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Meccanica dei fluidi. — Unconditional nonlinear stability in a polarized dielectric
liguid. Nota di GruseppE MULONE, SALVATORE RIONERO e BrIaN STRAUGHAN, presenta-
ta(*) dal Corrisp. S. Rionero.

AsstracT. — We derive a very sharp nonlinear stability result for the problem of thermal convection in
a layer of dielectric fluid subject to an alternating current (AC). It is particularly important to note that the
size of the initial energy in which we establish global nonlinear stability is not restricted whatsoever, and the
Rayleigh-Roberts number boundary coincides with that found by a formal linear instability analysis.

Key worps: Polarized dielectric liquid; Unconditional nonlinear stability; Generalized energy.

RiassuNto. — Stabilita non lineare incondizionata in un liguido dielettrico polarizzato. Otteniamo un risul-
tato di stabilita non lineare incondizionata per il problema della convezione termica di un fluido dielettrico
soggetto ad una corrente alternata (AC). E particolarmente importante osservare che la grandezza iniziale
dell’energia rispetto a cui stabiliamo il risultato di stabilitd non lineare globale non ha restrizioni e i numeri
critici di Rayleigh-Roberts ottenuti coincidono con quelli trovati con lanalisi formale della instabilita
lineare.

1. InTRODUCTION

The theory of nonlinear energy stability in fluid mechanics is a particularly useful
tool in obtaining sharp estimates below which stability is found, see e.g. [24,7,17-
19, 271. It has had success in predicting useful stability thresholds when magnetic
and electric field effects are present, see e.g. [12, 15-19, 27-30]. Indeed, steps to-
ward constructing a generalized energy which works in many problems have been tak-
en, see e.g. [6,20]. However, many of the references above suffers from a serious
drawback. If one desires nonlinear stability results which are sharp in the sense that the
parameter threshold is close to that obtained by linear instability theory then a major
sacrifice has to be made in the size of the initial data which are allowed in the stability
domain. This is a particularly serious restriction. For, if Ry denotes the nonlinear stabil-
ity threshold and R is a parameter such as Rayleigh number then typically
E(0) <a(Rg—R)*,a >0, a >0, for a generalized energy E(¢). Thus, as R >Ry ,
E(0) — 0, ie. the radius of attraction becomes vanishingly small. In this sense, the sta-
bility so obtained is perhaps more a rigorous derivation of a linearization principle, with
precisely defined constants. We should stress that when effects of a magnetic or elec-
tric field are present, or when such as rotation is present, then the nonlinearities are
particularly severe, and it is amazing any rigorous nonlinear stability results may be
proved at all. In our opinion, the major goal to reach now in the nonlinear energy stabil-
ity theory is to remove the conditional aspect, Z.e. the restrictions of the aforesaid type
on E(0), without lowering the threshold of the nonlinear stability. In this respect we re-
call that in recent times much effort has been devoted to producing nonstandard argu-
ments or changing the energy functional to achieve nonlinear stability without too re-

(*) Nella seduta del 13 giugno 1996.
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strictive conditions on the initial data. These techniques are presently ad hoc. We men-
tion specifically convection with black body radiation, Neitzel e a/. [14]; penetrative
convection with quadratic, cubic and quintic density - temperature laws, thawing sub-
sea permafrost, and convection in a vertical porous slot, the last three topics being re-
viewed in [27]. In this paper we produce what we believe is the first truly unconditional
energy stability analysis for non-isothermal convection in a dielectric fluid subject to an
AC current, cf. [26].

The problem of thermal convection in a layer of a dielectric fluid has attracted
much recent attention and may be modelled from the general theories of e.g. Landau ez
al.[10], Muller [11], Rosenweig [22]; stability studies of this problem are contained in
e.g.[21, 27]. Here however, we are interested in a yet more recent instability found in
dielectric fluids which arises when the electric field is an alternating one of sufficiently
high frequency; in this case the polarization body force is the dominant force and
strongly influences the instability mechanism. For instance, when a 2mm layer of the di-
electric fluid nitrobenzene is heated from below a temperature difference of 3.2 °K will
give rise to thermal convection, but when an oscillatory potential difference with a root
mean square value 1kV is applied across the layer then one only requires a temperature
difference of 2.6 °K to see an equivalent thermal instability. The basic theory for this
instability has been presented by Stiles [25] and Stiles e# /. [26] who adopted the
model of Roberts [21] to the problem at hand. The work of [25, 26] employed a con-
stant viscosity and applied linear instability theory and weakly nonlinear stability theory
respectively.

