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Fisica matematica. — A perturbation problem in the presence of affine symmetries.
Nota di TuLLio VALENT, presentata (*) dal Socio G. Grioli.

AssTracT. — An approach to a local analysis of solutions of a perturbation problem is proposed when
the unperturbed operator has affine symmetries. The main result is a local theorem on existence, unique-
ness, and analytic dependence on a parameter.

Key worps: Perturbation problems; Affine symmetries for operators; Existence theorems.

Russunto. — Un problema di perturbazione in presenza di simmetrie affini. Si propone un approccio ad
un’analisi locale delle soluzioni di un problema di perturbazione dove l'operatore imperturbato possiede
delle simmetrie di tipo affine. I risultato principale & un teorema locale di esistenza, unicita € dipendenza
analitica di un parametro.

Prerace

We consider a (perturbation) problem of the form A(x) + eB(x) = 0, with A and B
given operators from an open subset U of a Banach space X into a Banach space Y and
¢ a parameter, and suppose that the (unperturbed) operator A has affine symmetries of
the type studied in Valent [4]. These symmetries are described by means of affine re-
presentations of a Lie group G on X and on Y connected by a linear mapping from X
into Y.

We observe, as an example, that the perturbation problems arising in nonlinear, or
linear, elastostatics when the loads depend on the unknown deformation in a general
way are included in our abstract perturbation scheme.

The presence of symmetries for A leads to compatibility conditions on A, B, ¢,
which give rise to serious difficulties in pursuit of local existence theorems. The aim of
this paper is to present a strategy for making a local analysis of solutions of the pertur-
bation problem. To this end a crucial role is played by Lemma 4.1. In Section 5 we
show that it is possible to associate to the operator B, at any pair (&g, g¢) € U X G, so-
me linear subspaces of the tangent space to G at its identity element which serve to di-
stinguish the situations of essential singularity from those in which the singularity is
apparent.

A first achievement obtained by following the ideas exposed in Sections 4 and 5 is a

theorem of local existence, uniqueness, and analytic dependence on ¢ (see Theorem
6.1).

1. DESCRIPTION OF AN ABSTRACT SETTING

Let (X, ||+ |lx) and (Y, || - ||y) be real Banach spaces. Following Valent [4], we deno-
te by @(X) the (Banach) space of continuous, affine mapping from X into itself equip-
ped with the norm v+ ||y (0)||x + sup{||w (x) — 9 (0)||x: |lx|lx < 1}, and by £(X) the

(*) Nella seduta del 13 giugno 1996.
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subspace of @(X) whose elements are (continuous) linear mappings. A(Y) and £(Y)
have an analogous meaning. Moreover, let G be a Lie group, and let g—g, and g—0,
be affine representations of G on X and on Y, respectively (Z.e. homomorphisms of the
group G into the group of invertible elements of @A(X), and into the group of invertible
elements of A(Y), respectively). The mappings g—>@, and g+>g, are supposed to be
analytic; their differentials at the identity element ¢ of the group G will be denoted by
v—R, and v—>R,, respectively. For any g € G, let us denote by /, the linear part of o,
and by /, the linear part of g, ; thus g, (x) =/, (f) +0,(0) Vxe X and g, (y) =/, (y) +
+ 0,(0) Vy € Y. Moreover, letv+> L, and v+ L, be the differentials at e of the mappings
g1, and g—1,, respectively; so the mappings v—>R,, v—>R,, v—L,, v+—>L, send the
tangent space T, G at e to the manifold G into A(X), A(Y), £(X), £(Y), respectively. It
is easily seen that
R,(x) =L,(x) +R,(0),  R,(y)=L,(y)+R,(0)
for all ve T,G, x € X, and y € Y. Finally, we set
®={R,:veT.G}, RK={R,:veT,G},
and, for any xe X and y e Y,
Rx)={R,(x):veT.G}, R(y)={R,(»):veT,G},
Remark 1.1. For any g € G we have
(1.1) {R,00,:veT,G} ={,,oR,: veT,G}.
Consequently,
ueR=>l-10u00,eR VgeG.

