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Variational convergence of nonlinear diffusion equations:
applications to concentrated capacity problems
with change of phase

Memoria (*) di GruserPE SAVARE - Aucusto VISINTIN

Asstract. — We study a variational formulation for a Stefan problem in two adjoining bodies, when
the heat conductivity of one of them becomes infinitely large. We study the «concentrated capacity» model
arising in the limit, and we justify it by an asymptotic analysis, which is developed in the general framework
of the abstract evolution equations of monotone type.

Key worps: Stefan problem; Concentrated capacity; Variational convergence; Subdifferential opera-
tors; Abstract evolution equations.

Ruassunto. — Convergenza variazionale di equazioni di diffusione non lineari: applicazioni ai problemi di
cambiamento di fase in capacita concentrata. Si studia la formulazione variazionale del problema di Stefan in
due corpi adiacenti, in uno dei quali la conducibilita termica tende all’infinito. Utilizzando e sviluppando al-
cuni concetti e metodi della teoria della I-convergenza e delle equazioni di evoluzione astratte negli spazi
di Hilbert, si riesce a giustificare il modello limite, che rientra nella classe dei problemi in «capacita
concentrata».

0. INTRODUCTION

Let us consider the heat conduction in two adjoining bodies 2, €, in the presence
or not of a change of phase. If the thermal conductivity of £, along the normal direc-
tion to the common boundary I' = 32, N 92, becomes infinitely large, a possible way
to study the limit situation is to assume that the temperature in £, depends only on the
coordinates on the surface I" and to model the phenomenon by a system of two coupled
parabolic (or elliptic, in the stationary case) equations in £, and on I

This is a particular case of the wide class of the «concentrated capacity problems»,
according to the name introduced by Tichonov (1950) for the elliptic/parabolic boun-
dary value problems, which involve second order tangential derivatives on the bounda-
ry. Among the many physical phenomena which can be modeled in this way, we recall
the diffusion in fractured media [8], the plates and junctions in elastic multi-structu-
res [9], the electric transmission through high conducting materials [33].

The interest of studying the Stefan model in a concentrated capacity was pointed
out by Rubinstein [34] and a mathematical formulation (allowing a change of phase in
£,) and many related results in some particular important geometrical situations have
been given by Fasano, Primicerio, and Rubinstein in [20] (see also [37,2]).

In a recent series of papers [25-29] (for other references, comments and various re-
lated questions, see also [30]), Magenes established very general uniqueness and exi-
stence results under various assumptions on the heat diffusion in 2, (in the presence or

(*) Presentata nella seduta del 13 giugno 1996 dal Socio E. Magenes.
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not of a change of phase), on the topology of I" (which may or may not coincide with a
connected component of 32,) and on the boundary conditions imposed on 32, \T.
The basic idea of these papers is to reduce the coupled system in £, I' to a unique
evolution equation on I', where the heat conduction properties are described by a suita-
ble choice of a Riemannian metric and the source term takes account of the heat
exchange between €, and T this term is related to the solution itself via a non-local
operator of Steklov-Poincaré type, which is also non-linear when a change of phase oc-
curs in 2. It is clear that the study of this operator can be very complicated and requi-
res fine parabolic estimates; in particular, when I has a boundary and Neumann boun-
dary conditions are imposed on the remaining part 32, \T, subtle technical difficulties
arise (cf. [29]).

Our approach goes back to the original coupled problem in 2, 2,; we shall see
that the natural variational formulation (which can be re-interpreted in the framework
of abstract evolution equations as developed by Brezis in [5, 6]) is well adapted to pass
to the limit and the resulting problem preserves the same abstract structure. A quite ge-
neral existence, uniqueness and convergence result is then given by applying the same
abstract theory.

In this way we can determine how the resulting conductivity properties of I are in-
fluenced by its geometry and the corresponding properties of 2,: in the simplest case
of a constant conductivity along the tangent directions, we shall see that the Rieman-
nian metric induced on I' does not coincide with the standard one induced by the sur-
rounding space (as it happens in the simplified planar case studied in [20, 2]) but it also
depends on the principal curvatures of I" and on the thickness of .

Our abstract theory is also applied to study another asymptotic limit which leads to
equations in a concentrated capacity. Following the approach of [22, 33], who conside-
red the linear case of the heat equation in a simple geometric situation, the global con-
ductivity and the heat capacity blow up together with the shrinking of 2, to I'. When
these two processes are suitable balanced, we obtain in the limit a concentrated capaci-
ty on I, without an explicit dependence on its geometry as above (for the modelization
of different asymptotic behaviors of the conductivity, the capacity, and the thickness of
the layer, see eg [35,7,1,11], and the book [36]; another geometric situation, allo-
wing self-contact domains, is studied in [38]).

We decided to develop the results we need in an abstract form, since it does not re-
quire more effort and can be employed in many different applications, such as porous
media equations, homogenization of nonlinear diffusion equations (see [14]), problems
where the concentrated capacity lies on manifolds of codimension higher than 1, etc.

From the abstract point of view, this possibility is equivalent to give an answer (as
we try to do) to the following general question: what are the most general notions of
convergence for a// the data, which are compatible with the type of nonlinear diffusion
equation we want to study. It is easy to conjecture that the general theory of the varia-
tional convergences (see [3,12 and the references therein]) plays a fundamental role
here; in particular, the convergence in the sense of Mosco (cf. [31, 32]) seems very na-
tural because of the convex structure of the problems.
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The plan of the paper is the following: in the next section we introduce more preci-
sely the asymptotic problems we shall deal with, starting from that of transmission in
2., Q,; our main results on the concentrated capacity models are then given in the se-
cond section. The abstract theory is presented in the third part of this paper; the fourth
one contains the related proofs and the last one is devoted to detail the link between
abstract and concrete situations; in the appendix we collect some useful properties of
differential calculus on I', referring to [15, 16] for a very complete and detailed deve-
lopment of this argument.

The variational formulation of the problems and the links with the theory of evolu-
tion equations of monotone type are the common contribution of both authors; the va-
riational convergence tools and the asymptotic analysis have been developed by the fir-
st author.

1. THE TRANSMISSION PROBLEM

We are given two disjoint (strongly) Lipschitz open sets 2, 2, of RY such that
their common boundary
(1.1) :=02,N3R,
is the closure of a regular (N — 1)-submanifold I with boundary I'" := I'\I" (*); the re-
maining parts of the two boundaries are denoted by
(1.2) r;=0Q\l, i=1,2,
and the exterior unit normal to 99, is denoted by #;, (of course, #; = —#n, on I'); here
and in the following we assume that the index 7 takes the integer values 1, 2.

We choose a pair of continuous functions @,: 2, = R and a pair of N X N symme-

tric matrices 4;, continuously depending on x € ;. We assume that o;, A; satisfy in
their domains

(13) A;=A", andasg;sM, a|v|?<sAvv<M|v|?, VoeRY,
where a, M > 0 are two fixed positive constants. 7, := A;n; are the related conormal
vectors.

As usual for the weak formulation of the Stefan problem, we introduce two mono-

tone functions §;: R+—R satisfying
(1.4) B:(0)=0, llixlninfﬂ,«(s)/s>0,
and, for a constant cg > 0,
(1.5) Bi(s) =B:@)s —t) Zcp|Bi(s) = B: ()|, Vs, teR.
Finally we fix a time interval 10, T[ , T > 0, and we set
Q; =2, x]o, TT, 2, :=TI,;x%]0,TI, =TI x]0, T, X' =1I"X]0, T[.
We shall consider the following transmission problem
(1) The regularity of I' (say C?) is not necessary to state and solve the next transmission problem, but

it will be needed by the subsequent developments. In order to fix our ideas, we shall assume that I'" is not
empty; in the other case, some technical details become simpler.
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Prosrem TP. Given

Qi R, w2, -R

we look for
0, u;: Q; —R with 0,=p,(u,)
which satisfy the parabolic differential equations
0,(0u; | 3¢) — div(A4;V0;) = £ in Q;,
the transmission conditions
0,=6,, 030,/nm,=—-(30,/3n,) onZX,

the initial Cauchy conditions

u;(x,0)=uy ;(x) in Q;,

and the lateral boundary conditions of variational type (i.e. Dirichlet, Neumann or mixed)
on the remaining parts X;; in order to fix our ideas, we consider the Neumann
case (%)

00,/0m;=g onX;.
The following weak formulation is naturally associated to TP (see [29,13]).
ProBLEM wTP. If
(1.6) £el?(Q), gel?(Z), u,eLl*(R),),
we say that {(6,,u;)}i—1 , is a weak solution of TP if
(1.7)  w#eL*(Q;), 6,eL*(0,T;HY(Q,)), with 0,=p;(u;) ae. in Q;,

(1.8) 0,|s=0,|s in the sense of traces,

and

(19) 2 J{_Qiui 'aa_v;' +A,V0,‘V1},}dxdl‘ =
"o

= 2{ J 0., :v;(x, 0)dx + Jﬁvidxd; + Jgivi df)CN_ldt]
l i Q; 5

for every couple of test functions v;e H* (0, T; H' (R,)) with

(1.10) vy |s=vy|s and v;(-,T)=0 on Q,, in the sense of traces .
We have

Prorostrion 1.1. For every choice of the data f;, g;, uo, ; satisfying (1.6), there exists a
unigue solution of the previous problem. Moreover

(1.11)  #,;:[0, T1—>L*(R;) is uniformly bounded and weakly continuous .

(?) Which is more complicated from the technical point of view (cf. [29]); the other (homogeneous)
boundary conditions require only small changes.
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Remark 1.2. By applying various results on the weak maximum principles, on the ab-
stract evolution equations or on the L*-contraction semigroups, we could give several
other existence and regularity results under different assumptions on the data (). We
limit ourselves to this setting, since we are more interested to show how the fundamen-
tal structure of these equations is preserved by the limiting process we shall introduce
in a moment. H

The remaining part of this section is devoted to present two particular geometric si-
tuations, where the shape of £, and (some of) the data on 2, are related to a perturba-
tion parameter & going to 0; the asymptotic behavior of the corresponding solutions is
the object of our investigation.

In order to describe the geometric model, we introduce the following definitions
and assumptions.

