymptotic formulae are true for two-dimensional problems as well. 



ASYMPTOTIC ANALYSIS O F SURFACE WAVES 

2. WAVES DUE TO A HIGH-FREQUENCY SURFACE PRESSURE 

2.1. Statement of the problem. 

Let the fluid occupy a region W, bounded from above by the free surface F = <9R3_ . 
The boundary dW\F is the union of the bottom B and the surface S of a totally im­
mersed body D. We assume that JB and S are disjoint. It is possible that either B or S is 
empty. The bottom is a smooth surface dividing R3_ = {P = (x,y,z): y < 0} into two 
unbounded regions and it coincides with the plane y = —H at infinity (H > 0). The 
surface S is smooth, connected and closed. We suppose that if S U B ^ 0, then W con­
tains a layer {?: -A < y < 0}, 0 <h ^H. 

The problem on waves due to a surface pressure p, applied to the fluid of constant density 
Q, which is initially at rest, is stated as follows. We seek a velocity potential 0 satisfying 

(2.1) V20 = O in IF, 

(2.2) 0 * + 0 , = -/>/ on F , 

(2.3) d(p/dn = 0 on S U B , 

for £ ^ 0 and 

(2.4) 0 = 0, 

(2.5) 0 , = O, 
on F when / = 0. Here dimensionless variables are introduced, and the characteristic 
length h, the time (h/g)1^2, the pressure Qgh and the characteristic value (gh3)1^2 for 
the velocity potential are used for scaling. 

We assume that 

p(x, z, t, e) = K(t/e) &(x, z) 
where A" is a function of unit period, and £P is a sufficiently smooth function decaying at 
infinity. Our aim is to construct an asymptotic expansion for 0, valid when e « 1. (This 
means that the period of pressure oscillations is small in comparison with the character­
istic time (h/g)1/2). 

2.2. Formal asymptotic expansion. 

We seek the potential in the form of the two time-scaled asymptotic series: 

(2.6) 0 ( P , / , e ) ~ E em[(pm(Pyt/e) + rpm(P,t)] 

where cpm are 1-periodic functions with respect to the second argument. The functions 
q)m(P,r) and ipm(P,t) must decay as | P | —> oo. 

By inserting (2.6) into (2.1)-(2.f>), and equating the coefficients at the same degrees 
of e one obtains for m = 0, 1, ... 

(2.7) V2((pm + ipm) = 0 in W, 

(2.8) (d2(pm + 2/dr2) + (dcpm/dy) + (32ipm/dt2) + (d*pm/dy) = 0 on F , 

(2.9) d(<pm + ipm)/dn = 0 on S U B , 
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for t, x ^ 0 and 

(2.10) (pm + ipm = 0} 

(2.11) (d<pm + 1/dr) + (dil>m/dt) = 0, 

on F when t = x = 0. 
Furthermore, we get 

(2.12) d2ç0/dx2 = 0 w h e n r ^ O , dc0/dx = 0 when x = 0 on F 

and 

(2.13) d2cpl/dx2= -K'(X){P(X,Z) on F when x ^ 0 . 

We separately equate the functions, depending on x and t in (2.7)-(2.9), to 
zero. 

From (2.12) we find 

cp o = C0 = const on F for x ^ 0 . 

Here C0 = 0, since cpQ vanishes at infinity. Moreover, cpQ satisfies the Laplace equation 
in W and the homogeneous Neumann condition on SUB. Hence, 

(2.14) <Po = 0 on W for x &0. 

It follows from (2.8), that 

(2.15) d2cpm/dx2 + dcpm-2/3y = 0 on F when x ^ 0. 

Since cpm is periodic in x and decays as \P\ —» oo, then by (2.14) and (2.15) 

(2.16) (Pik = 0 onW w h e n r ^ O , * = 1, 2, ... . 

Now we seek q)2k-i(P>r) in the f ° r m Pk^r)vk(P) f° r £ ^ 1. By (2.13) we 
obtain 

(2.17) 0Ï = * ' when r^0fv1=-S} on F . 

Taking into account (2.7) and (2.9), we arrive at the boundary value problem: 

fV2^1 = 0 inW, vl=-6> o n F , 
(2.18) 

[9v1/dn = 0 on SUB. 

The periodic solution of the first equation (2.17) is given by 

(2.19) Pi(r) = j(K(ti)-(K))dfi + c:' 

0 

Here 

l 

(K)= \K(/i)d/i 



(2.22) 
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and c is an arbitrary constant. Another form of the solution is 

(2.20) p1(r) = (-i/2n) 1 (KJn)e2™T + cx , 
n 5*0 

where Kn are the Fourier coefficients of K, and cx is a constant. 
From (2.15) we get for odd m = 2k — 1: 

(2.21) Pl = Pk-i w h e n r ^ O , vk=-dvk_l/dy on F , £ = 2, 3, ... . 

Combining the second of these relations with (2.7) and (2.9), we get the boundary 

value problem: 

\V2vk = 0 inW, 9vk/dn = 0 on S U B, 

[*>*= -&>*-!/5y o n F , £ = 2 , 3 , . . . . 