Proor. Letv € T, G, and for every A € R let g; = exp (Av). To the curve A—>g; in G
we associate the curve A+>g, in G defined by putting g, = g "' g,¢, and we consider the
element v of T, G defined by v = ((d/d1)g;); = . Our proof is ended if we prove that
R,00,=1,oR;. In order to do this, it suffices to observe that, since

d d
sz(ﬁggl)izoy Rz’;:(ﬁQ@)lzox

we have
d d _(d _(4d _
R, 00, = (ﬁ@n);:oogg: (d_/l(QgAOQg)),lzo_ (ﬁgglg),l:O_ (ﬁggéz)lzo_

d d
= (:i—j (QZOQEA))A=0=lgO(EQEA)},:OZZZORE'

The penultimate equality is true because g, 00z, — 0,00z =/, (05, —0z) ®

2. A PERTURBATION PROBLEM. ASSUMPTIONS ON THE UNPERTURBED OPERATOR

Let X, Y be real Banach spaces, U an open subset of X, A: U—>Y and B: U—Y
smooth operators, and ¢ a real parameter. We shall deal with the problem of finding
x € U such that A(x) + eB(x) = 0.
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As regards the operator A we assume that it has the symmetries expressed by the
following property: an affine representation g0, of a Lie group G on X, an affine repre-
sentation g0, of G on Y, a one-to-one, continuous, linear mapping v: X —'Y, and an in-
ner product (yy,y2)=>y1°y, on Y exist such that 0,(U) cU Vge G, and

(2.1) 0,07 =100, VgeG
(2.2) Alp, (x)) = l;(A(x)) Ve G and Vxe U,
(2.3) Ax)'R,(1(x)) =0 VveT,G and VxeU.

We emphasize the fact (proved in Valent [4, Theorem 3.2]) that, under suitable hypo-
theses on the operator A and the representations g g, and g+ @, of G, condition (2.3)
follows from ((2.1), (2.2)).

We note that (2.1) easily get R, o7 = 7o R, for all v € T, G, and so (2.3) takes the
form

(2.3) Ax) (R, (x)) =0 WYveT,G and Vxe U,
namely the form
(2.3)" Ax)eNx)P° VxeU,

where N(x) = R(z(x)), ‘e

Nx) ={R,(z(x)): ve T,G} = {(z(R, (x))): v e T,G},

and N(x)° denotes the orthogonal of N(x) in the Hausdorff pre-Hilbert space
(Y, ).
We further suppose that there is £y € U such that

(2.5) KerA' (§)) c R(&,),
(2.6) dim KerA' (€,) = codim ImA"' (&,),

where A’ (&,) denotes the differential of A at &,.

From ((2.2), (2.4)) it follows without difficulty that KerA'(&y) 2 R(&,). Then,
combining (2.2), (2.4) and (2.5), we get
(2.7) KerA' (&) = K(&,).
On the other hand ((2.3), (2.4)) implies A'(&y)(x)e N(&()° VxeX, namely
ImA’ (&y) ¢ N(&p)?; then, as dim N (&) = dim R(&,) < + =, it is easily seen, by using
(2.5) and (2.6), that ImA' (&,) = N(&,)°, and hence that
(2.8) Y=N(E)PImA' (&,).

This fact is generalized by

RemMARrk 2.1. Ler the bypotheses (2.1), (2.2), (2.3), (2.4), (2.5), (2.6) be satisfied. Then
for any g€ G we have
(2.9) Y = N, (&) @ ImA' (g, (&),

and the subspaces N(g,(&,)) and ImA' (0,(&y)) of Y are orthogonal for the inner.pro-
duct +on Y.
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Proor. We fix g € G. From (2.8) it follows that, for each y € Y there are £ € X and
veT,G, with £ and R, uniquely determined, such that

y =A"(§)(&) + (ToR,)(&y).

Then, putting x = @, (&), we have

y =A"(E)o,-1(x)) + (vol-10(f, oR,))(&y).
On the other hand, in view of Remark 1.1, there is v € T,G such that

[,oR,=R;00,.