DEerINITION 1.3. For every x € RN let dr(x) be the distance of x from I'; we shall assume
that

(1.12) d (x):= ing |x =y| s a function of class C3(RQ,).
ye

r

In particular, this regularity implies that for every point x € Q, there exists a unique projec-
tion xp on I satisfying

(1.13) |x —xr| =d, (x)
so that we can define a C' unit vector field n(x), nowmal to T (see [10, 2.5.4])
(1.14) n(x):=Vdp(x) = (x —xr)/dr(x) ().

For every x € Q, we call s, the intersection of Q , with the straight line passing through x and
parallel to n(x):

s i={yeQ,: A eR,y=x+ in(x)}.

Remark 1.4. Even if the requirement (1.12) about the regularity of d is not necess-
ary to prove the following Theorem 1.7 (the differentiability of d would be enough),
we stated it to unify our assumptions. (1.12) is equivalent to assume that I" is of class C?

and £, is contained in a suitable neighborhood of I', depending on its curvatures
(see[15, 5.5, 5.6]). =

First of all, we consider the case which originally motivated the introduction of the
concentrated capacity models.
(®) Eg if the time derivative of g; is a square integrable function on X;, we have
6, e Hi. (10, TI; L*(2,)) N L (10, T, HY(K,)) ,

the analogous global result (i.e. near the origin) holding if 8, (x4, ;) e H' (2,), with B, (uo,,) =B (4, ,) on I
() Observe that n(x) is defined also on I', where it coincides with 7, (x) = —n,(x).
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Case I: blow up of the normal conductivity.

For every € > 0 we perturb the problem TP by adding to the conductivity matrix A4,
1, T

the normal term & “'nn’, € > 0; we obtain a family of transmission problems TP{
where A, is replaced by
(1.15) Af(x):i=A,(x) + e ‘nlx)n’ (x).

If {(Of, uf )},S > ¢ is the family of the corresponding solutions of TPf, we want to prove
the existence of their limit (0,,#;) as € goes to 0 and to characterize it.

To this aim it is natural to introduce the closed subspace H, (2,) of H'(R2,), con-
sisting of functions which are constant along s, for 9N ~"l-ae. x eI

(1.16) H(2,):={veH (R,): Vv =0}.
We also set :
L2(R,):= mﬁ(gz) , I, := orthogonal projection of L?(2,) on L2(82,),
and we have ‘
Tueorem 1.5. Let (0%, uf), € > 0, be the solution of the problems TPf previously defi-
ned, as € goes to 0
(1.17)  0:— 0, strongly in L*(Q;) and weakly in L?(0, T; H'(2;))
and, for every fixed t €10, T]
(1.18) wf(+,t)=uy(+,2), H,uf(:,t)~uy(-,t), weaklyin L*(RQ,),

the last convergence of (1.17) being also strong if u » belongs to L2 (8,). Moreover,
(0;,u;) is the unique solution of the following (weak) limit formulation.

ProBLEM wLP;. Find (0;,u;) satisfying (1.7), (1.8) and
(1.19) u,e L2(2,), 0,eHN(Q,) forae tel0,TI,
such that (1.9) bolds for every couple of test functions v, H' (0, T; H* (R,)) with (1.10)
and
(1.20) v,e HI(RQ,) for ae. t€l0,T[.

We postpone to the next section the interpretation of this problem as the weak for-
mulation of a system of two coupled evolution equations, one of which is set on the ma-
nifold T.

Now we focus our attention to the evident common structure of wTPf and wLP;, in

order to conjecture an abstract result.
Let us consider the Hilbert space

(1.21) H:=L2(R2,)XL%(R,) ()

(%) ILe. the L2-spaces with respect to the measures @,* £, £ being the usual Lebesgue measure on RY.
By (1.3), they coincides (up to equivalent norms) with the usual L2(£,).
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whose elements we denote by U:= (#;, #,). On H is defined the (cyclically) monotone
operator

(1.22) A:HHH, A(U)::' [ﬁl(ul),ﬂz(uz)].

On the linear subspace of H

(123) V:= {@': (01,02)EH1(91) XHI(Qz): 01 |r= 02 |[‘}
we define the (weakly) coercive bilinear forms

90, ov
(1.24) ﬂs(@’ V);: JA1V91'Vv1dx+ J(AZVGZ-sz + %a_nza_nz)dx’

Q2 2,

and the time-dependent linear functionals L(z) e V', #€]0, T[

(1.25) (L(2), V)= 2‘ Jf,-(x,t)v,»alx + Jgi(x, £, dch-l(x)J'
9 I

The weak formulation wTPf consists in the search of

(1.26) veel?(0,T; H), ¢eL?(0,T;V)

such that

(1.27) 0¢(t) = Aut(t) for ae. tel0, T[

and (cf. (1.9))
T T
(1.28) j{ — (U, v,) +a,(0°, V)}dt = (Uy, V(0))y + j(L,v)dt
0 0

for any choice of Ve H'(0, T; V,) with V(T) = 0; here Uy := (#g 1, % »). When
€ =0 we simply have to define

(129) VO = {@= (91,02)€H1(Ql) XH;(Qz) 01 |[‘= 02'[‘}
and
(1.30) 4,(6,V) = jAlval-Vvlder jszoz-vvzdx
foy @
and to repeat the same requirements (1.26), ..., (1.28) ().

The possibility of this substitution in the limit is justified by the following basic
fact:

ProrosrrioN 1.6. For € > 0 define V, .=V and, for € =0,

4,(0,0) focV,,

1.31 =
. % (6) {+oo if @ H\V,.

(°) Unlike V, V; is not dense in H; this fact gives rise to non-uniqueness of the component U° of the li-
mit solution. Adding the further condition U'e H, := Vi, we overcome this difficulty, thanks to a compa-
tibility property between A and (the ofthogonal projection IT, of H onto) Hy.
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Then as € goes to 0, Q, converges to Qg in the sense of Mosco (cf.[3, Thm. 3.20
and sect.3]). W

We shall see in the abstract setting of the third section that the combination of this
convergence (which also allows to vary A, L, and U, with respect to &) with a kind of
uniform coercivity on the couple 4., A1, are the good assumptions to study in a general
context the asymptotic behavior of a family of nonlinear diffusion equations.

Case II: blow up of the global conductivity when Q, shrinks to T.
We consider a family of contractions in the direction of the vector field —#z(x) (see
definition 1.3):
(1.32) Gi(x):=ex+ (1 —e)xp=xp+ edr(x) n(x), 0<e<1,
and we call Q3%, s° the shrinked sets
5:=G(R;), =G (s).

As before, we have a family of problems TPf;, where we also have to assign a varying set
of data in 24

(133) Q§> AZS; fZS; ”8,2(7);

while keeping fixed the remaining ones on ;.

The main assumption on the data of /5, #§ , is that they give rise, in the limit, to a
suitable distribution on the lower dimensional manifold I. More precisely, we assume
that there exist

(1.34) oreC(I), AreCY;RY*YN);  frel*(2), uy,eL*(I),
such that

lim e’ f | /5 (e, 2) = frixp, £)|? dxdt =0,

(1.35) @
limo e! J g 2 (x) — o r(xp)|?dx =0,
&£—> Q;

and

lim sup [|eAs(x) — Ar(xp)| + |e05(x) —orer)|1=0,
(1.36) €20 xe0s
with Ay, o satisfying (1.3) on I

If {(8%, uf)}e» o is the family of the solutions of the problems TPj;, we want to charac-
terize their limit, as &€ — 0, or, more precisely, the limit of

( i)uf) ian) and (_S)Z_{;) OI’IZ,

(7) For the sake of simplicity, here we assume g5 = 0.
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where, for 9N "lae. xel, 05(x), u5(x) are the mean values on s° of 05, u}
respectively:

(1.37) 85 (x) = ][e;w)docl(y), 75 (x) 1= fuf(y)dw(y).

£
Sx

2. THE LIMIT PROBLEMS IN THE CONCENTRATED CAPACITY

Let us briefly recall some basic definitions on differential calculus and Sobolev spa-
ces on I'. The tangent and the normal spaces to I' at the point x are defined by

T i={veRN:nx)v=0}, 9 :={veR:v=2An(x), for some A e R},
the orthogonal projection on J; being given by
(2.1) P.RYw—g, Poi=[—-nkx)n (x)lv.
The principal curvatures k; (x), ..., Ky — 1 (x) of I at x are the eigenvalues, besides 0, of
the differential matrix of = (see [21, p. 355])
(2.2) S(x):= —Dn(x) = —D?%dr(x), eC°(RQ,).

If v* is a regular extension to 2, of a function v: 'R, it is easy to check that the
tangential gradient

Vivixel—d,, Volx)i=P,[Vo*x)],
is well defined and it is independent of the extension v*.
A (regular) tangential vector field is a mapping

v: '>RN such that v(x) e d,, Vxel.
For this kind of vector fields, we define the divergence on I as
(2.3) divpv = dive* — (3(v*-n)/n),

v* being an extension of » as before; also in this case, it is possible to check that div,y»
does not depend on the extension ¢* (cf. [15, sect. 6]). When » is not tangential, it will
be useful to define

(2.4) divyv = divp (P, v).
If v is a regular tangential vector field and w is a regular function, the following Green’s
formula holds on I

(2.5) - jdivrmdacN-1= jy-vrwd:)cN-l - jw(p-n')dscN-z
r r r

where 7' (x) is the outward unit normal to I'" in the tangent space J,.

Remark 2.1. In this framework, the usual Laplace-Beltrami operator, induced by the
Euclidean metric on I, has the simple form

A['l):=din(Vr1J). u

Remark 2.2. The notions of V, div; are usually given in an intrinsic way via
local coordinates, which do not require any embedding of I' in an Euclidean space.
We use this simpler (but, maybe, less elegant) approach, since it is more direct and it
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shows the strict relation with the differential-geometric properties of the ambient
space. H

Now we introduce the usual (Hilbertian) Sobolev spaces on I” (for the intrinsic de-
finitions, see [4]). H' (I') is the usual completion of C*(I") (%) with respect to the norm
induced by the scalar product

(0, 0)r = J[u(x)v(x) + Vyu(x) - Veo(x)1doey — 1 (x)
r

so that V becomes a linear and continuous operator between H'(I') and
(2.6) L2(F (D) :={ve L*(I;RY): v(x) € 9;, for N ~"'-ae. xeT}.

