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M e c c a n i c a dei fluidi. — Unconditional nonlinear stability in a polarized dielectric 

liquid. N o t a di G I U S E P P E M U L O N E , SALVATORE R I O N E R O e B R I A N S T R A U G H A N , presenta

t a ! " ) dal Corr i sp . S. Rionero . 

ABSTRACT. — We derive a very sharp nonlinear stability result for the problem of thermal convection in 
a layer of dielectric fluid subject to an alternating current (AC). It is particularly important to note that the 
size of the initial energy in which we establish global nonlinear stability is not restricted whatsoever, and the 
Rayleigh-Roberts number boundary coincides with that found by a formal linear instability analysis. 

KEY WORDS: Polarized dielectric liquid; Unconditional nonlinear stability; Generalized energy. 

RIASSUNTO. — Stabilità non lineare incondizionata in un liquido dielettrico polarizzato. Otteniamo un risul
tato di stabilità non lineare incondizionata per il problema della convezione termica di un fluido dielettrico 
soggetto ad una corrente alternata (AC). È particolarmente importante osservare che la grandezza iniziale 
dell'energia rispetto a cui stabiliamo il risultato di stabilità non lineare globale non ha restrizioni e i numeri 
critici di Rayleigh-Roberts ottenuti coincidono con quelli trovati con l'analisi formale della instabilità 
lineare. 

1. INTRODUCTION 

The theory of nonlinear energy stability in fluid mechanics is a particularly useful 
tool in obtaining sharp estimates below which stability is found, see e.g. [24, 7, 17-
19,27]. It has had success in predicting useful stability thresholds when magnetic 
and electric field effects are present, see e.g. [12, 15-19,27-30]. Indeed, steps to
ward constructing a generalized energy which works in many problems have been tak
en, see e.g.[6y20]. However, many of the references above suffers from a serious 
drawback. If one desires nonlinear stability results which are sharp in the sense that the 
parameter threshold is close to that obtained by linear instability theory then a major 
sacrifice has to be made in the size of the initial data which are allowed in the stability 
domain. This is a particularly serious restriction. For, if RE denotes the nonlinear stabil
ity threshold and R is a parameter such as Rayleigh number then typically 
E(0) < a(RE — R) a , a > 0, a > 0, for a generalized energy £(/). Thus, as R-^RE , 
E{0) —> 0, i.e. the radius of attraction becomes vanishingly small. In this sense, the sta
bility so obtained is perhaps more a rigorous derivation of a linearization principle, with 
precisely defined constants. We should stress that when effects of a magnetic or elec
tric field are present, or when such as rotation is present, then the nonline aride s are 
particularly severe, and it is amazing any rigorous nonlinear stability results may be 
proved at all. In our opinion, the major goal to reach now in the nonlinear energy stabil
ity theory is to remove the conditional aspect, i.e. the restrictions of the aforesaid type 
on E(0), without lowering the threshold of the nonlinear stability. In this respect we re
call that in recent times much effort has been devoted to producing nonstandard argu
ments or changing the energy functional to achieve nonlinear stability without too re-

(*) Nella seduta del 13 giugno 1996. 
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strictive conditions on the initial data. These techniques are presently ad hoc. We men
tion specifically convection with black body radiation, Neitzel et al [14]; penetrative 
convection with quadratic, cubic and quintic density - temperature laws, thawing sub-
sea permafrost, and convection in a vertical porous slot, the last three topics being re
viewed in [27]. In this paper we produce what we believe is the first truly unconditional 
energy stability analysis for non-isothermal convection in a dielectric fluid subject to an 
AC current, cf. [26]. 