Although it is an entirely different physical problem, it is important to realize that,
the linear and nonlinear analysis presented here applies equally well to the thermally
heated or cooled ferromagnetic fluid problem investigated by Blennerhassett er
al. [11.

The plan of the paper is as follows: in Section 2 we introduce the perturbation equa-
tions for convective motions in a polarized dielectric liquid between two horizontal
planes. In Section 3 we first give the linear instability results obtained by Roberts [21]
with the usual normal modes method, then we study the linear stability of the basic mo-
tion with the Lyapunov second method. We introduce a Lyapunov function E; (¢) and
show that — in the case of stress-free boundaries — the linear operator £ governing the
problem is symmetric in the inner product associated to the «norm» E; (¢). Then, all the
eigenvalues of the problem are real, 7.e. the (strong) principle of exchange of stabilities
holds and the transition from stability to instability occurs via a stationary state. More-
over the critical stability region obtained in this way coincides with the classical linear
instability analysis as found by Roberts [21] and Stiles [25], 7.e. we obtain necessary and
sufficient conditions of linear stability. In particular, for any fixed Rayleigh number, the
critical Roberts number of linear instability L, coincides with the critical E;-stability
Roberts number Lg, . In Section 4 we introduce another Lyapunov function E, (¢) =
= E,, (¢#) which is equivalent to E; (¢) and depends on a Lyapunov parameter u to be cho-
sen. We consider the full nonlinear perturbation system and show a global nonlinear sta-
bility result of the basic motion, Ze. the size of the initial energy E, (0) is not restricted
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whatsoever. Moreover we prove that for any fixed Rayleigh number R there exists a
critical Lyapunov parameter f . (R) such that the critical nonlinear Roberts number
L, coincides with the critical linear Roberts number L.

2. Tue EQUATIONS FOR CONVECTIVE MOTIONS IN A POLARIZED DIELECTRIC LIQUID

Let d > 0. We consider a dielectric liquid in a horizontal layer contained between
the planes z = 0 and z = d with,constant upper and lower temperatures T, and T}, with
T,>T,or T, >T,. We follow the model of Stiles [25] and Stiles e# al. [26]. In their
theory the polarization effects are manifested through the body force which has the
form

(2.1) f£.=P-VE

(cf. [10, p. 66]) where f, denotes the electrical body force, P is the polarization vector,
P =D — ¢4E, E is the electric field, D = ¢E is the electrical displacement field, € the
electrical permittivity and € is the electrical permittivity of free space. There is addi-
tionally the thermal body force fi which is assumed to be linear in the temperature
field, T.

_ The momentum equation (Navier-Stokes) then assumes the form
(22) Z)l',l + Ujvj’i = - ( 1/Qo)p’l‘ + Z(VDZ])J + OLTgég + P/‘Ei)/'

where a is the coefficient of thermal expansion, v;, p, g are velocity, pressure and gravi-
ty fields, D; = (v;; +v;,)/2, and standard indicial notation is used. Here we fol-
low [25, 26] and consider v constant and adopt a linear relationship for the electrical
permittivity ¢ as a function of temperature. In a forthcoming paper we shall consider
the case of a viscosity depending on the temperature. Stiles et a/. [26] write the elettri-
cal permittivity as

(2.3) e=¢,(Tey,

where the relative permittivity is

de,
(24) 6r=89+ Zf'T](T—Tl))

with ! = ¢,(T)).
In addition to equation (2.2) the model is completed with the continuity and bal-
ance of energy equations

(2.5) v;,; =0,

and

(2.6) T,+vT,;=kAT,
and the Maxwell equations

(2.7) D;;=0, VXE=0.