H{ () is the closure in H!(I') of the C!-functions with compact support in I" and

H~1(I) is its dual space. Via (2.5) we extend div to a linear and continuous operator
from L2(I; §(I)) to H™Y(I). If a vector field v € L2(I; (') with divyv e L2(I)

satisfies
(2.7) —Jdivrvwdf}CN_lzJ'w-prd‘%N’l, YweHY(I),
r r

we say (in a formal way, but this argument could be made more precise, see [24]) that it
has a vanishing normal component on I'’, that is »+#' = 0.

We can finally state our main results on the two problems of the previous section.
For the sake of simplicity, we assume that

(G1) For every x eI, s, is a segment of (regular) length £(x), with
0<fHsSlx)s <+
(G2) S(x) is bounded on I" and there exists a constant 7 > 0 such that
det(I—A5(x)) =n, Vxel, 0<A<{(x).

(G3) g,(x) =0 on X,.

TuroreM 1. Let us assume that (G1,2,3) hold together to (1.6),~and let us denote by
(0, u;) the limits of the solutions of TPf gven by Theorem 1.5. Let (8, ,u,) denote the tra-
ceson 2 of (04, u5) (°). Then {(01,u,),(0,,u,)} is the unique weak solution of the follo-

(8) Of course, when 3¢N~!(I') =+, we have to choose C' functions with compact support in I".
(%) The trace operator maps continuously H} (£2,) onto H!(I') and (it can be continuously extended
by density from) L2(£2,) onto L?(I).




VARIATIONAL CONVERGENCE OF NONLINEAR DIFFUSION EQUATIONS: ... 59

wing system of coupled equations

(0, =B1(u) in Q,,
o
o1 St~ divi4,V0,) = in Q,
1 96,
aﬁl =& on X2,
[#1(%, 0) = o, 1 (x) in Q;
01—52 on X;
(6, =B, (@) n X,
. Ou, 960 .
Q2 7 Eh — divy (szr 92) f 8_;71 n X,
1
T Z_nez_ =0 on X',
L”z(x, 0) = 2o 5 (x) in T,

where f,, U, 2, 02, and A, can be explicitly computed from the corresponding values f,,
#y 2, 02, Ay, and from the matrix S(x); n' is the conormal vector n' := A,n'.

We shall give the general formulae in the last section; let us consider here the spe-
cial case of N = 3, A, = I. Using more familiar symbols, we call H and K the mean and
the Gaussian curvatures of I' (oriented by #) respectively

(2.8)  H(x):=(1/2)trS(x) = (k1 (x) + k5 (x))/2, K(x):=Kk;(x)Kk5(x).

Now for a generic point x € I" we introduce the standard parametrization of the seg-
ment s,

(2.9) x; i=x + An(x), 0s A< /l(x),

and a deformation measure u, on it

(2.10)  du,(A):=1[1—-2H(x)A + K(x)A%1dA =det (1 — AS(x))dA, Ziel0, f(x)].
We have

Ax) Ax)
@1)  Kloni= [ G, 0deR),  20)i= | elu)du @),
0 0

Ax)

(2.12) to, 5 (x) 1= (éz(x))‘lf 1y, (%) 02 (%) dp,, (1),
0
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and finally

Ax)

(2.13) A, (x) = j (I —AS(x)) "2 du, ().
0

Thanks to (G1,2) and to the symmetry of S(x), @, and A, still verify on I' a condition
analogous to (1.3).

Remark 2.3. This problem can be studied independently from the asymptotic ap-
proach (see [25-30]): in this case 75, #o 2, 0, and A, are a priori given data and the weak
formulation [29] has the same structure as in the previous section, formulae (1.21)-
(1.28). Here

(2.14) H:=L2(2,) x LA(D),

(215) VO = {@Z (01,62)EH1(Q1) XHI(F) 91 l[‘= 62},

(2.16) 4(0,V) = fAlvel-Vvl dx + fﬁzvréz-vraz docN =1
r

and

@17) (L), V)= [ fi(x, 000y de+ [ g1 (e, )2y A0 1 () + [ F o, £) 5, doc 1 ().
@, r r

Observe that a careful choice of the (couples of) test functions as in [29] allows us to gi-
ve a precise meaning to each formula of the system of Theorem I in suitable Sobolev
spaces (of negative order, if it is necessary). If I'is C*, we can use the standard distri-
bution setting. B

Finally, we consider the case II (and the relative notation) of the previous
section.

TuroreMm 1. Let us assume that (G1,2,3) hold together to (1.34) and (1.36); then we
have

§ >0, strongly in L2(0, T; HY(R,)), 65— 0, strongly in L*(0, T; H'(I)),
and, for every fixed t € [0, T,

uf (s ) ~u, (-, 1) weakly in L*(2,),  #s(, t)=~uy(,t) weakly in L*(I).
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Moreover, {(01,u,),(0,,u;)} is the unique weak solution of the following coupled
system

(0, =pB(u,) in Qp,
Ou . .

Ql—ét—l “le(A]Vel):fl m Ql)

P,

a6

'éfl’ =& on Xy,

%1 (x, 0) = up, 1 (x) n Qi;

01—52 on 2,
r52:!32(172) in X,
ou 14 — _, 06 .

or— = ¢ divy (CALV - 8,) =fr— ¢ 18_7711 in %,
1 =
a0, '
ﬁ =0 on X',
Lz—iz('x, 0) = uo, r(x) in T,

where €is the thickness of 2, defined by (G1).

ReMARK 2.4. Let us note that in the simplest case of constant coefficients of order of
magnitude 1/, ie.

(2.18) o5(x)i=0,/e, Ai(x)i=A,/¢
we obtain in the limit
(2.19) orix)=0,, Arlx)=A,, Vxel,

without any deformation due to the curvature of I'. In particular, when A, = I and 2,
has a uniform thickness, the usual Laplace operator in 23 induces the Laplace-Beltrami
operator on I’ (see Remark 2.1). ®

3, THE ABSTRACT THEORY

Let H be a (separable) Hilbert space with scalar product (+, *) and norm |- |; on H
we are given a ls.c. convex and positive function

(3.1) ¢:H—[0, +©], ¢(0)=0,

with domain D(¢) := {# € H: ¢(u) < + ® }. We shall denoie by A its subdifferential,
defined as

(32) A:H-22, wedus(w,v—u)< @) — @), VveD(¢).

We consider a symmetric and positive bilinear form a: V, X V, = R, defined on a sub-
space (not necessarily dense) V, of H. To the couple (V,, ) is uniquely associated the
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generalized quadratic form a: H— [0, + o] (see [12, def. 11.7])
alu,u) =20 ifueV,,
alu) 1= .
+ o otherwise ;
we shall assume that V, is complete with respect to the Hilbertian norm
(3.3) el = a(v) + |»]?,

or, equivalently, that a is Ls.c. with respect to the H-topology [12,12.16]. We call H,
the closure of V, in H and H, c V, the dual spaces of H, and V, respectively (19), (-, *)
being the duality pairing.

We want to study the problem

ProBrEm P(a, ¢; L, uy). Given
LeL?(0,T;V)) and ugecH,
find 0 L?(0,T;V,) and ue L*(0, T; H) such that

(3.4) 0(¢) € Au(t), for ae. t€l0, T,
and
T T
(3.5) j{ —(u,v,) +a(0,v)}dt = (uy,v(0)) + J(L, v)dt,
0 0

for any choice of ve H'(0, T; V,) with v(T) = 0.

Before stating our main results, let us make some remarks about this problem. First
of all, if the more usual density hypothesis of V, into H held, we could identify H, = H
with H' ¢V, and (3.5) would be the weak formulation of a Cauchy problem for an ab-
stract differential equation of the type

(3.6) %(A‘IQ)+A09L, (A10)(0) 34,

where A: V, =V is the linear operator associated to 2 and A ~! is the inverse graph of
A. Evolution problems of this type have been intensively studied; in particular DiBene-
detto and Showalter [17] (whose bibliography we refer to) gives a very general existen-
ce result, assuming V, compactly embedded in H but allowing A to be a nonlinear (ma-
ximal monotone and bounded) operator.

In a particular but enlightening case, Brezis [5] exploited the linearity and the coer-
civity of A to rewrite (3.6) as an evolution equation in V, governed by a subdifferential
operator; thanks to the general theory of such equations (cf. [6]), this approach gives a
more detailed insight of the solution of the problem.

Taking account of both these contributions, we decided to formulate the problem
in a form which will be well adapted to study the dependence of the solution 6 on a and

(19) Since we shall deal with different couples of spaces V, ¢ H, and in general H, # H, we do not iden-
tify any space with its dual; on the contrary, the dense embedding H, ¢ V; is admissible, since it correspon-
ds to the transpose of the continuous and dense inclusion of V, in H,.
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¢, avoiding compactness assumptions and allowing non-coercive bilinear forms a.

We stress that the general choice of a (possibly) non dense domain V, is motivated
by the limit procedure we shall perform. It is well known that the most natural notion
of convergence for evolution problems related to convex functionals is that of Mosco
(see the definition later on and the exposition of [3], based on [31, 32]). Since the den-
sity of the proper domain of these functionals is not preserved by the Mosco-conver-
gence, we cannot assume this property without restricting the range of possible applica-
tions. A significant example is showed by Proposition 1.6.

In order to describe our assumption, we fix a continuous and positive bilinear
form

b:HXH—R, b(u):=bu,u) 20, VueH,

and we assume that

(A,) (Au — Av,u —v) = b(Au — Av), Vu, veD(A),
(A,) Fa>0: a(u)+b(w)=alul*>, VueV,,

and, on the data,

(AL, 4,) LeL?(0,T;V)), wuy,eD(¢).

Denoting by J,: H—H, the linear surjection

(3.7) J.:H—H,, (Ju,v):=(u,v), VueH,veH,,
we have

Tueorem 1 (uniqueness). Let us assume that (A4, Ay) hold and the data satisfy
(AL 4); of (0, u4'), (0%,u?) are two solutions of the problem P(a, ¢; L, uy), then

(3.8) 0'=0%, and J,u'=],u*.

Moreover % 1= J,u' = J,u? belongs to H' (0, T; V) and satisfies the initial condition
u(0) = J,u,.