The problem of thermal convection in a layer of a dielectric fluid has attracted 
much recent attention and may be modelled from the general theories of e.g. Landau et 
al. [10], MuUer [11], Rosenweig [22]; stability studies of this problem are contained in 
e.g. [21, 27]. Here however, we are interested in a yet more recent instability found in 
dielectric fluids which arises when the electric field is an alternating one of sufficiently 
high frequency; in this case the polarization body force is the dominant force and 
strongly influences the instability mechanism. For instance, when a 2mm layer of the di
electric fluid nitrobenzene is heated from below a temperature difference of 3.2 °K will 
give rise to thermal convection, but when an oscillatory potential difference with a root 
mean square value lkV is applied across the layer then one only requires a temperature 
difference of 2.6 °K to see an equivalent thermal instability. The basic theory for this 
instability has been presented by Stiles [25] and Stiles et al. [26] who adopted the 
model of Roberts [21] to the problem at hand. The work of [25, 26] employed a con
stant viscosity and applied linear instability theory and weakly nonlinear stability theory 
respectively. 

Although it is an entirely different physical problem, it is important to realize that, 
the linear and nonlinear analysis presented here applies equally well to the thermally 
heated or cooled ferromagnetic fluid problem investigated by Blennerhassett et 
al. [1]. 

The plan of the paper is as follows: in Section 2 we introduce the perturbation equa
tions for convective motions in a polarized dielectric liquid between two horizontal 
planes. In Section 3 we first give the linear instability results obtained by Roberts [21] 
with the usual normal modes method, then we study the linear stability of the basic mo
tion with the Lyapunov second method. We introduce a Lyapunov function Ex (t) and 
show that - in the case of stress-free boundaries - the linear operator j£ governing the 
problem is symmetric in the inner product associated to the «norm» E1(t). Then, all the 
eigenvalues of the problem are real, i.e. the (strong) principle of exchange of stabilities 
holds and the transition from stability to instability occurs via a stationary state. More
over the critical stability region obtained in this way coincides with the classical linear 
instability analysis as found by Roberts [21] and Stiles [25], i.e. we obtain necessary and 
sufficient conditions of linear stability. In particular, for any fixed Rayleigh number, the 
critical Roberts number of linear instability Lc coincides with the critical Erstability 
Roberts number LEl. In Section 4 we introduce another Lyapunov function E2(t) = 
= E2pL (t) which is equivalent to Ex {t) and depends on a Lyapunov parameter// to be cho
sen. We consider the full nonlinear perturbation system and show a global nonlinear sta
bility result of the basic motion, i.e. the size of the initial energy E2 (0) is not restricted 
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whatsoever. Moreover we prove that for any fixed Rayleigh number R there exists a 
critical Lyapunov parameter juCTit(R) such that the critical nonlinear Roberts number 
LEl coincides with the critical linear Roberts number Lc. 

2. THE EQUATIONS FOR CONVECTTVE MOTIONS IN A POLARIZED DIELECTRIC LIQUID 

Let d > 0. We consider a dielectric liquid in a horizontal layer contained between 
the planes z = 0 and z = d with.constant upper and lower temperatures Tu and T/, with 
T/ > Tu or Tu> T/. We follow the model of Stiles [25] and Stiles et al. [26]. In their 
theory the polarization effects are manifested through the body force which has the 
form 

(2.1) / . = P'Vfi 

(cf. [10, p. 66]) where fe denotes the electrical body force, P is the polarization vector, 
P = D — e0Ey E is the electric field, D = eE is the electrical displacement field, £ the 
electrical permittivity and £0 is the electrical permittivity of free space. There is addi
tionally the thermal body force fT which is assumed to be linear in the temperature 
field, T. 