In order to obtain a periodic solution of the first equation (2.21) for k = 2 one has 
to put cx = 0 in (2.20). Then 

/32(T)=i(2jt)-3 E U , / * 3 ) * 2 * * ^ ^ , 
n * 0 

where c2 is an arbitrary constant, which vanishes on the next step. Proceeding in the 
same manner, we find 

(2.23) /3k(T)=i(-l)k(2ji)1-2k 2 {Kn/n
2k-l)e2™\ £ = 1 , 2 , . . . . 

n * 0 

Thus, the formulae (2.14), (2.16), (2.18), (2.22) and (2.23) give a complete description 
of the first term in the square brackets in (2.6) for all values of m. The second series in 
(1.1) is obtained. 

We put 

am= -im(2jt)-m E (Kn/n
m), « = 0 , 1 , . . . . 

Then, 

_ '-P'k + i(0) for m = 2k (k = 0, 1, . . . ) , 
am " { -pk(0) for m = 2k - 1 (£ = 1, 2, 

Seeking t/;w in the form amwm, we get from (2.7)-(2.11) the initial-boundary 
value problem for m — 0, 1, ... 

(2.24) V2wm = 0 inW, 

(2.25) (d2wm/3t2) + (dwm/dy) = 0 on F , 

(2.26) dwm/dn = 0 on S U B , 

for / ^ 0, with the initial conditions on F when Y = 0 

f0 for « = 2k (k = 0, 1, . . . ) , 

Iz>£ for « = 2£ — 1 (k = 1, 2, . . . ) . 

\VL + ì for m = 2k (k = 0, 1, ...), 
(2.28) 3wm/dt = \ r , „ 

w / |0 for m = 2k- 1 (£ = 1,2, . . . ) . 
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Here the above formulae for cpm are taken into account. Thus, the formal derivation 
of the asymptotic expansion (1.1) is complete. 

2.3. Some hydrodyriamicai conclusions. 

We consider the initial terms in (1.1) in more detail. By (2.19) and by the definition 
of am, we have 

(2.29) 4>(P,t,e) = ((K)-K(0))w0(P9t) + 

( t/e 1 

-e\ J (K(JU) — (K))dju + J JU(K(JU) - (K))dju vx(P) + + 1 

<° ° 
Here V\ is the solution of (2.18) and w0 satisfies 

V2w0=0 inW, (d2w0/dt2) + (dw0/dy) = 0 o n F , dw0/dn = 0 on S U B , 

for / ^ 0 and 

w0 = 0 , dw0/dt = —& on F when t = 0 . 

Hence, we can interpret w0 as the potential of the wave motion due to the initial eleva­
tion of the free surface <LP(X,Z). 

Now, we derive asymptotic formulae for such hydrodynamical characteristics of the 
wave motion as the free surface elevation, the force and the moment applied to the 
submerged body D, the impulse of the force during the time interval t and the 
energy. 

The elevation of the free surface is given by 

(2.30) rj{x,z,t) = - { 0 , ( x , 0,z,t) +p(xyz,t)}, 

where p is the surface pressure. The force applied to D is equal to 

(2.31) F(t) = j<l>t(P,t)nds. 

s 

The moment with respect to a point P0 can be calculated similarly: 

(2.32) M(t)= \<pt(P,t)rXnds. 
s 

Here r is the radius vector, directed from P0 to a point on £. The impulse of the force 
during the time interval / is 

t 

S(t) = ÏF(ju)dpc. 
o 

The energy of the wave motion is expressed by 

(2.33) E(f) = ( l / 2 ) . f \V<p\2dxdydz+ irj2dxdz 
W F 
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Now, we turn to the asymptotic expressions for these characteristics. By differenti­
ating (1.1) and using (2.19), we find the asymptotic formula for the hydrodynamical 
pressure p = — (j)t in the fluid 

(2.34) p(P,t, e) = -[(K) - K(0)](dw0/dt)(P,t) - [K(t/e) - (K^V^P) + 0 ( e ) . 

Substituting this into (2.30), we arrive at the asymptotic formula for the surface 
elevation: 

(2.35) ti(x,z,t, e) = WO) - (K)](dw0/dt)(x, 0,*,/) - (K)&(X,Z) + 0(e). 

According to (2.31) we have the following asymptotic formula for the force: 

F(t, e) = [(K) - K(0)] Udw0/dt)ndS + [>(*/*>) - <*)] Jv x ndS + 0(e). 
s s 

Replacing r by r X n here, we get the asymptotics for the moment of the force. Thus, 
the principal parts of the force and the moment are sums of slow and rapidly oscillating 
terms. 

While we need vl to calculate the principal term of the force, the analogous term of 
the force impulse is expressed by w0 only: 

S(t, e) = [(K) - K(0)]lw0ndS + 0(e). 
5 

This results from the fact that vx is involved only in the rapidly oscillating part of the 
force with zero mean value. 

By (2.33) we get the asymptotic representation of the wave energy 

E(t, e) = (1/2)((K) - K(0))2 f \Vw0 \2dxdydz + 

w 

+ (1/2) ]"[((*) - K(0))(dw0/dt) + {K)8>fdxdz + 0(e). 
F 

We have 

[ \Vw0 \2dxdydz+ l(dw0/dt)2 dxdz = l^dxdz 
W F F 

because of the conservation law (see [8, p. 196]). Hence, 

(2.36) E(t, e) = (1/2){((K) - K(0))2 + (K)2} ^dxdz + 
F 

+ (K)((K) - K(0)) J (P(dw0/dt)dxdz + 0(e). 
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Denote the non-oscillating terms in the asymptotic formulae (2.29) and (2.35) by 
0(P, t) and fj(x, z> t). By (2.24)-(2.28) these functions satisfy the initial-boundary value 
problem: 

V20 = O in W, 

(pt + rj=-(K){P on F , 

d(p/dn = 0 on SUB, 

for t ^ 0 and 

0 = 0, rj=-K(Q)& on F when t = 0 . 