We can give some further information about the structure of the set U =
= Ula, ¢; L, uy) of the (not uniquely determined) components # of the solutions.
We associate to ¢ the convex function
(3.9) ¢,:H —[0, +], ¢,@):=inf{p():],o =2}, D(¢,)=][D($)],
and we call K(v), v € H,, the set where the inf of (3.9) is achieved:

(3.10) K@) :={ve]'@): ¢() = ¢,®)}.

It is easy to check that K@) is a closed convex set; moreover it satisfies
(3.11) Av NV, #0=veK(,v).

We have

PropOSITION 3.1. Let (6, 7%) be given as in the previous Theorem 1; then ¢, (%) is (essen-
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tially) bounded and a function u € L?(0, T; H) belongs to U(a, ¢; L, uy) if and only
if

(3.12) u(t) e K(#(t)), for ae. tel0, T[.

In particular, the set U of the solutions u of P is a closed convex subset of L*(0, T; H)
satisfying

ueU=¢(t) = ¢,(u(t)), forae tel0,TI[.

Remark 3.2, The second assumption of (A, ) could be replaced by the
weaker

aa(]au0)<+°°- u
A condition ensuring the existence is given by

THEOREM 2 (existence). With the same assumptions of the previous Theorem, let us sup-
pose that

(4,) @ is coercive on H: lim ¢(v) = + o .

o] » =
Then there exists a solution of problem P(a, ¢; L, uy) and U(a, ¢; L, uy) is a bounded
subset of L* (0, T; H).

Remark 3.3. If (4,) hold, then @, is Ls.c. and for every » € D(g, ) the set K(9) is non
empty and bounded in H. ®

Let us denote by II, the orthogonal projection onto H,
(3.13) n,H-H,, (I,»—v,w)=0, VweH,.

Since ], restricted to H, is the usual Riesz isomorphism between H, and H, and
J, oIl, =],, the knowledge of # € H, is equivalent to the knowledge of the projection
IT,u € H,, which is therefore uniquely determined by the data of the problem.
Of course, if V, is dense in H, also « is uniquely determined; one could add the fur-
ther condition
(3.14) u(t)eH,, for ae. te]0, Tl

in order to fix the solution, but this requirement may be not satisfied in general. Never-
theless, there is a simple compatibility condition, which allows (3.14):

Corovrrary. Besides (Ap o p.1,4,)> let us assume that
(Acomp) Vv e H: ¢(Hal)) s¢(0)
Then there exists a unique solution (0, u) of problem P(a, ¢; L, uy) which satisfies (3.14),
too; it is also continuous with respect to the weak topology of H and it satisfies the initial
condition u(0) = I1,,u,.

Remark 3.4. It is interesting to note that (Acm,) is equivalent to
(3.15) veH, AveH,=>Av=All,p. N
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Now we vary the functionals and the data according to a parameter € going to 0 and
we want to study the dependence of the solution (8, #) on €. So we are given

a£:¢s>Ls;”0,e> 86[0)80]»

and we set correspondingly

V.:=V,, A,:=0¢,, ¢.:=()., J.:=J,, andsoon.

If (0., u.) is a solution of P(a,, ¢ .; L., o, ), € 2 0, we look for general conditions on
the data in order to obtain the convergence of (6, #,) to (0, #,) with respect to a sui-
table topology. Of course we have to impose some kind of continuity property for the
data at £ = 0; we recall the definition of the convergence in the sense of Mosco (see
e.g [3, sect. 3.4]).

DerinrmioN 3.5. Let H be an Hilbert space; we say that a family of functions
F,:Hw~]— o, ©] M-converges to Fy: H—1— o, + o], as & goes to 0, if the follo-
wing two conditions are satisfied:

Fy(v) < lim i{)lf F.(v.), forevery family v, weakly comvergent to v in H,
YweH,Ve>0, F,eH: lirrb ve=v strongly i H, Fy(v)= limOFs(vg).

In this case we write Fy = M- lirr%) F,.
E—

It is well known [3] that this notion is well adapted to describe the convergence of
convex variational functionals and it is strictly related to I'-convergence and to the gra-
ph-convergence of the respective subdifferentials (1!). We shall assume that

a, and ¢, M-converge to a, and ¢, respectively as e >0,

(LIMq, 4,4) . . .
a,, A, ¢, satisfy (Ag 4 4) uniformly in 10, e,].

In order to make precise the kind of convergence of the functionals L, (which belongs
to varying dual spaces) we state the following

DerinrrionN 3.6. Let H be an Hilbert space, a,: H— [0, + 1 be a family of generali-
zed quadratic forms M-converging to 0y, and 'V, be the domain of a,. We say that a family
of linear functionals £, € V| strongly converges to £,e Vy if

}i_lzlo<£sy ve) = <£(), 1)0),
Jor every choice of v, €V, such that

v, ~vy in H and sup a,(v,) < + o .

>0

(11) More precisely, a family of functionals F, (as in definition 3.5) M-converges to F, if and only if it
I'-converges to F,, both in the strong and in the weak topology of H. If the functionals F, are ls.c., normali-
zed (e. F,(0) = 0), and convex, then they M-converge to F, iff the subdifferentials OF, G-converge to
oF,.
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Accordingly to this definition, we shall assume that
(LIM;) L.eL?(0,T;V.) strongly converges to Ly e L2(0, T; Vg ), (1?)
and
(LIM,,) .t .€ V. strongly converges to Jouy o€ Vg, sup ¢, (#y,) < + .
e>0
We have

THEOREM 3. Let us assume that (LIM, 4, ¢, 1. 4,) bold and let us denote by (6., u,) a
solution of P(a,, ¢; L, ug ). Then

(3.16) u, is uniformly bounded in L= (0, T; H),
T
(3.17) 0, ~6,in L?(0,T; H), limO b6, —0,)dt=0,
0

and for every L (0, T; H)-weak* cluster point ugof u,, as € — 0, (0, uy ) is a solution of
P(ay, ¢o; Lo, uo, o). Moreover, if (Acomp) is satisfied for every € = 0 and u, is the weakly
continuous solution belonging to H, (cf. the previous corollary), then

(3.18) Hou, (t)~uy(t) in H, Vtel0,T].
Finally, if

(3.19) g, o€ Hy, Eﬁ_r)ﬂo ety o) = Polug o)
also holds, then

T T

(3.20) lim0 a,(0,.(2)dt = JaO(OO(t))dt.
0 0

Remark 3.7. In order to obtain (3.20) it would sufficient the weaker (cf. Remark
3.2)

(3.21) | .shino ‘755 (]suo,a) = &0 (]0”0,0),'
instead of (A.ymy) and (3.19).

4. PROOFS OF THE ABSTRACT THEOREMS

First of all we rewrite (3.5) as
T T
(4.1) J{ —(u,v,) +a(0,v) +b(0,v)}dt = (uy,v(0)) + J{(L, vYy +b(0,v)}dr.
0 0

Now, replacing @ by 2 + b, we can always assume that
(Agp) 0<b(w) <alw), aw)zalul*, VueV,,

(*2) We are implicitely considering the usual extension (cf. [6, Prop. 2.16]) of a quadratic form on
V., c H to the time-dependent vectors of L2(0, T; V,) cL?(0, T; H). This extension does not affect the M-
convergence properties.
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if we consider, instead of P, the following more general formulation, depending on the
parameter A € R.
ProBrem Py (a, ¢; L, uy). Given
LelL?(0,T;V,) and uye H,
find 0 L*(0,T;V,) and u e L*(0, T; H) such that
(4.2) 0(¢t) € Ault) for ae. tel0, T

and
T T
(4.3) f{—(u, v,) +a(0,0)}dt = (uy, v(0)) + J’{(L,v) + Ab(6, v)} dt
0 0
for any choice of ve H*(0, T; V,) with v(T) = 0.

We are going to prove the analogous of Theorem 1 for P; under the hypotheses
(Aas, 4,1, o )-

We fix some notation.

Noration 4.1. We denote by A: V, =V, the linear isomorphism
(4.4) v=Av e @,w)y=alv,w), Ww,weV,.
When it is possible, the superscripts “will denote the images in H, , V. of the correspon-
dent vectors via ], and A, respectively. ||, is the dual norm of H, :
(4.5) |7 |q :=min{|o|:J,o =2} = min {{, w): we H,, |w| <1}
and a'(+,*) the dual scalar product on V,, with the associated square norm a' (v):=
=a'(0,v)

(4.6) a' (o,w):={,w)=w,v)=alv,w).
We extend ¢, to V| by setting ¢,®) = + o if ve V,\H,, and we call
(4.7) AV 2% A:=03,¢,,

its subdifferential with respect to the scalar product a'. b,: V] X V] =R is the bilinear
form

(4.8) b,w,w):=blw,w), Vo,weV],

B:HwH and B,: V] =V, are the linear operators associated to b and b,:

(4.9 Bv,w):=bv,w), Yw,weH; a' (B,o,w):=b,0,w), Vo,weV,. n

We briefly recall the (easy to prove) properties of K(), we mentioned in the pre-
vious section:

Lemma 4.2. For every v D(aba) c H, the set K(v) c H defined by (3.10) s closed and
convex; it is also bounded and non-empty if (A,) holds and in this case we have for every
r=z0

(4.10) 6.0 <r=|7].<0r), sup |v| < wl(r),
v <K()
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where w(+) is the «modulus of continuity» of ¢ at infinity
(4.11)  w:[0, +©[—[0, + o[, w(r):=sup{|v|:veH, ¢v) <r}.
The first step consists in the following result

Tusorem 4.3. The function ¢, defined in (3.9) is proper, convex, and its subdifferential
A with respect to the scalar product a' satisfies

(4.12) wedr=>we A, Vv e K(v),
and
(4.13) weV,, wedv=>wedv, veK®),

where, following 4.1, w and w are related by w = Aw. Moreover, if (A,) holds, then @, is
also ls.c. in 'V, and coercive with respect to the norm of H,. In particular A is a maximal
monotone operator in V.