The momentum equation (Navier-Stokes) then assumes the form 

(2.2) vitt + vjvjti = - ( l /eo) />, / + 2(vDÎJ)J + aTgô0 + PjEitJ 

where a is the coefficient of thermal expansion, vi9p,g are velocity, pressure and gravi
ty fields, Djj = {v^j + Vjj)/2, and standard indicial notation is used. Here we fol
low [25, 26] and consider v constant and adopt a linear relationship for the electrical 
permittivity £ as a function of temperature. In a forthcoming paper we shall consider 
the case of a viscosity depending on the temperature. Stiles et al. [26] write the elettri-
cal permittivity as 

(2.3) e = er(T)e0y 

where the relative permittivity is 

(2.4) er = e ? + ^ | T / ( T - T ; ) , 

with ej? = er{Ti). 
In addition to equation (2.2) the model is completed with the continuity and bal

ance of energy equations 

(2.5) f/,/ = 0,' 

and 

(2.6) T>t + vtT>l=kAT, 

and the Maxwell equations 

(2.7) A,/ = 0, V X E = 0 . 

(2.7)2 implies the existence of an electrical potential field <P such that E = V<P. 
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The stationary solution whose stability we investigate is 

(2.8) v = 0, T=-Pz + Tlt p = {T,-Tu)/d, 

and this gives rise to an electric field which is given by 

(2.9) Ë = E0(l + j3zdlnsr/dT)k = (e?E0/(e° - k0 /3z))k , 

where k = (0, 0, 1), and k0 = der/dT\Tr The polarization vector is then, 

(2.10) P = e0(er-1)E = e0e?E0(l - (er° - k^z)'1 )k , 

and the pressure field p is obtained from equation (2.2). 
In the above an overbar denotes the steady state. 
The perturbation equations for the perturbation fields of velocity Uj, pressure JI, 

temperature 6 and electrical potential 0 are then, see [26, p. 3275], 

(l/Pr)(uitt + UjUU) = -7tj + Au{+ (R + L)0ô3-L(j))Zôi3 -L6(pJz 

(2.11) 
0 , +«,•»,• = «; + A6 

A<p = 6>z 

where a subscript z denotes differentiation with respect to z, % = (u,v,w) and the po
sitive numbers Pr,L are the Prandtl, and Roberts numbers, R is the Rayleigh number. 
The Roberts number (electric Rayleigh number) 

(2.12) L = (de/dT)2E^l32d4/ekfj 

is defined in terms of the electric permittivity e of the liquid (which depends linearly on 
the temperature T), the gradient of temperature /?, the root mean square electric field 
strength E0 in the absence of gradient of temperature /3, the gap d between the horizon
tal plates, the thermal diffusivity k and the shear viscosity / / .The Prandtl and the 
Rayleigh numbers are defined in the usual way. 

These equations hold in the three-dimensional planar region z e (0, 1). We suppose 
uiy JI, 0, (p are sufficiently smooth and satisfy a plane tiling pattern in the x, y directions 
so they define a perturbation cell V over the lateral boundaries of which their contribu
tions are equal and cancel out in the ensuing integrations by parts. 

The initial conditions which we use are 

(2.13) ui(x,0)=u0i(x), 6(x,0) = e0(x)> </>(x, 0) = (p0(x), 

with u0i, 60 and 0O which have the same regularity hypotheses of «,-, 0 and 0 and satisfy 
the equations u0ij = 0, A(p0 = 00>z. 

The boundary conditions on z = 0, z = 1 which we adopt are 

(2.14) uz = vz = w — 6 — 0Z = 0, on z = 0, z = 1 

which correspond to two free surfaces, cf. [21]. This may be perceived to not be too se
rious a restriction since in some experiments a «wetting agent» is added to stop the 
fluid coating the wall, cf. [23], and then the ferromagnetic or dielectric fluid will «see» 
free boundaries. The precise nature of boundary conditions is a matter of contention as 
Kaloni [8] points out and for now we adopt (2.14). In order to assure the uniqueness of 
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the basic motion, we also assume the «average conditions» (see [9]): 

(2.15) ludx = 0, lvdx = Q, l(j)dx = 0. 
V V V 

Moreover we consider the case Tu> Th i.e. R > 0. 