The problem describes the motion due to the surface pressure (K) (P and the initial ele­
vation — K(0)£P. Since for an arbitrary t ^ 0 

t + e 

(1/e) I 4>(;A,e)dX-<j>(;t) = 0(e) 

t 

and 

t + e 

(l/s) j:Ti(;X,e)dX-ri(;t) = 0(e) 
t 

as e —> 0, it is natural to call this motion averaged. We shall use the notation/?, E,F,M,S 
for the pressure, the energy, the force, the moment and the impulse of the force connect­
ed with the averaged motion. According to (2.31), (2.32) and (2.34) the principal parts of 
F — F, M — M and p — p are not small as £ -> 0 and oscillate rapidly with zero mean 
values. On the other hand, 0 — 0, rj — fj, E — E and S — S are of order s. 

In the next Section we consider .a special case when the principal terms in the above 
asymptotic formulae can be evaluated explicitly. 

2.4. Waves in a layer of constant depth. 

Let the fluid occupy the layer of constant depth, i.e.W — {— h <y < 0} and 
D = 0. Then, by using the Fourier transform 

6>{o) = \s>(x,z)e-^ + zVdxdz, a= (£, £), 

R2 

we find the solution of problem (2.1)-(2.5): 

i r ~ cosh Ieri (v + h) ., t^ *., 1r , 
0 ( P , / , e ) = — l — \ (Ko) r - 1 ^ -e^ + ^dUt* 

(2jt)2s J la i 1 / 2 cosh |a|A 
R 

' \K' {fi/ e) sin ((ju - t)(\o\tanh\o\h)1/2)dpi. 
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When W = R\ , i.e. S U B = 0, one has to omit tanh \o\h and to replace 

cosh | a | (y + h) t .. . . 
TT-TT by exp(\o\y) 

cosh \o\h 
in the above formula. 

The behaviour of the explicit expression for <p is not obvious as e —» 0. Hence, the 
expansion (1.1) is preferable, since its terms have a simpler form: 

wm(P,t)= —±- J^aKlajtaiihlalA)^-^2-
(2JT) 

cosh | a | (3; + £) . imn 

cosh I a I h \ 2 
+ / ( | a | t a n h | a | A ) 1 / 2 \ ^ + z S ) i ^ 

where w = 0, 1, ... and 

vm{P) = 
{2n)2 cosh \o\h 

i] d%i% 
( " i r

r JgtaKlalfDhlalAr-1 COsh^iy+h) .** + > 
R2 

where m = 1, 2, 
In order to obtain similar formulae for the case W = R3- one has to make the same 

changes as above. 
Now we consider the energy of the wave motion for the layer. First we note, that an 

application of the Parseval theorem gives the explicit formula for the unsteady integral 
in the principal term of the energy: 

J S> -p- dxdz = - (2JT)" 2 f I tP(o)2 I cos (t(\o\ tanh \a\h)^2 )d^d^ . 
F R2 

EXAMPLE. Let W = #3_ and &(x) = (a2 + x 2 ) ~ \ where a > 0. Then, 

tP(Ç) = (ji/a)e-a^ 

and 

l&-p-dx=-(27t)-1 I | ^ P ( ^ ) | 2 c o s ( / | ê | 1 / 2 ) ^ . 
JP — 00 

Hence the last integral takes the form 
00 00 

2jt/a2 [e~2ah cos (tÇ1/2)d£ = {2jt/a)2[^~2a^ cos {tfi)d^ . 
0 0 

Hence, by formula 3.953.4 in [4], we have 

\s>^dx=-^\ 
dt 2a 

1 + 
ill 

1/2 

V&z 
exp £M it \ 
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On the other hand, 

[s*dx = 2 Ua2 +x2)~2dx = n/\2a). 

Substituting these expressions into (2.36) we obtain 

E(t, e)=7tK2(0)/(4a) + 

+ W 0 ) - (K))(K)(ù/(4 V2))(jz/a)3/2exp ( - t2/(8a)) erf (/ï/V&ô + 0 (e ) . 

Here the first term gives the energy at the initial moment and the second one decribes 
the evolution of the principal part of the energy in time. 

By using (2.34) we arrive at the formula for the averaged pressure in the fluid 

(2.37) p(P, t) = (*(0) - (K))((y - a)/a(x2 + (y~a)2)2)-

-(tJT1/21'2*)Im[exp ( - t2/4(a -y - ix))/'(a -y - zx)3/2l erf ( / / / ' 2 (a-y- ix ) 1 / 2 ) . 

The rapidly oscillating part of the pressure is also written explicitly 

((K) - K(t/s))(y-a)/a(x2 + (y-a)2)2 . 

Hence, 

(2.38) p(P,t,e) = 

= {(K)-K(0))(tJt1/2/2a)lmhxp(-t2/4(a-y-ix))/(a-y--tx)}/2] • 

-er£(it/2(a-y-tx)1/2) + (K(0) - K(t/e))(y - a)/a(x2 + (y -a)2) + 0(e). 