The proof is a series of simple verifications.
® ¢, is convex: if #,0 € D(¢p,) and we choose, for a fixed & > 0,

uel] Y@, wve] @), with o) <P, @) +e, ¢)<P, @) +e,
then for every 7 e [0, 1] we have J,(t# + (1 —7)v) =74 +(1 — 7)v so that

P (ta+(1-1)0) < pzu + (1 — 1)) <

<tpu) +(1-1) ) <Th,@) +(1-7) 9, @) + €.
Since & > 0 is arbitrary, we conclude.
® ¢, is proper: ¢,(0) =0.
® (4.12): by the definition of subdifferential we know
(4.14) ' wI-0)<$,@— ¢, VieD(g,).
Let us set w := A "'w e V, and let us choose v € K(); recalling (3.7) and (4.6), for
every z € H, with [,z =%, we have
(4.15) (w,z—v)=(w,7—v)=a' W,7—7).
Combining with (4.14), since ¢, (@) = ¢(v) and @, @) < ¢(z), we deduce
(w,2=0) < $,@ — $,®) < Plz) — ¢, @) = p(z) — p(v), VzeH,
ie. we Av.
® (4.13): we know that w e V, satisfies

(w,z—v) < Pz) —¢pv), VzeH,
and, by (4.15), for every z € H we have
(4.16) a' w2 —v) < pz) - ¢v), z:=],z.
Choosing J,z =7 = v we get v € K(v); keeping 7 fixed and taking the infimum with
respect to z € J, 1 () we get

' wz-v)<¢,&)—-¢kv), VzeH,;
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recalling that ¢(v) = ¢, (@) we find
a'(ﬁ,?—;)&&a(f)—a)a(ﬁ), VzeH, .
® ¢, is coercive, if (A,) holds: it follows from (4.10).

® ¢, is Ls.c.if (4,) holds: we choose a sequence 7, € V, converging to v with
¢, @,) <r. By the previous Lemma, there exist v, € K(v,) c H such that

Jva=2,, ¢@)=¢,@,)<r, |o,|<ol).
We can extract a subsequence (still denoted by v,) weakly convergent to v in H. By
the (weakly) lower semicontinuity of ¢ we deduce ¢(v) < r and by the continuity and
the linearity of J, we have J,» =7. We conclude that ¢, ®) < ¢(v) <r. B

Theorem 4.3 shows that we can associate to a solution (6, ) of P; the new
couple (0,#), with 6 := A0, % := J,u. This change of unknowns allows us to rewrite P,
as a perturbation of the evolution equation in V, associated to the subdifferential ope-
rator A.

Tueorem 4.4. Suppose that (6, u) s a solution of Py (a, ¢; L, uy). Then (0,%) solves
the following abstract Cauchy problem P,(a, ¢; L, u,)

Find #eL?(0, T;H!)NHY(0,T; V) and 6 eL?*(0, T;V,) such that
(4.17) L%, (¢) + 0(¢) — AB,0() = L(¢), 6(t)e Ault), for ae. tel0,TL,
#0) =iy =,u,.

Conversely, if (6,%) is the solution of P, (a, ¢; L, u,), the corresponding P is solved by
every couple (0, u) satisfying

(4.18) 0:=A"'0 and ueL?(0, T; H) with u(t) eK(z?(t))‘, for ae. t€]0, T[.

Proor. By setting v := Av and recalling (4.9), we see that (4.3) is equivalent to

T T
(4.19) j{ —a' @,7,) +a' (0,0)} dt =a' (7,,5(0)) + ja' (L + AB,0,7)dr
0 0

for any choice of » e H'(0, T; V) with 2(T) = 0. (4.19) is a weak formulation of the
differential equation and the initial condition of (4.17). Applying (4.12) and (4.13), we
conclude. =

By the general theory of nonlinear evolution equation governed by subdifferential
operators in Hilbert spaces (see [6, Thm. 4.6]) we deduce

Cororrary 4.5. When (Ay) holds, together to (Aap, 41,4, ), there exists a unique sol-
ution of problem Py(a, ¢; L, uy). W

In order to prove the uniqueness result of Theorem 1 we need the following a priori
estimate.



70 G. SAVARE - A. VISINTIN

Lemma 4.6. Let (67,7), 7 = 1, 2, be solutions of Py(a, ¢; L7 + AB, & , uf)) respect-
wely, with
L7, uf satisfying (A ,,) and 07 €L*(0,T;V,);
then, if (Aas, ) bold and y:= A%+ 1, we have
sup e "a' @' —u?)
tel0,T]
T

zje—?’ba(él - 0%)ds
0

(4.20)

T
<o @ -R)+ Je-w[ba(al —@)+a (L= L2)]dr.
0

Proor. We apply the standard monotonicity arguments to (4.17): taking the diffe-
rence of the two equations satisfied by #’ and multiplying (with respect to the dual sca-
lar product 2') by the difference of the corresponding solutions and the weight 2e¢ =7,
we obtain

%{e””a' @G — 7)) +ye "l @ —7) + 26 b, (B — 0?) <
<2 "[Ab, (0" — P, —w) +a' (L' = L%, 5" —#?)] <
Se M[b(0'—0%) + A0 @ -#)+a @ —#)+a (L' —-L*)] <
Se "[by(0' — %) +a (L' —L?)+ (A% + 1)a’' @ — #?)]
where we used the easy bound (cf. (A ) and (4.8))
(4.21) b, @) =b6(A"D)<a(A'v)=a"@), VveV,.
Integrating in time we conclude. ®
We can now conclude the proof of Theorem 1. In fact, if (6/,47),7 =1, 2, are two
solutions of problem P, (a, ¢; L, u,), we know that
(4.22) (6/,%') solves problem Py(a, ¢;L + AB, &, u,).
By Lemma 4.6 we deduce
=, b,(0'-6)=0,
and also, due to the positivity of 5,,
B,0'=B,6.
Finally from the differential equation (4.17) we read
6'(t)=6%(¢), for ae. £€l0, T[;

the conclusion follows now by Theorem 4.4. ®

We establish another estimate.

Lemma 4.7. Let us assume (Agp, a.1,4,) and let (0,u) be a solution of problem
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P,(a, ¢; L, uy). We bave

ess-sup @(u(s)) T T
(4.23) e < pluy) + (1/2) J )dtujb( )ds .
(1/2)Ja(9)dt 0 0

0

Proor. We take the 4'-scalar product of the differential equation (4.17) with 6(¢)
and we integrate between 0 and s < T, obtaining

(4.24) Ja’(ii,,@)dt+ fa' @) dr = ja'(L +B,6,0)dr.

0 0 0
We call ¢, the lower semicontinuous envelope of ¢, in V. (cf.[18, Ch.I, 2.2;
12, Ch. 3]):
(4.25) ¢, (v) = lirn0 inf{g, w): a' (w —v) 0%}, WweV,.

g—)

Of course 3, ¢, is a maximal monotone operator which is related to A by[18,
p. 201

(4.26) weV), A@)=z20=A@)=308,¢,@), ¢,@) =¢,@).
Since in (4.24) 0 € A@) = 3, ¢, (@), a.e. in 10, T, the first integral is equal to (see [17,
Lemma 2.2])

(4.27) ¢, (u(s)) — ¢, (#(0)), Vselo, T].
Applying (4.26) again, we deduce that, for a.e. s €]0, TI,

b, (4(s)) + ja(e)dt =P, (ug) + j((L, 0) + Ab(9)) dr
0 0

and, by Schwarz inequality, we get (4.23), since for a.e. s €10, T[ it is u(s) € K(#(s))
and consequently ¢(u(s)) = ¢, (#(s)). ™

Lemma 4.6 and 4.7 allow us to prove the following existence result.

Treorem 4.8. Let us assume that (Agy 4,1, 4,) and (Ay ) bold; then there exists a unique
solution (0,7%) of the perturbed problem B, (a, ¢; L, uy), which also satisfies

(4.28) ¢, @) eL=(0,T).

Proor. We already noticed that if (4,) holds besides the other assumptions
(Agb, A; 1,4, )> then P, admits a unique solution. Thanks to (4.22), it is natural to look for
the solution of P; as the limit of a standard fixed-point iterative technique. If we choose

6°e L?(0,T; V)) and we define by induction
(6" *1,%"*1):= the solution of Py(a, ¢; L + AB,0”,u,),

it is easy to see that this sequence converges to the solution of P; (a, ¢; L, u,); in fact,
by Lemma 4.6, z” and B, 6" are Cauchy sequences in L * (0, T; V) and L?(0, T; V)
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respectively, whereas
T T
Jba (6”)dr = I b(6”)dt is uniformly bounded .
0 0

The estimate (4.23) of Lemma 4.7 holds uniformly and proves that the sequence 8” is
bounded in L?(0, T; V,) and therefore #” is bounded in H!(0, T; V) by (4.17).
From the uniqueness of the limit point of #” in L * (0, T; V) and the standard mono-
tonicity arguments, we can pass to the limit in (4.17); (4.28) follows by the first of
(4.23). =

Also the proof of Theorem 2 and its Corollary is almost completed; invoking Theorem
4.4, it remains to show that there exists # satisfying (4.18), # being given by the pre-
vious Theorem 4.8.

Since (A,) holds, from (4.12) and Lemma 4.2 we know that

0(t):=A"'0(t)eD(A"), for ae. tel0, T[,
so that the minimal selection
u*(t) e A1 (0()): |a*(¢)] = min{|v]|:v e A710(2)}

is clearly measurable (cf. [6, Prop. 2.6(i#)]); since a,, (#) is bounded, taking into ac-
count (4.13) and (4.10) we deduce that #* belongs to L (0, T; H). Finally, if (Acom,)
holds, then

ueK@u)=I,uecK#u),

so that the orthogonal projection on H, of every solution # € U(a, ¢; L, #,) is a sol-
ution again. Since H, and H, are isomorphic via ], and J, IT,# = # is uniquely determi-
ned and weakly continuous in H, , we conclude. ®

Now we study the limiting behaviour of the solutions as stated in Theorem 3 and
from now on we assume that (LIM, 4 4.1, 4,) hold.

First of all, we show some relations between M-convergence of q,, definition 3.6
and the pointwise convergence of the operators

(4.29) R:H—-V.,cH, Ro:=A'r, WeH,
which obviously satisfy
(4.30) u=Rovea(u,w)=@w,w), VYweV,.