245 

(3.1) 

3. LINEAR STABILITY AND THE SYMMETRIC OPERATOR 

The linear instability of the basic motionless state (2;8)-(2.9) has been studied by 
Roberts [21] (see also [25]). He considers the linear version of system (2.11): 

"•(l/Pr)«,-,= -n>i + Aui+ (R + L)6ôé3 -L(pyZôD , 

et = w + AO, 

and he writes the equation for the marginal stationary state: 

' Au- + (R + L)0oo - L0 zô0 = ttj , 

w +A6 = 0 , 

Acp = e z. 

(3.2) 

Then, he uses the normal modes method with wave number a2 and he finds, for any 
given Rayleigh number, the critical Roberts number Lc above which there is linear 
instability. 

In the following tab. I we give the critical Roberts numbers Lc and the critical wave 
numbers a2 for different values of the Rayleigh numbers R. 

Now we study the linear stability of the basic motionless state with the Lyapunov 
second method by introducing a Lyapunov function E1(t). We prove that the 
linear operator associated to the norm Ex is symmetric, then we find necessary 

TABLE I. - Critical Roberts and wave numbers for assigned Rayleigh numbers. 

R Lc 

0 
100 
200 
300 
400 
500 
600 
650 
675.511 

9.215 
8.517 
7.774 
6.990 
6.181 
5.378 
4.991 
4.935 

1558.54 
1355.12 
1143.78 
922.6 
688.83 
438.81 
167.7 
22.45 

0 



2 4 6 G. MULONE ET AL. 

and sufficient conditions of linear stability: the critical values Lc found by Roberts 
coincide with those obtained with the £rLyapunov method. 

First we add to the equations (2.11) the evolution equation of the potential 0 of the 
electric field. From (2.11) we easily have: 
(3.3) A<p>t = ~uï>z6 j - UiA(j)ti + w)Z + AA(p. 

Here we employ the linear part of equation (3.3): 

(3.4) A</>tt = w>z + AA<f>. 

To the system (3.1), (3.3) we add the boundary conditions (2.14) and 

(3.5) ^0 ,z = O on z = 0, z = l . 

The last boundary conditions are consequence of (2.11) and (2.14). In fact, following 
Chandrasekhar [2, chap. II], by equation (2.11)3 and (2.14) we obtain the boundary 
conditions Ozz = 0onz = 0,z= 1. Then we take the derivative with respect to z of the 
equation (2.11)4 and use this last boundary conditions to get (3.5). 

Now we introduce the space X of the admissible functions, 

X = {u, 0y 0, sufficiently smooth, periodic in the x and y directions, 
satisfying the conditions (2.11)2, (2.11)4, (2.14), and (3.5)}, 

and we denote by X the closure of X with respect to the norm [||#||2 + ||#||2 + 
+ ||V0||2]1/2, where ||-|| and (•, •) denote the norm and the inner product in L2(V). 

We consider the Lyapunov function 

(3.6) E1(t) = lPr-
1\\uf + (R + L)\\d\\2-L\\V4>\\2y2, 

and use (3.1)4 to see that with the aid of the boundary conditions (2.14) and integra
tions by parts we get 

(3.7) (A<p,<p)= - | |V0| | 2 = ( 0 , , 0 ) = ~ ( 0 , 0 , , ) . 

Thus, from the Cauchy-Schwarz inequality we obtain 

(3.8) I IW-NHI 
and then for (u, 0, 0) e X it follows that 

IIW.II ̂  IMI 
i.e. El{t) is positive definite function of uiy 6y 0. 

Now we write the equations (3.1)i, (3.1)3, (3.4) in the form 

(3.9) autt = £U 

with U =(«,-,.6, 0), a = diag(PjR~1, 1,A) and 

£ = 

riA 

«5,3 

A d 

(R + L) 770,3 

A 

0 

-LòBnf 
az 0 

AA 
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where 77 is the projector operator on the space of the divergence-free vectors. Then, it 
is easy to see that J£ is symmetric with respect to the inner product associated to the 
norm Ex (t). 