(2.7), implies the existence of an electrical potential field @ such that E = V@,
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The stationary solution whose stability we investigate is

(2.8) v=0, T=-pg+T, B=(T,-T,/d,

and this gives rise to an electric field which is given by

(2.9) E=E(1+ fzdine, /dT) k= (e2E,/(° — ko ) k
where £ = (0, 0, 1), and ky = de, /dT|r,. The polarization vector is then,
(2.10) P=¢y(e,— 1)E = €,e Ey(1 — (e° — koffr) 1) &,

and the pressure field p is obtained from equation (2.2).

In the above an overbar denotes the steady state.

The perturbation equations for the perturbation fields of velocity #,, pressure 7,
temperature 6 and electrical potential ¢ are then, see [26, p. 3275],

(1/Pr)(ui’[+ ll]' llz')/') = —J‘[',-+Au,- + (R +L)0(5,3 —L¢,Zéi3 —L0¢,iz

u; ; = 0

(2.11) '
0,+twu0,=w+40
49 =0,

where a subscript z denotes differentiation with respect to z, #; = (u, v, w) and the po-
sitive numbers P,, L are the Prandtl, and Roberts numbers, R is the Rayleigh number.
The Roberts number (electric Rayleigh number)
(2.12) L = (3e/ 3T’ E¢B*d* | ekn
is defined in terms of the electric permittivity € of the liquid (which depends linearly on
the temperature T), the gradient of temperature 3, the root mean square electric field
strength E, in the absence of gradient of temperature 3, the gap d between the horizon-
tal plates, the thermal diffusivity £ and the shear viscosity #. The Prandtl and the
Rayleigh numbers are defined in the usual way.

These equations hold in the three-dimensional planar region z € (0, 1). We suppose
u;, 7, 0, ¢ are sufficiently smooth and satisfy a plane tiling pattern in the x, y directions
so they define a perturbation cell V over the lateral boundaries of which their contribu-
tions are equal and cancel out in the ensuing integrations by parts.

The initial conditions which we use are

(2.13) ui(x,0) =uy(x), 6O(x,0)=0y(x), ¢x,0)=¢y(x),
with %, , 8 and ¢ o which have the same regularity hypotheses of #;, 6 and ¢ and satisfy
the equations uy; ; =0, A¢o =0, ,.

The boundary conditions on z =0, z =1 which we adopt are
(2.14) uw,=v,=w=0=¢,=0, onz=0, z=1
which correspond to two free surfaces, cf. [21]. This may be perceived to not be too se-
rious a restriction since in some experiments a «wetting agent» is added to stop the
fluid coating the wall, cf. [23], and then the ferromagnetic or dielectric fluid will «see»
free boundaries. The precise nature of boundary conditions is a matter of contention as
Kaloni [8] points out and for now we adopt (2.14). In order to assure the uniqueness of
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the basic motion, we also assume the «average conditions» (see [9]):

(2.15) JuW=Q J¢w=m J¢w=0.
vV 1% v
Moreover we consider the case T, > T;, ze. R > 0.

3, LINEAR STABILITY AND THE SYMMETRIC OPERATOR

The linear instability of the basic motionless state (2.8)-(2.9) has been studied by
Roberts [21] (see also [25]). He considers the linear version of system (2.11):

‘(I/Pr)ui,t = —_ﬂ,z' +Auz + (R +L)0613 _‘Lgb,zai} ’

Z‘z'izo?

(3.1) '
0,=w+40,
49 =96 .,

and he writes the equation for the marginal stationary state:

Au; + (R+L)606; - Lo 05=m ;,

uz‘,i: 0>
(3.2)

w+ 40 =0,

Ap =0 ,.

Then, he uses the normal modes method with wave number 22 and he finds, for any
given Rayleigh number, the critical Roberts number L, above which there is linear
instability.

In the following tab. I we give the critical Roberts numbers L, and the critical wave
numbers ¢ for different values of the Rayleigh numbers R.