Lemma 4.9. {R, }, = o 5 a family of uniformly bounded symmetric operators satisfying,
as €0,

(4.31) v, —> v, strongly in H=R,v,— Rov, strongly in H ,
and
(4.32) v, ~vo weakly in H=NR,v, ~NRyv, weakly in H .

Moreover, if a family z,€ V. strongly converges to zye Vy as in Definition 3.6,
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then

(4.33) 2. =AT R o2 = Ay ‘o H, al(z,) = a) (7).

Proor. From (4.30) and (Au,) we have
alul*<a,(u)<a'|o|?, fa=Ro.
Formulae (4.31) and (4.32) follow easily from [12, Corollary 13.7(5) and Def.
13.3].
Finally, if z, € V, strongly converges to z, € Vy , then, for every w, ~w in H, we
have

(ze> we) = ds(ze: Este) = (25, ERewe> - <EO7 mo“’o) = (Zo, wo),
e z,— 7z, strongly in H; choosing w, := z, as test function, we get
@ (ze) = (Ze, %) = (20, %) =4 ). ™

Remark 4.10. Thanks to the linearity and to the uniform boundedness R, , the pre-

vious properties also hold for vector valued functions; e.g., for every v, strongly conver-
ging to vy in L2(0, T; H) or H*(0, T; H),

(4.34) R,0,—NRovy in L2(0, T; H) or H (0, T; H),  respectively. ™

Now we prove that (3.5) is stable with respect to the weak limit of solutions.

Proposrtion 4.11. Let us assume that (LIM 4, 4.1, 4,) bold and let (u,, 6 ;) be a family
of solutions of Py(a,, ¢.; L., uy . ); then there exists a constant C independent of € such
that

T
439 ot + oo + ] (00 4 7) + .0+ b0 Jar <.
0

Moreover, as € — 0, every couple of weak cluster points (6, uol of (O.,u,) in
L2(0, T; H) satisfies (3.5) for P; (0, ¢o; Lo, o, o ); the correponding (0y,%,) satisfies the
differential equation of (4.17) (*3).

Proor. From definition 3.6, (LIM, ,,), and Lemma 4.9, we deduce that there exists
Cgaa > 0 such that

T
¢8(u0,8) + aé(uo,e) + Jaé(LE)df < Cdata, Ve e [0, 80].
0

The uniformity assumption of (LIM, 4 ,) and (4.20) entail that the integral in ]0, T of
b(6,) is uniformly bounded; by (4.23) of Lemma 4.7 we get (4.35).

Let us now assume that for a decreasing sequence {&,},.n converging to 0 we
have

(4.36) 4y, ~ty, 0, ~60,, inL?(0,T;H).

(1) At this level, we do not ‘say anything about 6, € Ay%,.
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We fix 4
(4.37) weHY (0, T; H), with w(T)=0,

and we choose the test functions v, := menw in the weak formulation (3.5) of
Py(a.,, ¢.,;Le,, 1 ,,), obtaining for every » e N

T
(4.38) [{—(usn, R, w,) + (0, ,w)}ydt =
0

T
= (oo, R, w(0)) + j (L., R, w)+ ib(0,,, R, w)}dr.
0
By Lemma 4.9 (cf. also 4.10) as » — ®© we get
T T
j{ — (g, Row,) + (B, w)}dt = (3y o, Row(0)) + j{(Lo, Row) + Ab(0,, Ryw)} dt
0 0

for every w satisfying (4.37). Since R, (H) is dense in V| (see e.g' [12, Prop. 12.171),
we conclude. W

The previous Proposition does not say if 6, belongs to A4#%,; in order to answer
this basic question, we have to work a little bit more.
Let us denote by IC the Hilbert space

(4.39) 9C:=LE(0,T; H) where  is the measure di(¢):=e " dt, y:=21>+1,

and let us denote by A, again the canonical extension of A, to I (see [6, 2.1.3
and 2.3.3]). We introduce the multivalued operator 9, : 3C— 2’ with the same domain
of A,

(440) we W (u)eIF0eA,u, suchthat w =0+ yR,u— AN,BO.
Lemma 4.12. For every u,w € 3C such that w € \W,u, there exists a unique 6:=
=0, (w, u) € I such that
(4.41) OeA,u and w=0+ yR,u— AN,BO
as in the definition (4.40).

Proor. From (A,) we see that
0',0%2e A,u=0(6'—6%)=0=BO' =BO?,
so that
(4.42) O, w,u):=w—yRau+AR,BO, VOeA,u,
is well defined and belongs to 3C. ®

We have

LemMma 4.13. 9, is a maximal monotone operator in IC.
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Proor. The monotonicity is easy: if w’e W, (x") with 0’ := @, (w’,4’), we
have
T
(4.43) J(wl—wz,ul—uz)dca
0
T

> J[ycr;(]e(u1 —u?)) +b(0' - 0%) = 2b(0' - 0>, R, (4" — 4?))]dC =

0

T
> J[(y/Z)a;(]E(ul—uz)) +(1/2)b(6" - 62)14¢ .
0
In order to check the maximality, we fix v € 3¢ and we have to solve the equa-

tion
u+ Wusdv.
We repeat the fixed point argument of Theorem 4.8, solving iteratively (1#)
W0 Ly R =0+ ARBOT, 0" ledut. W
We already said that the M-convergence of a family of convex functionals implies

the graph convergence of the respective subdifferentials [3, Thm. 3.66]; here is the de-
finition (see [3, 3.58]):

DerinrrionN 4.14. Let H be a Hilbert space and A, , € € [0, &, ], be a family of maximal
monotone (multivalued) operators of H. We say that A, G-converges to Qg as € — 0 if for
every 0o, uge H with 0,€ Qyuqy there exist 0, € A, u, such that

}iﬂ)[uas_eollﬂ'l'“;‘s—”o”ﬂ]=0. [ ]

Lemma 4.15. 9, G-converges to &y as € — 0.

Proor. We fix wy € W, () and choose 6 := @ (wy, uy) € Ayu, as suggested by
Lemma 4.12. Since A, G-converges to A, as €¢ -0, we find by the definition
0, e A,u, such that E'hino[uée — Oolloc + |17 — #olloc1 = 0.
Setting
(4.44) w, =0, +yR.u, — IR.BO, e W,.7u,

we deduce that w, — wj strongly in ¢, since the following strong convergences hold by
Remark 4.10

ERez_‘e"'>'g)%0uo s mEBa—)ﬁROBBO. |
We have

PROPOSITION 4.16. Let w,, € W, u, be given in I X I, {&,}, o~ being a decreasing

(*4) This equation admits a unique solution for every 7 € N, thanks to the maximal mononotonicity of
A, and to the monotone and Lipschitz character of R, in IC.
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sequence going to 0, and let us assume that

(4.45) Uy, Uy, W, =Wy n I, asn—>®,
with

T T
(4.46) < lim sup J(wen, ., )dC < I(wo, uy)dC .

0

Then wo € $yuq and setting 6, := O, (w,, ,u,,) we have

T
(447) 0, ~00:= @4 (wy,uy) in X, n@gjb(@ﬂ—oo)@:o.
0

Proor. The relation w, € Wyu, is a standard consequence of the maximal monoto-
nicity and the graph convergence of W,. Let us fix 0, := @ (wy, #,) € Ayuy and
w,, 0,4, as in the previous Lemma (we omit for simplicity the index #); we obtain by

(4.43)

T , T
0< J‘{b(es —56) +a’ (]s(ue "'Z_te))}dC < CI(ws _Ewue —Ee)dg
0 0

Splitting the right-hand scalar product and passing to the limit, we get by (4.45) and by
(4.46)

T
lim [[b(6,—06,)+a (J.(u,—2,))1dE=0.

£—>0

Since 6, strongly converges to 6, in ¢, we deduce the second part of (4.47) and conse-
quently BO,— B0, in 3C. By (4.45) and (4.32), we can pass to the limit in the
equation

0,=w, — yR.u, + AN, BO,
and we conclude that

08 ALU()"‘'}’ER()ZI()‘|‘A8{0Beo=@()(u)o,llo)=00. u

We conclude now the proof of Theorem 3. We consider a family (6, #, ) of solutions
of Py(a,, ¢.; L, u,.) and we denote by (0, #y) a weak limit point in € X I of a sui-
table weakly convergent subsequence (6, , #,,), whose existence is implied by Propo-
sition 4.11. We define

w, =0, +yR.u, —AR,BO,, ¢c€l0,¢,],
and we know that
w,e Wu,, 0,=0,(w,u), ife>0.
Since (4.45) holds, we want to show that (4.46) is satisfied, too. We take the #, -scalar
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product of the equation (4.17) with e ~”], (. (¢)); integrating we obtain
T !

T
a, (R, u, (T)) + I(ws,ue)dé‘= —zl—a;(;zo,g) + J(Le,i)‘iaue)déj,
0 0

e T
2

which also holds for € = 0 by Proposition 4.11. Since R, #, is uniformly bounded in
H'(0,T; H), it converges to NMyu, in the pointwise weak topology of H; in
particular

lim iéuf a, (R, u, (2) = ay(Roue (1)), VeelO0, T1.

Since R, u,, ~NRou, in L?(0, T; H) we have by (LIM;)
T T
gi_rg) I(Len’ ms,,”e,,)‘ic = I(Lo, ﬂfouo)d@ .
0 0

By Lemma 4.9, we deduce
ag, (uge,) — ag (ug, )

and (4.46); by Proposition 4.16 we obtain that 6, € Ax, and by Proposition 4.11 we
conclude that (8, #%,) is a solution of Po(ay, ¢; Lo, %o, o)

Theorem 1 and (4.47) entail (3.17).

The convergence (3.18) follows by the uniform boundedness of #, in H, the unique-
ness of the (projection of) the limit by (A..mp ), the pointwise convergence of R, #,, and
the injectivity of R, |g,.

In order to check (3.20), we first observe that the related assumptions of Theo-
rem 3 surely imply (3.21), so that we assume this weaker condition. Let us recall that by
the definition of M-convergence 3.5 we know

T T
lim inf [ a,(9,)dt > jao(oo)d;.
0 0

Therefore, it remains to check the opposite inequality for the «limsup». We rewrite
(4.27), which now holds for every s € [0, T] thanks to (A, ) (recall that ¢, = @, , being
¢, Ls.c.)