In fact, for any Ui = (uUy 6l, 0 x) and U2 = {u2iy 02, <p2), by virtue of the bound
ary conditions, we easily have 

(3.10) (£UUU2) = ^n(Auu)u2i^(R+.L)n(01ôi5)u2i-Ln(ôo^ltZ)u2i + 
V 

HR + L)wle2^{R^L)Ael62
JtLwlyZ(t)2

JrL{AA(t)l)(t)2\dV = 

= \[{Auli)u2i + (R + L)0lw2 - Lcj)l zw2 + 
y 

+(R + L)w102 + (R + L)Ad162 + Lwl>z(i)2 + L(AA(/)l)<p2]dV = 

= \\uliAu2i+ (R + L)62wl- L<f>2iZw1 + 
v 

+ (R + L)w261 + (R + L)01A02-hLw2>z(/)1 + L<t>lAA^2'\dV = 

= (UU£U2). 

The symmetry of £ implies (cf. [3-5]) that the critical linear stability parameters {criti
cal Roberts number Lc) obtained by Roberts [21] and Stiles [25] with the usual «normal 
modes method» coincide with the critical ErLyapunov linear stability parameter LEl. 

The evolution equation of E1(t) is given by 

(3.11) HiC/) = 2(R + 7L)(6>)^) - 2 I . ( 0 ) Z , ^ ) - [||V//||2 + (R + 7L) ||V(9||2 -7L ||z!01|2] ^ 

^ (mv- 1)[||V*/||2 + (R + L) ||V0||2 - L \\A<p\\2] 

where 

2(R + L)(6,w) -2L((j) z,w) 
(3.12) mx = mx (R, L) = max „ :,,„—'— — 

* ||V//||2 + (R+L) | |V^ | | 2 -L | | z J0 | | 2 

and Xx is the space: 
Xx = {(«, 6, 0) e X, satisfying the conditions (2.15) and such that 

(*, 0 , 0 ) * ( 0 , 0 , 0 ) } . 

Concerning the existence of the maximum (3.12), let us notice that (3.1)4 

implies 

(3.13) | | J 0 | | ^ | |V0 | | . 

Therefore, on setting 

(3.14) a, = R + L j8! = ( l + L ) / R , 

for any 0 and 0 in Xiy we have 

(3.15) (R + L) | |V0 | | 2 -L | | z J0 | | 2 ^a 1 [ | |V0 | | 2 +L | | z l0 | | 2 ] ^ 

^ a 1 ) 8 1 [ ( R + L) | |V0| | 2 -L |M0| | 2 ] , 

and then the existence of the maximum can be proved as in Rionero [19]. (An easy cal-
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culation shows that at the criticality, i.e. for mx — 1, the Euler-Lagrange equations of 
this maximum problem coincide with (3.2)). 
From (3.11), there follows 

(3.16) Èt(t)< -(l-m1)D1 

where 

(3.17) Dt = \\Vu\\2 + (R + L)||V0||2 - L \\A<j)\\2 . 

Then, the condition 

(3.18) m^R.DK 1, 

which can be shown to be equivalent to 

(3.19) L<LC, 

because of the Poincaré inequalities 

(3.20) JZ2\\U\\2 ^ \\Vu\\2
y Jt2\\e\\2 ^ \\V0\\2

y JZ2\\V<P\\2 ^ ||zl0|P, 

implies 

(3.21) Ê, (t) ^ - ( 1 - ml)Dl ^ - ( 1 - ml)/pl [|| V/*||2 + || V#||2 + L ||z!0||2] ^ 

^ -2n2o{l - m,)/PdKlh¥ + \W + ^<t>ïï ^ 
^ ( - 2 j r 2 a ( l -ml)/a1pl)El9 

where 

(3.22) a = min(l,P r). 