By setting here y = 0 and using (2.35) we obtain the asymptotics of the surface 
elevation 

(2.39) ri(x,t,e)= -K(0)/(a2 + x2) + [(*) - K(0)](tJT1/2/2a) • 

•Im [exp ( - t2/4{a - tx))/(a - ix)3/2]er{(it/2(a - ix)1/2 ) + 0(e). 

Here the second term in the right-hand side is the zero-order in e time-dependent per­
turbation of the initial elevation. 

Since 

•x2f+1 \ 2a da J a2+x2 (a2+: 

then applying the operator 

2a da 
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xitT l a 

60 -20 

lib 

to the right-hand side in (2.39) we get a formula for the elevation, corresponding to 
S>(x) = (a2+x2rN-1. 

Figure 1 shows the evolution of the free surface profile in the case when 

p(x,t9 e) = (Asin2 (2m/e) - a)(a2 + x2)~l 

where a = 6.0, a = 0.2, X = 0.21/'JT1^2 and e = 10.0. One sees that even for surpris­
ingly large £ the principal term rj (see (2.39) and fig. la) gives a good approximation to 
the exact free surface elevation rj (fig. lb). 

For the same surface pressure the evolution of the hydrodynamical pressure at the 
depth 0.5 is shown in fig. 2. The principal term of the asymptotics (2.38) (fig. 2a), com­
bining the averaged value p (see (2.37) and fig. 2c) with oscillations, practically coin­
cides with the exact pressure (fig. 2b). 
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2.5. Justification of the asymptotic expansion. 

In the present section we justify the expansion (1.1) (see also (2.6)). First, we esti­
mate every term in the series (2.6). 

In what follows we shall use an operator K. It maps cp defined on F to (py (x, 0, z), 
where (j) is the solution of 

V20 = 0 in W, d(j>ldn = 0 on S U B , </> = <p o n F . 

It is well-known that for any s 

(2.40) pCpIL^Mjçll,. 

Here || • \\s is the norm in the Sobolev space Hs (F). 

PROPOSITION 1. Let KE. L 2 (0 , 1) and let & belong to Hm^2(F) if m is odd and to 
H{m + l)l2 (F) if m is even. Then the functions in (2.6) satisfy 

(2.41) | | ç ) 2 / _ 1 | | 1 / 2 ^C(2^) - 2 / + 1 | k l l ^ (o , i ) l l ^ / " 1 ^ l l i /2 , 

(2.42) llvJli/2 ^ C(2ji)-m\\K\\L2{0y 1} \\wm\\1/2 

and 

.. „ fC/||X/^P||1/2 when m = 21, 
(2.43) k J i / 2 * H , ; n 

[C||X /-1^> | |1 /2 when m = 21-\. 

PROOF. Since cp2i = 0, we have to estimate 

q>2i-i(P,r)=Pi(T)vi(P). 

From (2.23) by using the Cauchy inequality we get 

(2.44) \!3l\^C(2jt)1-2l\\K\\L2 L 2 ( 0 , 1) • 

Taking into account, that the functions vm are defined recurrently (see (2.18) and 
(2.22)), we can write 

(2.45) vi = Kl~lS> o n F . 

Thus, (2.44) and (2.45) imply (2.41). 
Now, we estimate ipm(P,t) = amwm{P,t). By the definition of am we obtain 

(2.42) in the same way as (2.41). 
Since wm is the solution of (2.24)-(2-28), its trace on F (we shall use the same nota­

tion wm for the trace) is given by 

\K-1/2sm(K1/2t)vl+1 for m = 2l, 
wm(-,t) = \ / = 1 , 2 , . . . . 

[ cos (X 1 / 2 / )^ fot m = 21-1, 

This and (2.45) imply (2.43). • 
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Now we shall estimate the remainder term 

(2.46) R 2 N + 1 ( P , / , e ) = 0 ( P , / , e ) -

2N + 1 N + 1 

- E emamwm{P,t)- X £2>»-lpm{t/e)vm{P), 
m — 0 m = 1 

what will complete the justification of asymptotics (1.1). 
It follows from (2.1), (2.4) and (2.18), (2.22) that 

(2.47) V2R2 N + 1 = 0 in W, 

(2.48) dR2N+1/9n = 0 on S U B , 

for / ^ 0. By (2.2), (2.25) and (2.46) we have on F 

+ — = -e K (r)S\Xyz) -
dt2 dy 

N+ 1 
2m - 1 - 2 e 

uV 
e-2^(r)vm(x, 0,z) + Pm(r) - i ( * , 0,z) 

cy w = l 

According to (2.17) and (2.21) this condition takes the form 

( 2 4 9 ) ^ i + ^ _ _ e » + , f o t i ( i ) * ^ . 

Setting t = 0 in (2.46) and taking into account (2.4) and (2.27), we find 

(2.50) R2N+1 = 0 on F when / = 0. 

Differentiating (2.46) with respect to t> we obtain by (2.5), (2.28) and the definition 
of am 

dR N
 N +1 

- ^ 7 ^ = 2 emP'm + 1(0)vm + l - E E»-2P'm(0)vm on F when/ = 0 . 

Hence, 

(2.51) 5R2N + 1 / 3 ^ = 0 on F when t = 0 . 