Therefore

y =A"(E)g,-1(x)) + (tol,-1) (Rs (0, (&p))) .
Now, we observe that from (2.2) it easily follows that

A'(0,(Ep)) o0, =L 0 A" (&y).
Then

Ly = A" (0 (EoNx) + (I 070, )(R; (0, (£0)))

namely, as [, 0To/,-1 =1,

L (y) = A" (0,(£0))(x) + (ToR;)(0, (&) -
Thus (2.9) is true, because l~g is a bijection of Y onto itself. Finally, in order to prove
that N'(o,(&,)) and ImA' (0, (&,)) are orthogonal, it suffices to observe that ((2.2),
(2.4)) implies A(o,(&,)) = 0, and hence from (2.3) it follows that A’ (g, (&,))(&) be-
longs to N(g,(&,))° VéeX. m

kN

Let us fix vy, ...,9,€ T, G such that (R;,, ..., K;) is a base of ® and consider the
mapping ¥: X X Y — R’ defined by putting
y(,9) = (0-R; (t(x));=1,....,,  namely y(x,9) = (y-7(R; (x))),_1 _,,

for any (x, y) € X X Y. The mapping y, which will have an important role, actually de-
pends on the choice of the base (R;,, ..., R;) of &, but the points where y vanishes are
independent of the choice of the base of ®; we emphasize the fact that we are intere-
sted to such points and not to the particular function y vanishing at them. Clearly, y is
continuous, linear in y, and affine in x. We observe that from the definition of y it im-
mediately follows that
y(x,y) =0<yeNx)°.
Later, we shall suppose that, for (x,y) e X X Y,

(2.10) y(x,7) =0=> y(Qg(x),l;(y)) =0 VgeG.
Remark 2.2. Condition (2.10) is satisfied provided, for y;,y,€ Y,
(2.11) y1°9,=0=1L()[(5,)=0 VgeG.
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Proor. Suppose that (2.11) holds, and let (x,y) € X X Y be such that y(x,y) = 0,
ze.
yrRs () =0 V=17,
where (R3);— 1., is a base of R. Then, in view of (2.11),
Zl;(y)'Z;(T(R;j(x))) =0 VYi=1,..,r,
namely, by (2.1),
L)t (R () =0 Yi=1,..,r.
Therefore, since in view of Remark 1.1 there are v,,...,v,€ T,G such that
R, =1, 0R; 00,1,
we have
L) t(R,(ex) =0 Yi=1,..r,

which means y (g, (x), l~g (y)) = 0, because it is easy to see that (R,);_ .. ,, as well as
(R3);=1,...,,» i a base of ®. ™

3. TwO EXAMPLES FROM FINITE AND LINEAR ELASTOSTATICS

Let us take out from the finite and linear elastostatics two examples of operators
A: X —Y having the properties (2.1)-(2.6). As in Valent [4, Sect. 5], we take Y =
=Y, X Y, and we make the following two choices (within Sobolev and Schauder spaces)
of the Banach spaces X, Y;, Y,:

61) X =W"+22(Q, R")
' Y, =W"?(Q,R"); Y,=W"*1-1/rr(3Q R")

{X= Cm+2,l(§’ Rn)
(3.2)

Y, =C"*(Q,R"); Y,=C"*L*(3Q,R"),

where Q is a smooth, bounded, open subset of R”, 9Q is its boundary, 1 <p e R,
A €10, 1[, and p(# + 1) > n. For the definitions and properties of these spaces we re-
fer to Valent [3].

For both choices of X and Y, we take as 7: X — Y the function defined by 7(x) =
= (x, x| s0), and consider the inner product * induced on Y by the usual inner product
on L?(Q,R") X L?(8L2, R"). Furthermore, we take as U the set of elements of X
that are orientation-preserving diffeomorphism of Q onto a subset of R”. Since X is
continuously embedded in C '(Q,R"), U is an open subset of X (see, for instance,
Hirsch [1, Ch. 2, Th. 1.4]).

As a first example, let (¢, Z)~>s(¢, Z) be a given function from Q X M, into M,,
where M, is the set of # X # real matrices and M,| = {Z e M,,: detZ > 0}, and consi-
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der the (#-dimensional version of the) finite elastostatics operator A: U — Y defined
by

(3.3) Ax) = (= divS(x), S(x)|s0v),

where v is the outward, unit normal to 38, and S(x) is the function from £ into M, de-
fined by setting

(3.4) S(x)(2) = s(¢, ox(2))

for all # € Q. Here 9x(#) denotes the gradient at # of the function x: 2 — R”. We sup-
pose that

(3.5) s(¢,,RZ) =Rs(¢,Z) N, Z,R)e 2 XM, X0, ,

(3.6) ' s(t,Z)ZTeSym, VY(,Z)eQ XM, ,

where Z7 is the transpose of the matrix Z, O, denotes the set of Z e M, such that
ZT =771, and Sym, denotes the set of symmetric elements of M, . In the physical con-
text:  represents a reference configuration of an elastic body, the function x represen-
ts a deformation of the body, the function s is the response function for the first Piola-
Kirchhoff stress, the symmetry (3.5) follows from the material frame indifference, whi-
le (3.6) is a consequence of the balance of angular momentum. On the function s we
make the further two hypotheses:

(3.7) s(t,)=0 Ve,

7

(3.8) > O4,s(t,1)ZyZ;>0 Vte® and VZe Sym,\{0},
1

Qi k=
where [ is the unit element of the ring M, . Note that I = 9, where ¢, denotes the
identity function from £ into R”. Thus (3.7) and (3.8) concerns the behaviour of the
function s at the deformation ¢, namely at the reference configuration: (3.7) means
that the reference configuration is unstressed, and (3.8) is usually assumed when (3.7)
holds. It is not difficult to see that if (3.5) and (3.6) holds, then zhe operator A defined by
((3.3), (3.4)) has the properties (2.1), (2.2), (2.3) when G is the group of isometries of R"
(i.e., function from R” onto R” of the type y+>c + Ry, withc e R” and R € 0, ) and o,
0, are defined by putting
0, (x) =gox, 0, (y1,92) = (goy1,80y2)
forall xe X, y, €Y, and y, € Y,. (Cf. Valent [4]). Furthermore, it is possible to prove
(see Valent [3, Chapter III]) that, under hypotheses (3.5)-(3.8), if 2 is of class C” *2
and se C”"T2(Q X M,, M,) [respectively Q of class C”*%* and se C”*>(Q X
X M, , M,)], then A is a C”-mapping when X, Y7, Y, are defined by (3.1) [respectively by
(3.2)], and moreover
KerA' (1g) = R(1g), ImA'(1g)=N(tp)°,
whence
Y=~N(go)®ImA'(¢q),

or, more in general,

Y = N(o,(t0)) ®ImA’ (0, (t0))
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for any isometry g of R” (by Remark 2.1). It is interesting to observe that, for a suitable
choice of the base of R, we have

(3.9) y(x,y)(t) = ( J‘yl + Jyz +
Y

Q

Ix/\y1+a§!x/\y2)t, te 2,

Q

for any x € X and y = (v, %,) € Y, where x A y; and x A y, are pointwise defined, na-
mely (x Ay;)(¢) =x(t) Ny, (¢) Vi e Q and (x A y,)(2) = x(¢£) Ay, () Vt € 0, with A
the external product on R”.

The second example concerns the (z-dimensional version of the) linear elastostatics.
In this case the operator A has the form (3.3), with S(x) defined by

n
S(x) = ( > Szjbkalexb). - ,
hk=1 iL,j=1,...,n

where the s are given real-valued functions defined on 2 and x;, is the A-th compo-
nent of the R"-valued function x. In Valent [4] it has been remarked that, zf

Siibk = Shkij = Sjibk >
then A has the properties (2.1), (2.2), (2.3) when G is the tangent space at the identity fun-
ction on R" to the manifold of isometries of R” (i.e., G is the set of functions g: R” — R”
of the type g(¢) =c + Wt,t e R”, with c € R” and W a skewsymmetfic element of M,)
and ©,, 0, are defined by putting

o) =x+tglo, 001,92 =0*gla,y +glsa).
If, in addition,

7

. '}% ls,-/-bk( 1)Z;Zy>0 VteQ and VZe Sym,\{0},
i, 7,h,R=

it is known (see Valent [3]) that
Y=N(0)®ImA'(0) (={(gle,gls): geG}®ImA).
Finally, we observe that a suitable choice of the base of & leads to

y(x, y)(2) (J-yl J ) (JLQAy1+JLaQAY2 t, teQ,
o 50

for all xe X and y = (y,,9,) € Y, where 15, denotes the identity function from 9L
into R".