T T
. (7.(T)) + Jae(Os)dt= e (uo ) + j((Ls, 0,) +A6(0,))dr.
0 0

Since
Eljfi) ;]—56(;0)6) = ‘7’0(50,0)
by (3.21), and
T T

lim j (L,,8,) + Ab(0,))ds = j (Lo, 8,) + A6(8,)) dr
0

0
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by (LIM;) and (3.17), our conclusion follows if we show that
(4.48) lim inf g, (2.(T)) = o (% (T)).

To this aim, we choose v, € K(#,(T)) and, up to a subsequence, we can assume
that

vy ~vy, Mo, ~Rovy in H.

On the other hand
Rov, = Rou, (T)>Rou (T)

so that Jyvo = Jouy. We conclude

h-t;n_)lglf &Ss(ﬁs(T)) = lll'gl’l_)lonf ¢s(vs) = ¢0(1}0) = J)O(ﬁO(T)) . u

5. PROOFS OF THE THEOREMS OF SECT. 1 AND 2

We begin by writing a Fubini-type formula for integrable functions on 2, (cf. [16,
sect. 3]); the (sketches of the) proofs of this and other simple results are collected in
the appendix.

NortartioN 5.1. We set (cf. (1.13) and (G2) of section 2)

(5.1) R(x):=1-dr(x)S(x.), r(x):=detR(x)

and we denote by u the measure r+C* and by v the measure r ~*+ £ on Q. For every seg-
ment s., x € I', and every IC-measurable function f we have (cf. (2.9) and (2.10))

£(x)
(5.2) j Fdu= j F(s)(s)doc (s j Fle)du, (1),
whereas for every L' (RQ,) function g we have
(5.3) [ gdvi= j )

2,

Observe that r is bounded on Q, and greater than m >0 by (G2). ®

Lemma 5.2. Let fbe a function of L' (2, ); then for XN~ ‘-a.e. x € T, the restriction f |,
is I -measurable and

(5.4) jf(x)dx = fd&CN‘l(x)deﬂ,
r Sy

(5.5) j Fdv= j dacN =1 (x) j Fdact .

Sx
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The second property we need is to characterize L7 (£2,) as the subspace of the
L?(8,)-functions which are constant along (IC" ~'-almost) every segments s,,
xel.

Lemma 5.3. The linear space C'(2,) NHL(RQ,) is dense in Hy)(R2,) and
(5.6) L2(Q,) ={ueL*(Q,):u|, isconstant for H~ '-ae. xel}.

In particular, the projection I1, on L2 (R2,) with respect to the weighted scalar product of
L2 (8,) is given by

Qz(

-1
(5.7) n,,f(x)szd[gzm:=(jgzdﬂ) 'Jfgzd,u, for ae. xeQ,.

Sy Sx

We begin now the Proofs of the «concrete» theorems.

We observe that Theorem 1.5 and the related existence result of Proposition 1.1
are almost already explained in section 1: they follow by applying the abstract results
1-3 with the choices (1.21)-(1.25), and, for € = 0, (1.29), (1.30). We limit us to point
out the simple technical links.
® The definition of ¢ is standard (see [5, Ex. 2.8.1, 2.8.3]): we introduce a primitive
of B;

s

(5.8) jiRe[0, + o,  ji(s):i= Jﬂi(r)dr,

0

and we set for every U:= (4,,4,) e H

(5.9) Pp(U)i=2 Jj,-(u,-(x))g,-(x)dx ™).
i a

® (4,) follows from (1.4).
® (A, ,) hold for the quadratic form

(5.10) () :=c4|O|%
thanks to (1.5) and to (1.3).
® (Ap,,) are trivially satisfied since D(¢p) = H.
® (A.my,) holds also for e = 0. Of course, the projection IT, of H on Hj is given
by
H()(U):z (u1>nnu2))

I1, being given by (5.7); therefore, it is sufficient to prove that

[ 72l () de < [ 73y () 0 ()

Q, 2

(*°) B, are Lipschitz functions thanks to (1.5), so that D(¢) coincides with H. This assumption could
be avoided, following the definitions of the quoted examples of [5].
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for every u, e LZ,(2,). By applying (5.4) and Jensen’s inequality, we have

[ 72 ()) @ o) = [ doe™ = o) jfz( fus d(gzm)e«ezm <
2, r

Sx Sx

< jd:}t’”‘ Y(x) f[ ][jz(uz)d(Qzﬂ)]d(Qzﬂ) =
r 5X

Sx

= fd%”'l(x)fj'z(uz)gzdﬂ = f]'z(uz(x))gz(x)dx.
r 5 @
e (LIM; ,,) are trivial.

® (LIM, 4, 4) is stated by Proposition 1.6; also the uniformity follows by the increa-
sing property of a,.

® (1.18) correponds to (3.18).

® (3.19) is satisfied if the initial datum #,_, belongs to L2(R,). In this case, (3.20) gi-
ves the strong convergence of ¢ in L2(0, T; H'(R,)), the convergence in L?(Q;)
being ensured by (3.7) and (5.10). ®

The proof of Theorem I is also almost complete: the following two results show the
equivalence between wLP; and the weak formulation of the system of Theorem I given
by Remark 2.3.

LemMma 5.4. Let us set
(5.11)  LE(Q,;RY):={wveL?(2,; RV): R(x)o(x) e L2(2,; RY), n(x) v(x) =0} .
Then for every u e HL (R,) we have Vu e LE(2,; RY).

Lemma 5.5. The trace operator u—> 4 = u/| is a linear isomorphism mapping H} (2,)

onto HY(I'), L2(R,) onto L?(I'), and L(2,; RN) onto L*(I'; RY). Furthermore, it
satisfies

Vr@) = (Va)|r, VueH,(Q,)

and
(5.12) jgzuvdx=j§2wdacN-l, Vu, veL2(Q,),

2, r

Jszevvdx=jﬁzvré-vrww-‘, VO, v e HN (2,),
513 | r

Ifz(x,t)v(x)dx = f?z(x,;) 543N, WeelZ(Q,),

2, r

where, for HN "laexel

(5.14) /72(X,f)3=Jf(°,f)dﬂ, éz(x)==Jdeﬂ, Zl(x)==JR“AR'1dﬂ. n

Sx Sx
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We conclude this section with the proof of Theorem II, which we divide into three
steps: first of all, we operate a rescaling of the variables in 25 in order to write a family
of problems in the fixed domains 2, £,. Then we apply the abstract results in a simi-
lar way as in the previous proof; finally, we employ Lemma 5.5 to come back to the fi-
nal formulation on Q,, I.

StEP 1: RESCALING. Following the notation of the case II, let us operate the change of
variables

(5.15) x:=G(z), =xef5, z2€8,.

For every function v(x) defined on 2%, we denote by v(z) again the composition v o G*,
when no misunderstanding are possible. If v denotes the measure » ~* (z) dz on 2, and
R,, . are given by

(5.16) R (z):=1—-ed (2)S(z.), r.(z):=detR,(z),

standard computations show

Lemma 5.6. The change of variables (5.15) defines a linear isomorphism between
L2(Q5) and L?*(2,), H (Q5) and H'(R,); the following formulae hold

617 [esmuewds = [ & @u)o@dv(z), Vu, vel?(@),
Q5 Q,

(5.18) jA;(xwxe(x)-vxv(x)dx:JEg(z)vze(z)-vzv(z)dv(z,), Vo, veH (Q5),
Q5 Q>

where N, and V, are the gradient with respect to the variables x and z respectively,

(5.19) jf;(x, o) dx = jf;(z, No@)dv(z), Woel?(Q5),
Q5 2,

where

(5.20) 05(2)i=er,(2)05(), fi(z,0)i=er(d) fEz,0),

and (in the rescaled variable z)

(5.21) A% 1= er, PRR; AR, 'RP + (r,/e) NAEN .

Here, P = P, is the tangent projection of (2.1), and N:= N, = n(z)n’ (z) is the normal
one; recall that R and R, are symmetric matrices.

It is immediate to see that the new unknowns in the z-variable (coupled with the old
ones in £2,) satisfy the same weak formulation of wPT in the fixed domains 2, 2, if
we replace @,, A, , /> by the corresponding functions ¢5, A%, f 5. We call RTPf; this re-
scaled version of PTf.



82 G. SAVARE - A. VISINTIN

STEP 2: APPLICATION OF THE ABSTRACT RESULTS. Now we can apply the abstract machi-
nery as before, setting (cf. with (1.21))

(5.22) H:=L; (2,) XL} (2,),

(5.23) 0.(6,V) = JAlVel-Vvlalx+ ngvez-vuz dv(z),
Q, Q)

and, for € >0, V, as in (1.23). Unlike case I, the operators A, are defined by
(524) OeA (U)=0,(x)=p,w(x), 0,&)=p,u(z)/05x),

and they are the subdifferentials in H of the convex functionals

(5.25) 6. (U):= j 1y () dx + j 05 (207> (u (2)] 85 (2)) dv(z),
Q, Q,

where j; are defined by (5.8). Finally, if
(5.26)  (L.(z),V):= j i (x, £) vy (x) dx +

2

+ j @ (%, £) oy () d9CN 1 (x) + [ Fo(z, )0, (2) (),
ry 23

then the same simple application of Lemma 5.6 gives the following statement.

Lemma 5.7. (07, uf ); =1, 2 is the rescaled weak solution of RTPf; if and only if the cou-
ple (©%,U¢) given by

(5.27) Ut = (uf,05u5), ©°:=(0%,0%),

is the solution of P(a., ¢.; L., Uy ) for the choices (5.22)-(5.26) and for the initial
datum

Usg, e := (t0,1,0540,2) - n
Now we observe that

(5.28) limr.(z)=1, ehmo R (2)=1, gh_rflo 05(z) = 0,(z) =or(zr)

e—0

uniformly in £,. These limits lead us to set

(5.29) ¢o(U):= f]'l (a1 (x)) dx + Jéz(z)jz(uz(Z)/ 0,(2))dv(z),
Q2 2,

and, if V; is defined as in (1.29),
0(0):= [ A,V0,V0,ds + [ 4,(:)V0, V0, dvlz)  Vo:=(6,,0,) eV,

2, Q;

where

(5.30) A,(z):= P,R)A,(z,)R)P,,  Ar given by (136).
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Similarly, we set

(5.31) }Yz(Z,f):fr(Zr,t), i 5(z) = o r(zr)
and we have ’

(5.32)  (Lo(), V):= j filx, 8o, (x) dx +

2

+ [0, 00,0 dx 1) + [ foa, D0, @dvta),
r, 2>

and

(533) UO,O = (Zlo’ 1, Qz(Z) 21/0)2(1)) .