Thus, the remainder R2N + I satisfies the initial-boundary value problem (2.47)-
(2.51). 

PROPOSITION 2. Let S> eH{2N + 3)/2(F) and * E L 2 ( 0 , 1). Then 

(2.52) ||̂ 2N + i l l i / 2 ^ U / 2 ^ ) 2 N + 2 a | | X N + 1 ^ | | 1 / 2 , 

z^r<? C does not depend on t and 6>. 

PROOF. Since R2N + I satisfies (2.47)-(2.51), then we have the explicit expression for 
its trace on F: 

(2.53) R 2 N + 1 ( - , / , c ) = ~e2N+1ljl3N+i(pt/e)sm((t-pt)K1J2)dv \KN + 1'2S>. 

Here (2.45) is also taken into account. 
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Integrating by parts in the last integral, we get 

(2.54) R2N + i(;t,e) = 

= - e 2 N + 2 M J j 8 N + 1(y)</y \cos((t-M)Kl?2)dti \KN + 19>. 

From the fact that / ?N+I *S a 1-periodic function with zero mean value, it 
follows 

J pN+1(y)dy ^ max |j8N + 1 ( y ) | . 
o 

Combining this inequality with (2.44) and (2.54), we arrive at (2.52). • 

In order to formulate a theorem, justifying asymptotic expansion (1.1), we define 
the remainder 

2N N 

R2N(P,tye) = (t)(P,tye)- E emamwm(P,t)- 1 e2™-1/3m(t/e)wm(P). 
m — 0 m = 1 

THEOREM 1. Lé* (PeH{n + 2)/2(F) and K<=L2(0, 1), fi&<?« 

(2.55) |RB | + | K | | 1 / 2 ^ e" + lC„t\\3>\\{„,+ 2)/2 . 

Here \ • | is the norm in H1{W). The constant Cn does not depend on t and 6>. 

PROOF. First let n = 2N + 1. Then (2.55) follows from Proposition 2, (2.40) and 
from the known inequality 

(2.56) | R B | = S C | | R j 1 / 2 . 

When n = 2N, we write 

R2N = ^ 2 N + l + £ V^2N+ 1 + 1p2N+ 1 ) • 

The required estimate for the sum in brackets follows from Proposition 1 and 
(2.40). 

Applying (2.40) and (2.44) to (2.53), we get the inequality 

which together with (2.56) completes the proof. 

For the case when W is the layer we can obtain the following condition for conver­
gence of the asymptotic series (2.6). 

THEOREM 2. Let W be the layer of the constant depth h or the half space {y < 0}.lfice. 
e L 2 ( 0 , 1) and if the support of the Fourier transform ÏP is placed in the disk 
{a: \o\ < (2ji/e)2}, then the series (2.6) converges absolutely with respect to the 
Hl/2{F)-norm. 
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PROOF. It follows from Proposition 1 that if 

(2.57) {e/{2jt)Y\\Kn/26>\\l/2^Cq\ 

where C does not depend on n and q < 1, then series (2.6) converges absolutely with 
respect to the H1/2 (F)-norm. 

Using the Fourier transform, one obtains that for the layer 

(K&)(x,z) = (2JI)-2 ^(a)\a\tâïùi(\a\h)e^ + z^ dUl • 
R2 

When W = {y < 0}, the hyperbolic tangent should be omitted. In both cases we get by 
the Parseval theorem: 

\\K*/2a>\\i/2 ^ CJ(1 + lai2)1/2\o\> \${o)\2dtdt. 
R2 

By the hypothesis of Theorem 2 there exists q e (0, 1), such that &{o) = 0 when 
| a | ^ {qlJt/e)2. Therefore, 

I (q2jt/e)2 {q27t/e)2 \ 

J \o\n + ld\a\ + J \o\n + 2d\a\ ^ C{q27t/e)2n . 
Hence (2.57) is proved, what completes the proof of Theorem 2. 

3. WAVES DUE TO A HIGH-FREQUENCY SUBMERGED SOURCE 

3.1. Statement of the problem. 

In the present section we consider the problem on waves, arising when a high-fre­
quency submerged source starts pulsations in the calm fluid. As above we seek an 
asymptotic expansion for velocity potential, assuming that £ « 1, where £ is the dimen-
sionless period of oscillations. 

We suppose that the geometry of the fluid region l^is the same as in Section 2. If a 
source of strength — K{t/'e), where K is a 1-periodic function, is placed at P0

 e W, then 
its velocity potential G(P, P0, t, £) satisfies the initial-boundary value problem: 

(3.1) V 2 G = -K(t/£)Ô(P-P0) mW, 

(3.2) Gtt + Gy = 0 o n F , 

(3.3) 3G/dn = 0 on S U B , 

for t ^ 0 

(3.4) G = 0, 

(3.5) G, = 0, 

on F when / = 0. In the next section we construct an asymptotic series for G. 
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3.2. Asymptotic expansion. 

It is natural to suppose, that the waves due to the rapidly oscillating source are the 
same (up to a term 0(e)) as the waves from the source of the mean strength. We repre­
sent the corresponding velocity potential in the form (K)W0, where w0 satisfies 

V2w0= - ó ( P - P o ) in W, 

d2w0 dw0 
— — + -ri— = 0 on F , 

dt2 3y 

dw01 dn = 0 on S U B , 

for * ^ 0 

(3.6) w0 = dw0/dt = 0 on F when t = 0 . 