We observe that, in the context of elastostatics, the operator B has the meaning of a
loading operator. Since here B is an arbitrary smooth mapping, our results applie to an
arbitrary loading operator (depending on the deformation x in a quite general manner).
For some concrete examples of loading operators we refer to Valent [4, Sect. 7], or

Valent [3].
4. A BASIC LEMMA AND PRELIMINARY REMARKS

Let £, € X be such that (2.4), (2.5) and (2.6) hold. In view of ((2.2), (2.4)) we have,
for any gy € G, A(g,,(&,)) = 0. Thus, for any g, € G, the equation A(x) + B(x) = 0 is
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satisfied with x = g, (&) and & = 0. We observe that a direct application of the implicit
function theorem to this equation in order to express x as a function of & near
(04 (£0), 0) is not possible because, by Remark 2.1, the partial differential with respect
tox at (0, (&,), 0) of the mapping (x, £)>A(x) + eB(x) takes its values in N(g,, (£,))°,
while A(x) + eB(x) does not belong to N(g,, (§,))°. We also remark that the condition
A(x) + eB(x) e N(g,, (£0))°, z.e. y(0, (&), A(x) + €B(x)) = 0, involves the parameter
&, while, by virtue of (2.3)", the condition

Alx) + eBlx) e N(x)°, e#0,

is satisfied if and only if B(x) € N(x)® and hence does not involve e. For this reason the,
following lemma will be important.

Lemma 4.1. For each x € X there is a neighborhood Us; of x in X such that
NE) NNx)°={0} VxeU;. ‘

Proor. N(x) is a linear subspace of Y of (finite) dimension r; therefore it is closed.
For any x € X let a(x) be the (continuous, linear) mapping from N(x) into R” defined by
putting

a(x)(y) = y(x,y) ,
for everyy € N(x). Note that a(x) is one-to-one (and hence an isomorphism of N'(x) on-
to R’ for the structures of topological linear space), because the condition a(x)(y) = 0
means y € N(x)°, and so if a(x)(y) = 0 withy € N(x) theny = 0. It is easy to show that
x+—>a(x) is a continuous mapping from X into the space of all continuous, linear map-
pings from N(x) into R” endowed with the bounded convergence topology. Therefore,
as the set of invertible elements of this space is open in it, there is a neighborhood Uj of
x in X such that a(x) is one-to-one Vx € Uz. Consequently, from y € N(x) N N(x)® with
x € U; it follows y = 0, because the condition y € N'(x)° can be written in the form
alx)(y)=0. =

Now, we observe that if g € G and & = g,-1(x), then from (2.2) it follows that the
equality A(x) + eB(x) = 0 is true if and only if
A(E) + el,-1B(g, (£) = 0.

Then, with Lemma 4.1 in mind, our aim will be to see whether for some g, € G it occurs
that for any & near £, in X there is an element g(&) of G near g, such that

Lie)1Bloge (8)) e N(&)°,
namely
V(& Loy 1 Bloge (8)) = 0.

In this case, if E¢, denotes a topologically supplementary subspace of ®(&,) in X and pg,
denotes the projection of Y onto its (closed) subspace N'(&,)° ( = ImA’ (&,)), then
setting for (, &) € Eg, X R

(4.1) A, &) =pg, (A& + 1) + elye, + - 1B(0ge,+m (Eo + 1)),
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the implicit function thorem applies to the equation A(&, &) = 0. Indeed, A takes its
values in N(&,)? and, by ((2.7), (2.8)), its partial differential with respect to % at (0, 0)
is a bijection from Eg onto N(&)°.

5. SuBspacis OF T,G ASSOCIATED TO THE OPERATOR B AT any (&,,g0) e X X G

Let us define, for any £e U, a function Mg: G — & by putting
Mg (g) = y(0,(&), Blo,(&))
for all g € G. For any g, € G, the differential at e of the translation g gg, of G will be

denoted by g;; so gy is a continuous, linear mapping from T, G into the tangent space
T,,G to G at g.

DermnrioN 5.1, Let (£€g,g,) e U X G and let 0 # v e T,G. We will say that v is
critical at (&, go) for B if the differential M{ (gy) of Mg, at g, vanishes at the element
&) of T, G.

DEerintrion 5.2. Let (, ) be the inner product on & carried by the inner product of
R’ when the base of R is that one used for defining y. For any (&, go) € U X G we will
denote by K¢, ,, (B) any maximal element of the set of linear subspaces X of R having
the following property: «if R, € X and (R, , ¥(x, B(x))) = 0 for every x belonging to so-
me neighborhood of g, (&,) then R, = 0».

In order to clarifying the meaning of the definition of the subspaces X¢, 4 (B) of ®
it is useful to obsetve that, if (R,,, ..., R, ) is a base of ® and | is a maximal element of
the family of subsets | of {1,...,7} such that the set of the functions

x—>(R,,y(x,Bx)), JjeJ,
is linearly independent on every neighborhood of g, (&,) in X, then Z_RR,,j is a

o
Re,, g (B). Conversely, any Hg, . (B) is of this type for a suitable choicé of the base
(R,,,---,R,,) of KR.