From (3.21) we easily obtain the following theorem: 

THEOREM 3.1. For any given Rayleigh number R e [0, 657.511], the condition L < Lc 

implies exponential linear stability according to the inequality 

(3.23) E1 (t) ^E1(0)exp{-Vo(l-m1)t}y 

with 

(3.24) Vo= -27i2o{l-m1)/alpi. • 

4. UNCONDITIONAL NONLINEAR STABILITY 

In the previous Section we have seen that for any fixed Rayleigh number R the 
condition L <LC = LEl assures linear stability with respect to the Lyapunov function 

Now we consider the following Lyapunov function 

(4.1) E2(t) = E2fl(t) = [P-'WuW2 + fi\\e\\2 + L\\V<f>\\2]/2 , 

where ju is a positive parameter that will be chosen later. 
From the inequality (3.8) it is easy to verify that the Lyapunov function E2(t) is 

equivalent to E1(t) in Kx. In fact, for any u, <py 0 in Kx we have 

(4.2) E^t) *ï a/iE2(t) ^ dp PpE^t), 
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with a^, ^ given by 

(4.3) a^ = max ((R + L)/fiy l ) ^ = max ((fi + L)/R, l ) . 

We observe that, because of (4.2), the basic motion is linear stable also with respect to 
E2(t) and, by Theorem 3.1 and (4.2) it follows 

(4.4) E2(t) ^ a ^ ^ O ) ^ {-rj0(l - m^t} 

for any Roberts number L<LC. r 

Now we return to the full nonlinear system (2.11), (3.3) 

(l/Pr)(uitr+UjU-j)-= -JT>t+Aui+ (R+L)0òiò-L(j)ìZòtò-L6(p,lz , 

«,•,/ = 0 , 

(4.5) \ 0tt+'ur0','i = u> + A0, 

A(/> = e > z , 

Axp j = —uiz0 j — UiAcj) j + wz + ZlZl0 , 

with the initial conditions (2.13) and boundary conditions (2.14), (3.5). From (4.5)4 

and the boundary conditions we have 

(4.6) " ( 0 0 , « , Ui) + (uitZ 0 ,-, 0) + ( M 0 , / , 0) = 0, 

which implies the evolution equation for the Lyapunov function E2(t) 

(4.7) È200 = (R + L + / /)(^, 0) - L(00 j £ r , «,-) + L(uitZeti, 0) + 

+ L(uiA</>ii ,</>)- [||V^||2 + L||zI0||2 + ^ | |V0| |2] . 

From this it follows the inequality 

(4.8) E 2 ( / ) ^ ( ^ 2 - l ) [ | | V / / | | 2 + L | | 0 z | | 2 +/ i | |V0 | | 2 ] , 

where 

(4.9) m2 = max ((R + L + ^ ) ( ^ , 6)/(\\Vu\\2 + L ||0jZ ||2 + ju ||V6>||2)). 

We notice that also in this case the Rionero theorem [19] holds true. Obviously m2 = 
= m2(R,L, fi) and at the criticality 

m2 — m2 (R, L, fi) = 1 . 

Thus, for any given Rayleigh number the critical Roberts number LEl will depend on JU, 
LEl = LE2(fi). 

Now we solve the maximum problem (4.9). 
The Euler-Lagrange equations of the maximum problem (4.9) are 

2m2Aui+ (R + L + JU)0O3 = t/;ti , 
(4.10) 

(R + L + fi)w + 2m2 (LOn + /uAO) = 0 . 
By taking the third component of the double curl of (4.10)!, from (4.10) we have the 
system 

2m2AAw + (R + L + fi)AxQ = 0 , 
1 (R + L + fi)w + 2m2 (LO^ + JUAO) = 0 , 
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where A1 = d2 /dx2 + d2 /dy2, with the boundary conditions 

w = Aw = 6 = 0 on z = 0, z = l . 

From (4.11) a simple calculation gives 

(4.12) (R + L + ju)2 A ! w; - 4/w| (Lzlzl^ + pAAAw) = 0 . 