Now, we seek the asymptotic series for G — (K)W0 in the form (2.6). Then we ar­
rive at the relations (2.7)-(2.13) for m = 0, 1, ... with two exceptions. We have 

(3.7) V2(P0=[(K)-K(T)]ô(P-P0) inW for r ^ 0 , 

instead of the Laplace equation and 

(3.8) 32q)1/dr2 = 0 on F for r ^ 0 , 

instead of (2.13). 
Since (2.12) implies 

q)0 = 0 on F for r ^ 0 , 

by putting 

cp0(P,r) = b0(r)v0(P), where &0(T) = *(r) - (*), 

we get the boundary value problem for v0 

\V2v0=-ô(P-P0) inW, v0 = 0 o n F , 

\dv0/dn = 0 on SUB. 

Here (3.7) and (2.9) are taken into account. Then, by (3.8), (2.9) and (2.7) we 
find 

<px = 0 in W for r ^ 0, 

since Ç91 is periodic in r and decays as | P\ —» oo. 

Using (2.15) in the same manner as in Section 2.2, we obtain 

(p2k + i = 0 inW for r^ 0 , k = 1, 2, ... 

and x 

^ 2 * ( P , T ) = ^ ( T ) ^ ( P ) , £ = 1 , 2 , . . . 

where v^ satisfies (2.22) and 

(3.10) h(r) = (-l)k(2jt)-2kl b^n-2ke27dnx . 
n * 0 

By b„0) we denote the Fourier coefficients of b0 = K — (K). 
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Let 

am=-(i/(2jz)r + 1 + (-1)m + 12 (^0)/^ + 1 + ( - i r + 1 ) 

so that for k = 1, 2, ... 

' -bk(0) for m = 2k , 

"m ' - £ * ' + i ( 0 ) for/» = 2 f e - l . 

Seeking the functions ipm (m = 1, 2, ... ) in the form <#w^w we get from (2.7)-(2.11) 
the Cauchy-Poisson problem (see (2.24)-(2.26)) with the initial conditions on F when 
^ = 0 (cf. (2.27) and (2.28)): 

fO for m = 2k — 1, 
(3.11) wm = \ 

[Vk lor m = 2k 

and 

(3.12) 
dwm \vk + i ior m = 2k — 1, 

dt b for m = 2k. 

Here k = 1, 2, . . . . 
Putting tf0 = (K), we arrive at the asymptotic representation for the source 

potential 
00 00 

(3.13) G(P,P0,t,e)~ E emamwm{P,t) + 2 s2mbm(t/e)vm(P), 
m = 0 m = 0 

where am and £ W (T) are given above (see, e.g., (3.10)), the functions w0 and v0 satisfy 
(3.6) and (3.9) respectively, and the next functions are to be found recurrently with the 
help of (2.22) and (2.24)-(2.26), (3.11), (3.12). 

To justify the asymptotic expansion (3.13) we consider the irritial-boundary value 
problem for the remainder term 

2N N 

R2N(P,t,e) = G(P,P0,t,e)- E eMamwm(P,t)- 2 e2mbm{t/e)vm{P). 
m — 0 m = 0 

It can be written down in the same way as the corresponding problem in Section 2.5 
and has the form 

V2R2N = 0 i n ? , 

92R2N _^ 3R2N 2N ( t \ dvN 

dt2 dy n\e I dy 

dR2N/dn = 0 on SUB, 

for t ^ 0 

R2N = dR2N J' dt = 0 on F when t = 0 . 

We see that this problem is similar to (2.47)-(2.51). Hence, the justification of asymp­
totic expansion (3.13) can be performed following the scheme in Section 2.5. There is 
only one difference. We have to use the trace of dv0/dy on F instead of &. 
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3.3. Pulsations of a source in the layer. 

The functions in (3.13) can be written down explicitly, when W is the layer of con­

stant depth h, or the half-space {y < 0} . For this purpose one has to use a well-known 

identity 

U 2 + £ 2 ) - l / 2 = je~^Jo{pta)d/Â 

in the same way as in [8, Sect. 6.9]. The corresponding formulae for vm are: 

(3.14) * > o : 
1 

An 

and for m ^ 1 

( - i r + i 

r r0 J coshz^ J0 ^ ^ 

lit 

f / L / v» - i c o s h ^ ^ + h) coshpt{y0 + h) 
pt(ju t a n h / ^ )w rr—; Jo ( W ) «/* • 

J cosh ///? cosh2 //A 

Here 

Q2 = (x-x0)
2 + (z -Zo)2, r2 = e 2 + ( j - Jo)2 and r0

2 = <?2 + (y + y0)
2 • 

The functions wm are given by 

(3.15) * 0 = £ r ô J coshz^ j 0 ^ ^ + 

f° 1 — cos ( ( / n a n h ^ ) 1 / 2 ^ ) cosh / -^ + £)cosh^(3;0 + h) 
+ 2 J ZZTTir 7T~r J0{jUQ)dju 

o 
tanhpih cosh2 /*/? 

and for m ^ 1 

(m-2)/2 
coshpi{y + A) cosh//(y 0 + Z?) 

cosh2 ^ 

00 

, = ju(jutanhjuh) 
2JZ J 

o 

'JO(JUQ) COS ( — /(/ / tanh^/?)1 /2 j i / / . 