Again we can apply the abstract results of sect. 3; we omit the details, which are analog-
ous to the previous calculations, thanks to the limits (5.28). We observe that the crucial
role is played by the following natural result:

Prorosrrion 5.8. For every 0 < € <1 let us define a,, ¢., L., Uo, . according to
(5.22), ..., (5.26), and to (5.29), ..., (5.33), and let us assume that (1.34), ..., (1.36) hold.
Then as € goes to 0, a, and ¢ , M-converge to ayand ¢ in H, and L, , Uy . strongly conver-
ges to Ly, Up o accordingly to the Definition 3.6.

Proor. We only consider the simpler case (2.18), (2.19).
® qa, M-converges to a, on H. We check the first condition of Definition 3.5, the
other one being trivial; furthermore, it is not restrictive to consider only the «£2,-con-
tribution» to a, and ag, ‘e

(5.34) 1 . (0):= jEg(z)vze(z)-vze(z)dv(z), Ve=0.
Q;
Let us given 8°e H!(R,), £ > 0, with
0¢ ~0° in L?(2,), and limiglfaz,s(ﬂs)< + o,
By (5.21) and (2.18) we get

e |2
0,0 (6°) 2 an [ [R @ R@PV.0° ()| dviz) + 2L | ‘ 9" ).
g £ o, an

Q

Since R(z) has a uniformly bounded inverse and R, (z) is uniformly bounded, we

deduce

fim iof 6% 1o, <+, lim i [ |i"i|2dv<z>=o
e—0 H(22) ’ e—>0 o aﬂ ?
so that 0°e H}(2,), 8¢ ~0° in H'(Q,).
Since

v¢ = \/r.R-'RP,V,0° ~RP,V,0°=1¢"(z) in L?(2,;RY),
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and
ay . (0°) = [ Apv®(2)-0°(2)dv(z), for €>0,
2,
we deduce
lim inf a . (6°) > lim inf j Apv® (1) 0% (2) dvlz) = JAFWO (2)2° (2)dv(z) = az ((6°).

Q, 2,

® ¢ M-converges to ¢, on H. As before, we can consider the behaviour of

G20 )= or [ 7.2, (4 (D) 017 (2) dv(2),

2,

where #¢ ~4° in L?(£,). Being 7, of quadratic growth, we write

82,0) > 0r [ 726" [0rr @) dbte) = Clu s, sup 1r(o) = 1]
92 z€efdy

for a suitable positive constant C, independent of €. Since

”5/(Qr’€)‘”0/9r in L7 (R2,),

we conclude by the convexity and the lower semicontinuity of 7,.

® The convergence of the data L,, U, are easy to check, since (1.34) and (1.35)
entail

}’/i—n\[/z strongly in L?(Q,), #§ ,—># . stronglyin L2(£2,). =
By the previous Proposition and Theorem 3, we deduce that the rescaled solutions
(65, uf) of Lemma 5.7 satisfy
(5.35) 9?6, strongly in L2(0, T; H(2,))

and, if I, is now the orthogonal projection on L?(£2,) with respect to the scalar pro-
duct of LZ(R,),

(5.36) uf (-, 8)~uy (-, ), I,(05()us(-, )= 0,()uy(-,t), weaklyin L*(R,),
for every t € [0, T1, where ©:= (6., 0,), U:= (4,,0,4,) are the unique solution of
_ Play, ¢o; Ly, Uy, ) satisfying (3.14), ie. 0,(1)u,(-,t) e LZ(2,) for ae. £€]0, T[.

StEP 3: FORMULATION ON I. It is clear that (5.35) implies (1)

95 (x) = ]feg(z)d:}cl (z) > B, (x) = ][Oz(z)dﬂcl (2) =60, | ),

(16) We neglect for simplicity the dependence on ¢. Observe that the mean value along the normal seg-
ments is not affected by the rescaling; its regularity on I' depends on the regularity of the thikness
l(x).
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strongly in L?(0, T; H*(I')). Regarding #,, we note that, (cf. Lemma 5.3)
[u3(5) 85(5)do¢* ()

Y — % — € ~e 1 —
I, (85u5)(z) = e —juz (5) &5 (5)doc" (s)

Sz

= G, ()5 ( ]( 5()IT5(5) — F2(5)1daC (s)

so that by (5.36) and (5.28) we deduce
sliil% I1,(05u45) = sll_rg) 0,45, in the weak topology of L2(R,).
It follows that
%y (x) = gig)ﬁi(x) =u,|r(x), weaklyin L?(I).

In order to write the weak formulation of the coupled system, as suggested by Remark
2.3, we observe that (5.5) and Lemma 5.4, 5.5 entail

(5.37) jéz(z)u(m(z)dv(z) = jfgruvm-l, Vu, veL2(R2,),
r

(5.38) J/\l/z(z)VH(z)Vv(z)dv(z)=Jﬂ4er0-vadSCN‘1, V6, ve H (2,),
Q

r

(5.39) jfz(z,;)v(z)dv(z)=jf(x)fr(x,t)v(x)dac’v-l(x), Voel2(Q,). ®
(2] r

6. APPENDIX

We list here some useful differential identities; we recall that x; := x + An(x) solves
the Cauchy problem

(6.1) Xo=x, dx;/dA=mx;).

Lemma 6.1. For every point x € Q, we have
(6.2) Sx)n(x)=0, ! (x)S(x) =
(63)  x,€2,=80;)I - AS(x)) =S(x), T+ AS(x;)) = T — AS(x))?
Moreover, setting
(6.4) R(x):=(I + dr(x).S'(x))_1 =1-d.(x)S(xr), r(x):=detR(x),
we bave
(6.5) Or(x)/0n = —(trS(x)) r(x) = divae(x) r(x) .

The Proof follows by differentiating the identity

n(x;) =nkx), Vx, x,e8,

and by the application of Liouville Theorem to (6.1). ®
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Lemma 6.2. Let D be the mapping

(6.6) D:Q,>RVXR, D(x):= (xp, dr(x)) .

Then

(6.7) [J&(x)T? := det [(DD(x)) ' DD(x)] = r 2 (x).
Proor. We shall see that (cf. (6.3))

(6.8) (D®(x))TDD(x). = (I +dr(x)S(x))*.

Since

Dxr=1—n(x)n’ (x) +dr(x)S(x) =P, +dr(x)S(x),
we have for every v e RN
D®(x)v = (P.v+dr(x)S(x)v, N.v) e RV X R,
and
|DD(x)v|? = |Pyv|? + |N,v|? + |dr(x) S(x)o|? + 2dr(x) o7 S(x) v =
= |v +dr(x)S(x)v|?.

Since we are dealing with symmetric matrices, this is equivalent to (6.8). ®

Proor orF LEmma 5.2. Let us observe that @ is a C! diffeomorphism of £, onto
D(R,)cI’ X R, which satisfies
D(x;) =(x,A), Vxel, x,€8,.

By the change of variable formula (see [19]) we write

dx = &1 (z) —L — g9N(z) =
Q!f(x) ¢ ¢(9[) £ (Z))]q)(cp‘l(z)) (z)
£(x)
= jdscN-l(x) j Floey) rlx; ) dA = Jd%”’l(x)Jf(s)du(s). .
r 0 r Sx

Our aim is now to show that L2 () is given by the functions of L? (£, ) which are
constant along (N~ l.a.e. segment s,.
For x € 2, let us define

b(x):=mn(x)/r(x),  which satisfies divb(x) =0 in 2,, blx)=n(x) on I'
by (6.5), and let us call 5, the part of s, joining x with I",. We have

COROLLARY 6.3. Let v be a C' function with compact support in 2, and let us

define
(6.9) v(x) = —b(x) j vau.

+
Sx

Then

dive=v.
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Proor. Being b a divergence free vector field, we have

dive(x) = —-r%;)—% Jvd,uZ %x)v(x)r(x)Zv(x). ]

st

CoroLLARY 6.4. Let ue HY (2,); then

ul|, =ulxr) for N lae xel.

X

Proor. Let us fix v as in the previous corollary; then we calculate by the Green’s
formula

f () v(x) dx = j u(x)(divelx)) dx =

2, 2,

= — JVu(x)-v(x)dx - ju|r(x)1;(x)-n(x)d:)CN'l(x),
Q, r

since v vanishes on I',. By definition of H}(£2,), we know that
Vuv=(1/r)Vun=0,
so that by (6.9)
ju(m(x)dx = ju|r(x>d:>cN*1(x)jvdﬂ = ju(xr)u(x)dx.
2, r 5 fos
Since v is arbitrary, we conclude. ®

Proor oF LEmma 5.3. Let #, € C1(2,) be a sequence converging tox € H} (£2,) in
the strong topology of H!(£,). It is easy to check that

%, (%) = Iu, (x) := ](u dac!

Sx

is a C! function in H,! (£2,); since the linear operator IT defined above is bounded in
HY(2,) and u = u, we conclude. ®

Lemma 5.4 and 5.5 follow easily; it is sufficient to work with C! functions and to ap-
ply (6.4) to
u(x;) = ulx)= I — A5(x)) Vaulx;) = Vu(x).
We make explicit the last elementary computation for Lemma 5.6.
Lemma 6.5. Let G® be defined as in (132), R, 7, as in (5.16); then
DG®(z)v =R '(z)R,(z) P,v + eN,v, detDG*(z) = er,(z)/r(z).

Proor. We know that
Gé(z)=z— (1= ¢e)dr()n(z),
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so that by (6.3)

DG (z)v =1~ (1 - é&)n(z)n’ (z) + (1 - £)dr(z) S(z) =

eN,v + [I + dr(z) $(z) — edr(z) S(z)]1P,v =

eN,v + (I +dr(2) S — edr(2)I + dr(2) $(z)) "' S()1P,v =
=eN,o+ (I —dr(2)S(zp)) ' I — edp(z) S(zp)]Piw. W
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