Lemma 5.3. Let (&, g9) € X X G be such that Mg, (go) and let T be a linear subspace
of T,G such that the set {R,: v e T} contains some R, o, (B). Suppose that (2.10) holds,
that B is of class C” lrespectively is analytic at 0,,(E,)], and that no element # 0 of T is
critical for B at (&, go). Then neighborboods V. of &y in U and W of gy in G exist such
that for each E€ V there is a unique element g(E) of WoN(expT)gy (= Wy N
N{(expv)gy: v e T}) such that

(5.1) y(&, Zg(g)*lB(Qg(g) &))=0.
Vo and Wy can be chosen such that the mapping E—>g(&) is of class C” [respectively is ana-
Iytic ar &,].

Proor. Let % = {R,: v € T}, and let & be the proiection of & onto X with respect
to the inner product {, ). For any (v, &) e T X U we set

r(”) 5) = (no‘y)(g(expu)go(g)a B(Q(expy)@(‘s))) >
and we note that I'(v, &) = (o Mg )((expv)gy). I'is a C” mapping from T X U into
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N: it is analytic at (0, &,) provided B is analytic at g, (&,). Since M, (g,) = 0 we have
I'(0, &) = 0. The differential at 0 of the mapping v+>I(v, &;) is the mapping from T
into K

o> (70 MY, (g0)) (2 (2)) .

As X contains some X, (B), from the definition of X¢, , (B) it follows that there is a
linear mapping L: X — & such that

(5.2) y(x, B(x)) = (Lomwoy)(x, B(x))

for every x belonging to a suitable neighborhood U, of g,, (&) in U. Then, choosing a
neighborhood W of g, in G such that g,(&,) € U, Vge W, we have

Mg, (g) = (Lom)(Mg,(g)) VgeW.

Therefore, if the differential at 0 of the mapping v+—>TI'(v, &) vanishes at v, €T we have
M, (g0)(g (vy)), which implies v, = 0 because no element # 0 of T is critical for B at
(&0, go). Thus the differential at 0 of the mapping v+ I'(v, &€,) is a one-to-one (linear)
mapping from T into X; hence, as dim X < dim T, we have dimX = dim T and the
mapping v+—>1I(v, &) is a bijection from T onto X. Then, in view of the implicit fun-
ction theorem applied to the equation I'(v, £) = 0, open neighborhoods V of &, in U
and N of 0 in T, G exist such that for each £ € V there is one and only one element (&)
of TN N such that I'»(&), &) = 0. Moreover, V and N can be chosen such that the
mapping E—>v(&) is of class C”, and analytic at &, if B is analytic at g, (&,). Note that
the equality I'(v(£), £) = 0 implies
(707 )(0 (expiengy (£)s B(O (expiene (€))) = 0.
Hence, if V,, is a neighborhood of &, in X contained in V and such that
(expv(&))goe W VEeV,,

then, in view of (5.2), we have

V(0 (expitne (&), B(O (expieng, (E)) =0 VEeV,,
and this implies, by (2.10),

V(E, Lexpi@)ao) ' B(O (expieng, (£))) =0 VEe V.
Therefore, to conclude the proof it suffices to set, for every &€V,

g(&) = (CXP 5(5))&) >

and take as W, a neighborhood of g, contained in W and such that » € N whenever
veT and (expv)goeW,. ®

6. LocaL EXISTENCE, UNIQUENESS, AND ANALYTIC DEPENDENCE ON &

We are now in a position to prove a local theorem on existence, uniqueness, and
analytic dependence on the parameter ¢ for the equation A(x) + eB(x) = 0.
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TuroreM 6.1. Suppose that A and B are of class C”, that (2.1), (2.2), (2.3), (2.10)
hold, that there is (Ey,g0) in U X G such that (2.4), (2.5), (2.6) are satisfied and
Mg, (gy) = 0, that there is a linear subspace T of T,G such that the set {R,: v e T} con-
tains some R, o, (B) and no element # 0 of T is critical for B at (&, g,). Fix a topological
supplementary Eg, of KerA' (&) in X, and set xy = 0, (&) and

D&o,go(T) = vgrQ(eXPv)go(EO + E§0)'

Then a neighborbood V of &y in X and a neighborbood W of gy in G exist such that for each
e € Rwith || sufficiently small there are a unique &, in VN (Eo + Eg,) and a unique g,
in W (exp T)go such that putting x. = 0, (§,) we have

(6.1) Alx,) + €B(x,)=0.