The explicit solution of (3.1)-(3.5) for the layer is 

(3.16) G{PyP0yt,e) 
K(t/e) 

Ait 

00 

±-±- +2[V^ 
r r0 J 

sinh/^y sinh juy0 

cosh juh 
JQ(jUQ)dpi + 

lit 

1 r00/ ^ \i/2 cosh^ty+A)cosh/*(y 0 + £) T . . , 

dUmMJ ^ V / 0 (W)^' 

• [ * • ( J ] s i n ( ( / n a n h / / £ ) 1 / 2 U - y))dy . 

o 

H e n c e , ( 3 . 1 3 ) g i v e s t h e e x p a n s i o n o f t h e u n s t e a d y i n t e g r a l i n ( 3 . 1 6 ) . 

W h e n t h e d e p t h is i n f i n i t e , t h e f i rs t i n t e g r a l s i n ( 3 . 1 5 ) a n d ( 3 . 1 6 ) s h o u l d b e o m i t t e d 
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as well as the integral in (3.14). Also, t a n h ^ should be replaced by 1 and instead of 

coshju(y + h) cosh/u(y0 + h)/(cosh2 juh) 

one should insert exp {ju(y + yo)}. In this case the integrals, expressing vm, can be 
found explicitly and we get 

- 1 dmr0~
1 

m lit dym 

for m = 1, 2, 

3.4. Principal terms in the asymptotics of wave characteristics. 

First we consider the principal term in the asymptotics of a source. By (3.13) we 
have 

G(P, P0,t, e) = [K(t/e) - (K)]V0(P, PO) + (K)W0(P, P0 , /) + 0(e). 

According to (3.9), the first term in the right-hand side describes a stationary ^-periodic 
waveless source with zero mean strength. It produces no wave pattern because of the 
homogeneous Dirichlet condition on F in (3.9). 

The second term is proportional to (K) and w0 satisfies (3.6). Hence, it describes 
the source having the mean strength and starting at t = 0. The waves are given only by 
(K)W0> since the asymptotics of the free surface elevation has the form 

r/(x,z,t,e) = -(K)(dw0/dt)(x, 0,z,t) + O(e). 

The force and the moment, applied to the submerged body D, depend both on v0 

and w0: 

F(t, e) = e'1 K' (t/e) [v0ndS + (K) f -p-ndS + 0(e), 
s s 

M(t,e) = e-1Kf(t/e)iv0rX ndS + (K)l ~p~rX ndS + 0(8). 
s s 

We see that the principal terms of F and M increase infinitely as 8 —> 0, while the 
contributions due to w0 remain finite. 

The force impulse during the time interval / has the asymptotics: 

S(t, 8) = [K(t/e) - (K)]lv0ndS + (K)ïw0ndS + 0(8). 
s s 

Thus, the two terms, having different orders in the formula for the force, give contribu­
tions of the same order into S(t, 8), because of oscillations of the term, which has the 
order e" 1 . 
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4. HIGH-FREQUENCY OSCILLATIONS OF UNDERWATER SURFACES 

4.1. Statement of the problem and description of results. 

Let the surfaces S and B perform small amplitude rapid oscillations. This can be de­
scribed by the initial-boundary value problem for the velocity potential <p(P,t, e): 

(4.1) V20 = O in W, 

(4.2) 0„ + 0 , = 0 o n F , 

(4.3) 30/dn = K(t/e)f(P) on S U B , 

for t ^ 0 

(4.4) 0 = 0, 

(4.5) 0 , = O 

on F when £ = 0. It is assumed that f(P) decays as | P | —» oo and P E 5 . 
The solution of (4.1)-(4.5) has an asymptotic expansion of the same form (3.13) as 

in the case of submerged source. Moreover, for m ^ 1 the functions vm and wm satisfy 
the same problems (2.22) and (2.24)-(2.26), (3.11), (3.12) respectively. The function 
v0 is determined by the stationary boundary value problem: 

[V2^o = 0 in W, v0 = 0 on F , 
(4.6) 

I dv01on —f on S U B . 

The function ^ 0 is obtained from the initial-boundary value problem: 

rV2^o = 0 in W, 

(4.7) ld2w0/dt2 + dw0/dy = 0 o n F , 

[dw0/dn=f on S U B 

for t ^ 0 

w;0 = dw0/ dt = 0 on F when £ = 0 . 

From (3.13) we see that, if (*r) = 0, then the fluid motion is determined by v0 up to 
a term 0(e). Hence, the amplitude of surface waves is of order e, because v0 satisfies 
the homogeneous Dirichlet condition on F. 

As above (see Sections 2.4 and 3.3), the explicit expressions for vm and wm can be 
written down when W is the layer of constant depth h. Using the Fourier transform, we 
get: 

(2JI)2 \ | a | c o s h | c r | £ 

and for m ^ 1 

(2JT)2 J cosh2 a * 
R2 



26 N. KUZNETSOV - V. MAZ YA 

The functions wm are given by 

wm(P,t) = - L - [ / ( ^ ( l a l t a n h l a l A ^ - ^ V "(*£+*£) , 

cosh|a|(;y + h) ._ [ mJt 

2 cosh2 \a\h 
S i n / M L -t{\o\t&nh\o\h)l/2\ do 

for m = 0, 1, 

4.2. Asymptotes of the energy, the force and the moment. 

We have similar asymptotic expansions, when either a submerged source or the sur­
faces S and B oscillate rapidly. The series is given by (3.13) in both cases. 