Now we study the linear stability of the basic motionless state with the Lyapunov
second method by introducing a Lyapunov function E;(¢). We prove that the
linear operator associated to the normnz E; is symmetric, then we find necessary

TasLe L — Critical Roberts and wave numbers for assigned Rayleigh numbers.

R a? L.

0 7’ 1558.54
100 _ 9.215 1355.12
200 8.517 1143.78
300 7.774 922.6
400 6.990 688.83
500 6.181 438.81
600 5.378 167.7
650 4.991 22.45

675511 4.935 0
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and sufficient conditions of linear stability: the critical values L. found by Roberts
coincide with those obtained with the E;-Lyapunov method.

First we add to the equations (2.11) the evolution equation of the potential ¢ of the
electric field. From (2.11) we easily have:
(3.3) A = —u; 0, —u,A¢ ;+w ,+ AAp.
Here we employ the linear part of equation (3.3):
(3.4) A, =w ,+ A4¢.
To the system (3.1), (3.3) we add the boundary conditions (2.14) and
(3.5) 4¢ .=0 on z2=0, z=1.
The last boundary conditions are consequence of (2.11) and (2.14). In fact, following
Chandrasekhar [2, chap. IT], by equation (2.11); and (2.14) we obtain the boundary
conditions €., = 0 onz = 0,z = 1. Then we take the derivative with respect to z of the
equation (2.11), and use this last boundary conditions to get (3.5).

Now we introduce the space I of the admissible functions,

X ={u, 0, ¢, sufficiently smooth, periodic in the x and y directions,
satisfying the conditions (2.11),, (2.11),, (2.14), and (3.5)},

and we denote by IC the closure of I with respect to the norm [||a|P + ||@|F +

+ || Vo|1¥2, where ||+|| and (-, -) denote the norm and the inner product in L2(V).
We consider the Lyapunov function

(3.6) Ei (&) = [P |ulP + (R + L) |6[* - L[Ve[/2,

and use (3.1), to see that with the aid of the boundary conditions (2.14) and integra-
tions by parts we get

(3.7) (49, 9) = —[VolF=(6,.,0)= (6,6 .).
Thus, from the Cauchy-Schwarz inequality we obtain
(3.8) IVl <l

and then for (#, 0, ¢) € I it follows that

Ei(0) > 2 (P ulf + R]6)P)

Vel <6l

ie. E|(¢) is positive definite function of u;, 0, ¢.
Now we write the equations (3.1);, (3.1);, (3.4) in the form
(3.9) au,=eu

with U = (;, 0, ¢), @ = diag(Pg', 1, 4) and

4 (R+L)1s, —La,}z?g—Z
L= (31'3 A 0
6, 2 0 44
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where IT is the projector operator on the space of the divergence-free vectors. Then, it
is easy to see that £ is symmetric with respect to the inner product associated to the
norm E; (2).

In fact, for any U; = (uy;, 01, ¢1) and U, = (uy;, 05, ¢,), by virtue of the bound-
ary conditions, we easily have

(310) (£U1> U2) = J[H(Aﬂli)uzl' + (R + L)H(015i3)u2i - LH(61'3¢1,Z)Z‘2£ +
v
+(R+L)w, 05+ (R+L) 40,0, + Lw, ,¢»+L(A4¢,) $,1dV =

= J[(Auu)uzj + (R + L)91w2 - L(pl,zwz +
)4
+(R+L)w,0,+(R+L)A46,6,+Lw, ,¢,+L(AA¢p,) $,1dV =

= f[”1iA”2i +(R+L)0O,w,— Lo, w, +
%

+(R + L)wZel + (R + L) 01A62 + LZ.UZ)Z ¢1 + L¢1AA¢2]dV =
b (Ul N £U2 ) .
The symmetry of € implies (cf. [3-5]) that the critical linear stability parametets (criti-
cal Roberts number L,) obtained by Roberts [21] and Stiles [25] with the usual «normal

modes method» coincide with the critical Ei-Lyapunov linear stability parameter Ly,
The evolution equation of E;(¢) is given by

(3.11)  E (1)=2(R+L)(0,w)—2L(¢ ,,w)—[|Val?+ (R+L)|VOJ?—L| 4|1 <

< (my = DI Val? + (R + L) [ VO] - L]l 4¢ ]
where

2(R +L)(6,w) - 2L(¢ ., w)
(3.12) my =my (R, L) = max > P
* |[Val? + (R + L) |[VOIF = L|ag|?
and I, is the space:
3, = {(u, 6, ¢) € I, satisfying the conditions (2.15) and such that
(u,0,¢)#(0,0,0)}.