Consequently, if the mapping (&, g)>0,(&) from (&, + Eg)) X (exp T)gyonto D, , (T)
is a local homeomorphism at (&, gy), then a neighborbood Uy of x in U exists such that for
each € # 0, with |e| sufficiently small, there is a unique x, in Uy N\ Dy, (T) satisfying
(6.1). The mapping e>x, , defined also for € = 0 by assuming that its value at 0 is x,, s of
class C” in a suitable neighborhood of 0; it is analytic at 0 provided A is analytic at €, and B
is analytic at x,.

Proor. Let V;, W, and g be as in the statement of Lemma 5.3, and let Vi be a nei-
ghborhood of & in X such that N(&,) N N(£)° = {0} V& e V, (see Lemma 4.1). For
anyee Randn e Eg withy + &, € \Ofowe define A(7, €) asin (4.1). A is a C” mapping
from the open subset ((\O/O —-&,)N Eéo) X R of the Banach space E; X R into the clo-
sed subspace ImA’ (&) of Y. By (2.4) we have A(0, 0) = 0. Moreover, the differen-
tial at O of the mapping #+>A(y, 0) is A’ (&,), which is a bijection of Eg onto
ImA' (&,). Therefore, in view of the implicit function theorem applied to the equation
A(n, €) = 0, there is a neighborhood V; of 0 in X contained in V, — &, such that for
any & with |e| sufficiently small a unique #, exists in V; N Eg, such that A(7y,, €) = 0
and the mapping 7+>7, is of class C”; this mapping is analytic at 0 provided A is ana-
lytic at £, and B is analytic at x,, because in this case /1 is analytic at (0, 0). We set &, =
= £, + 5, and observe that, since y(&,, A(&,)) = 0 by virtue of (2.3)", from Lemma 5.3
it follows that

y(Ee, A(E,) + elye1Bloge, (E.)) =0,

namely

A(&,) + elye,)-1Bloge, (Ee) e N(E.)" .
Note that the condition A(#n,, &) = 0 means that

A(E,) + elyz )1 Bloge, (E.) e N(&).
Then, taking V; ¢ Vg, — &, and using Lemma 4.1, we deduce that

A(E,) + elye,)-1Bloge, (£:) = 0.
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Hence, setting

=g, x=0,(&),

in view of (2.2) we have A(x,) + eB(x,) = 0. To conclude it suffices to take W = W,
and recall that g is of class C” and it is analytic at &, provided B is analytic at x,

7. AN APPLICATION TO THE LIVE TRACTION PROBLEM IN FINITE ELASTOSTATICS

Let us go back to the finite elastostatics operator introduced in Section 3, in order
to make explicit a consequence of Theorem 6.1 in such a context. The loading operator
B will be an arbitrary mapping from X into Y; X Y5, with X, Y;, Y, chosen as in (3.1)
or (3.2). The two components of B will be denoted by B; and B,. We recall that, here,
G is the group of isometries of R” that U is the open subset of X whose elements are
the orientation preserving diffeomorphisms of 2 onto a subset of R”, and that g, (x) =
=gox V(x,g) e U X G. We observe that T, G is the set of infinitesimal rigid deforma-
tions of R”, z.e. the set of functions v: R” — R” of the type v(¢) = ¢ + W¢, (¢ € R”), with
ceR"and W e Skew,, that R, (x) =vox VY(x,2v) € U X T, G, and that R can be identi-
fied with T, G through the mapping v+ R, . We fix a base of R such that y(x, y) has the
form (3.9); thus for any (£,g) e U X G and e Q, we have

M:(g)(t) = ( [Bi(o,(e) + [ B, (qus))) +
o

Q

+( IQg(E)/\BI(Qg(E)) + ng(E)/\Bz(Qg(E)))t.
Q2

Q

Therefore Re,, g (B) can be regarded as a maximal element of the set of linear subspa-
ces X of T,G having the following property: «if v: t—>c + Wt is an element of X
and

=0

c'( JBl(xH- sz(x))JrW-(jx/\B](xH Jx/\Bz(x)
Q o0Q Q a2

for all x belonging to some neighborhood of g, o0&, in X, then v = 0».
We remark that a topological supplementary E,, of R(tg) [= KerA'(1g)] in X is

[xeX:Jx=O, J@xeSymn}.