According to (2.33) and (2.30), we get by (3.13): 

E(t, e) = (1/2)1 | \(K(t/e) - (K))VV0 + (K)VW0 \2dxdydz + 

+< -(K)2l(dw0/dt)2dxdz\+O(e). 
F ' 

Using the Green formula and the boundary value problems (4.6), (4.7), we write 

2(K)(K - (K)) J Vw0 • Vv0 dxdy dz + (K - (A*))2 J | Wv0 \2 dxdy dz = 
w w 

= (K2-(K)2)i\Vw0\
2dxdydz. 

Thus, the asymptotic formula for the energy takes the form 

(4.8) E(t,e) = ((K)2/2)< 

w 

\Vw0\
2 dxdydz + \(dw0/dt)2 dxdz 

W F 

+ (l/2)(K2(t/e) - {K)2)\ \VV0 \2dxdydz + 0 ( e ) . 
w 

By averaging the energy over the period e, we get 

(4.9) (E) = ((K)2/2)\ f \Vw0\
2dxdydz+ l(dw0/dt)2dxdz • + 

[W F 

+ (1/2)((K)2-(K)2) j\Vv0\
2dxdydz +0(e). 

w 
In particular, if the mean value of K is zero then 

(4.10) (E) = ((K)2/2) f \Vv0 \2dxdydz + 0(e). 
w 

We remark that formulae (4.8)-(4.10) are also valid if the number of dimensions is 
two. The Dirichlet integral in (4.10) can be evaluated explicitly in the two-dimensional 
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case when 

W=Rl\{\z + i\ ^a}y a<\; z = x + iy . 

In order to solve the problem: 

V2vQ = 0 i n ? , v0 = 0 when y = 0 , 

dv0 /dn= f{eicp ) when z + t= aeicp 

we apply the transform ç = (z + z( 1 - a2)1/2)/(z - /( 1 - ^ 2 ) 1 / 2 ) . It maps W onto an 
annulus {r < | ç | < 1} on the g-plane, where 

(4.11) r = tf/(l + ( l - < z 2 ) 1 / 2 ) . 

Putting g = Qe'e, we arrive at the problem 

\V2u = 0 in {r < g < l } , 

(4.12) 
u\Q = 1 = 0, 2(l-a2)^2g(e" 

Here U(Q90) =v0{z(ç)) md g(ew) =f{z(rew))/(I - 2rcos 6 + r2). 
Seeking the solution of (4.12) in the form: 

i(Q,e) = 2(l-a2)^2\ ) l o g p + S (Qn ~ Q n)(an cos nO + bn smnO) 

we have to determine an and £̂  in order to satisfy the Neumann condition. Then 

a0 = ra0/2, an + ibn = rn + l {an + ifi „ ) / («( l + r2* )) , » £ 1, 

where a„ , f3n are the Fourier coefficients of g. 
We have the obvious equalities 

in 

\\Vv0\
2dxdy = J \Vu\2d£dri= - r j 

w r<e< 1 o 

With the help of the series, obtained for «, we get 

3̂ _ </e. 

[ \Vv0\
2dxdy = 4jzr2(l -a1 

w 

al 

\Q = r 

,,2« 

log} + X n-'^-^ial + Pl) 

Thus, the Dirichlet integral in (4.10) is expressed in terms of the Fourier coefficients 
of g. 

Now we calculate principal terms in the asymptotics of F(t, s) and M{t, e). We 
have 

2JT 

\z + / | = <* 

[ y 0 » ^ = 2 ( l - a 2 ) 1 / 2 r | — 
a(r, 0) v 

2rcos 6 + r 
de 
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where v = — (sin 6, cos 6). Substituting the series for u and calculating the integrals, 
we get the explicit asymptotic formula for the force 

(,u) w , . , . -«'V 'y''Vft/ . ,3:^(;-Uo(. , . 
8 n = i n{l+r2n) \anj 

As before, an and (in are the Fourier coefficients of g in (4.12). 

Similarly, the moment with respect to the point P0 = (x0,y0) is expressed by 

(4.14) M(t9 e) = 

4JZ(1 — a2)1/2r °° rn (\ — r2n) 
= z K'(t/e) 2 — —(pn(y0+i)-anX0) + O(l). b n = \ n(l+r2n) 

In the special case when a surface of a circular cylinder rapidly oscillates with zero 
mean value and f(et(p) =A = const formulae (4.10), (4.13) and (4.14) can be made 
quite explicit, since 

an = 2r"A/(l-r2), pn = 0 . 
Hence, 

where 

(E) = 2{K2)m2A2U log | + <p(r)\ + 0(e), 

FU, e) = [4nAa/e) K' (t/e) <p(r)l°\ + 0(e), 

M(t, e) = -(AjcAaXf,/e)K' (t/e) <p(r) + 0(e), 

» r2» Q _ 2» \ / 1 _ 2 

« = i «(1 +r2n) \ 2r1/2 

Here r is defined by (4.11) and 02, 03 are the thet a-functions (see [10, Section 
22.5]). 
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