Following the standard normal modes method (see Chandrasekhar [2]) we can choose 
w(x,yfz) = W(z) cos {axx + a2y). The boundary conditions require that w and all its 
even derivatives vanish at the boundaries. From this it follows that the required sol
utions must be W{z) = C sin nitz where C is a constant and n is an integer. Substitution 
of this solution in (4.12) leads to the characteristic equation 

(4.13) (R + L + jU)2 a2 - Ami \L(n2n2 + a2)2n2n2 + ju(n2n2 + a2)3] = 0 , 

where a2 = a2 4- a2 is the wave number. Equation (4.13) gives 

m2(a
2

yn
2,v) = (R + L+ p)a/(2 ^L(n2Jt2 + a2)2n2it2 + /u(n2Jt2 + a2)3). 

The maximum with respect to n2 of m2(a
2 ,n2 ,ju) is assumed for n2 = 1. Hence, 

(4.14) m2 = min max ((R + L+ju)a/(2 ^L{jt2 + a2)27t2 + /I(JT2 + <z2)3)). 

We observe that the stability condition m2 < 1 is equivalent to 0 ^ L < LEl, where 

(4.15) LE, = max min { - ( £ + / * ) + 2JT2 (JT2 + a2)2 a "2 + 

+ 2(JT2 + a2)a ~l \jt4 (JT2 + a2 )2a ~2 - it2 (R + //) + //(jr2 + J 2 ) } . 

By solving numerically (4.15) (for example one can use the method given in the Appendix of 
the book of Straughan [27]) we shall obtain the critical Roberts numbers. 

In the following tab. II we give the critical Roberts numbers LEl, the wave numbers a2 and 
the critical Lyapunov parameter jucrk for different values of the Rayleigh numbers R. 

REMARK 4.1. We underline that in the interval R e [0,657.511] we have: LEl = 
— LEl= Lc, i.e. the coincidence between the linear and nonlinear critical Roberts 
numbers. • 

TABLE II. - Critical Roberts, wave and pi numbers for assigned Rayleigh numbers. 

R ac ^E2 

0 

100 

200 

300 

400 

500 

600 

650 

675.511 

71 

9.215 
8.517 
7.774 
6.990 
6.181 
5.378 
4.991 
4.935 

0 
53.55 

115.88 
190.43 
282.37 
399.17 
550.59 
642.63 
657.511 

1558.54 
1355.12 
1143.78 
922.6 
688.83 
438.81 
167.7 
22.45 

0 
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Now from (4.8) the condition m2 < 1 or, which is the same, L < LEl = Lc, will as
sure unconditional nonlinear exponential stability, i.e. the size of the initial energy E2 (0) 
is not restricted whatsoever. Then, the following theorem holds. 

THEOREM 4.1. For any given Rayleigh number R e [0,657.5111 the condition L < Lc 

implies unconditional nonlinear exponential stability according to the inequality 

E2(t)^E2(0)exp{-27i2(l-m2)t}. • 

REMARK 4.2. The evolution equation of E1(t) is 

(4.16) Èx(t) =2(R + L)(0,w)-2L(4>tZ,w) -L{Q(f> ilz,ut) -L (« , . z 0 ,-, 0 ) -

- L ( M 0 , / > 0) - d|V*/||2 + (R + L) ||V0||2 - LIM0II2] = 

= 2(R + L)(0, a;) - 2L(0 fZ, «;) - 2L(00à,.«,-) -

-[| |V//| |2 + (R + L) | |V0| | 2-L| |z l0 | | 2L 

Therefore, because of the presence of the cubic term — 2L{0(piziUi)y following the 
previously developed energy methods one should have expected a severe restriction on 
the initial data and then conditional nonlinear stability. The role of the choice of Lya-
punov function E2 (t) is to give the opportunity of overcoming this hard restriction and 
to obtain global nonlinear stability. 

Of course, standing the equivalence of E1 and E2, the condition L < Lc ensures also 
the unconditional nonlinear stability of the basic motion with respect to Ex. • 
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