Q Q

For a proof of this fact we refer to Valent [3, Ch. III, Sect. 1]. Finally we point out
the following result which can easily deduced from Lemma 4.4 in [3, Ch. V]: the map-
ping (&, 2)—>0,(&) is a homeomorphism of the set of those elements (&, (expv)gy) of

(to +E,,) X (exp T)g such that J O& is positive definite onto the set of elements x of X
e
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such that det J Ox > 0 and the rigid deformation of R”
@
m( [ - Rngzgo)) + (R.R])z

Q

belongs to exp T; here R, is the element of 0, such that the matrix R, I x is symmetric
and positive definite, and R, has an analogous meaning. Q

We are now in a position to state a consequence of Theorem 6.1 for the general live
traction problem in finite elastostatics; in order to simplify the statement we take

Eo=Lg.

Tueorem 7.1. Let A: X — Y X Y, be defined by ((3.3), (3.4)), with X, Y, Y, as in
(3.1), let R be of class C" *2 and s e C" T 2(Q X M, , M,)) satisfying (3.5), (3.6), (3.7),
(3.8). Let B: X— Y, XY, of class C" and let g, be an isometry of R” such that

[Bite) + [Bate) =0, [ ABileo) + [ a0 ABaleo) =0.
2 R Q a2

Suppose that there is a linear subspace T of T, G containing some X, ,,(B) and such that no
element # 0 of T is critical for B at (tg, g). Then for each € # 0 with |&| small enough
there is one and only one deformation x, of Q belonging to a suitable neighborbood of g, | o
in Wm+2P(Q R") that satisfy (6.1) and such that the rigid deformation

;H( J'(xs - RxERgEgO)) + (R R))¢
Q

of R” belongs to exp T. The mapping €—>x,, defined also for € = 0 by assuming that its
value at 0 is gy |5, is of class C™ in a suitable neighborhood of 0.

Remark 7.2. In the statement of Theorem 7.1, if T = T, G then (7.1) obviously be-
longs to exp T, and thus we have local uniqueness near g, |g for the traction problem
Al(x) + eB(x) = 0.

RemArk 7.3. In the very particular case when B is a constant operator (dead loading
operator) T cannot be equal to T, G because each constant function ¢ from R” into
R” is critical for B at (ig, go). Therefore T must be a space of infinitesimal rigid rota-
tions, 7.e. mappings from R” into R” of the type ¢+ Wt, with W e Skew, . Moreover,
when 7 = 3, one can prove (see Valent [3, Ch. V1) that the infinitesimal rigid rotation
t+—> Wt is critical for B at (1 g, go) if and only if the axis of W is an «axis of equilibrium> for
the loading at gy|3,

Remark 7.4. A simple example of live traction problem to which Theorem 7.1 trivial-
ly applies is the elastic «balloon problem» with zero body forces. (A local existence theo-
rem for this problem was obtained by Le Dret [2]). In this case 2 = Q,\Q; with Q,
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and , open subsets of R” and Q,c Q,; moreover
Bi(x)=0 in Q,
(7.2) B,(x)(¢) = —m, (x)cof Ix(¢)v(¢) VtredQ,,
B, (x)(¢) = —m,(x)cof Ox(¢)v(¢) VtedR,,

where cof 9x(¢) is the matrix of cofactors of the matrix dx(¢), and 7, , 7; are smooth
R*-valued functionals of the deformation x. It is not difficult to verify that M, (@) =0
Vg € G; therefore %,, ,,(B) = {0} Vg € G, and any element # 0 of T, G is critical for
B at (g, gy). It follows that, for all gy e G, {0} is the only linear subspace T of T,G
containing X,, ., (B) and such that no element # 0 of T is critical for B at (¢, g).
Then, a consequence of Theorem 7.1 is the following: #f the operator A is as in the state-
ment of Theorem 7.1 and B is defined by (71.2), then, fixed arbitrarily an isometry
go: tr>co + Ryt of R”, for each € # O with |&| small enough there is one and only one de-
formation x, of  belonging to a suitable neighborhood of gy|g in W * 22 (R, R") such

that A(x) + eB(x) = 0 and R, = Ry, jxg (¢)ds = jtdt.

2 Q
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