Concerning the existence of the maximum (3.12), let us notice that (3.1),
implies

(3.13) lagll < [vell.
Therefore, on setting
(3.14) a,=R+L Bi1=(1+L)R,

for any ¢ and 6 in C;, we have
(3.15) (R+L)|VOIP - L|dglP < a,[|VO|? + L||4¢|?] <
" < ;B[R + L)||VoIF — L]l 441,

and then the existence of the maximum can be proved as in Rionero [19]. (An easy cal-
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culation shows that a¢ the criticality, i.e. for m, = 1, the Euler-Lagrange equations of
this maximum problem coincide with (3.2)).
From (3.11), there follows

(3.16) E, (1)< —(1=m,)D,

where

(3.17) D, = |Val? + (R + L)||VO|? = L||4¢]? .
Then, the condition

(3.18) m(R,L) <1,

which can be shown to be equivalent to

(3.19) L<L,,

because of the Poincaré inequalities
(3200 Aulf < |Val?, a?llolF <[Vol?, x*[VelF <aglP,
implies
(321)  Ei() < —(1=m)Dy < (1= my)/B:[|Val? + |VOIF + L]l4g|P] <
< —27%0(1 = my)/ By [P al? + ||0fF + L|[Vo 1 <
< (-2n%0(1 —my)/a,B1)E,
where
(3.22) o =min(1, P,).

From (3.21) we easily obtain the following theorem:

Tueorem 3.1. For any given Rayleigh number R € [0, 657.511], the condition L < L,
implies exponential linear stability according to the inequality

(3.23) Ei(t) SE (0)exp { —no(1 —my)t},
with
(3.24) no= —2r°0(1 —m)/a,B;. ]

4, UNCONDITIONAL NONLINEAR STABILITY

In the previous Section we have seen that for any fixed Rayleigh number R the
condition L < L, = Lg, assures linear stability with respect to the Lyapunov function
E,.

Now we consider the following Lyapunov function

(4.1) E,(t) = Ep, () = [P, |ae|? + u||6F + LIV |1/ 2,

where u is a positive parameter that will be chosen later.
From the inequality (3.8) it is easy to verify that the Lyapunov function E, () is
equivalent to E{(¢) in ;. In fact, for any #, ¢, 0 in I(; we have

(4.2) E (¢) < a,Ey(t) < a, B, Ey (1),
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with a,, B, given by
(4.3) a,=max (R+L)/u,1) = B, =max ((u+L)/R, 1).
We observe that, because of (4.2), the basic motion is /izear stable also with respect to
E,(¢) and, by Theorem 3.1 and (4.2) it follows
for any Roberts number L < L.. .
Now we return to the full nonlinear system (2.11), (3.3)

( (1/Pr)u; , +u;ju; ;)= —m ;+ Au; + (R +L)00; — Lo , 05 — LO¢ ,, ,

ui,z' = 0)
(45) 3 0, +u 6, =w+46,
49 =0 .,

| Ap, = ~u;.0 ;—wdp ;+w, + Adp,

with the initial conditions (2.13) and boundary conditions (2.14), (3.5). From (4.5),
and the boundary conditions we have

(46) —(0¢,iz: ui) + (uz',z 0,[’ ¢) + (uz'A¢,z') ¢) = 0)
which implies the evolution equation for the Lyapunov function E, (¢)
(47) Ey(0)=@R+L+p)(w, 0 —L(O¢ ;, u;) +Lw; .0 ,;,¢)+

+L(u; A9, ) = UVal? + L] 4glP + u[VO[1.

From this it follows the inequality
(4.8) Ey(t) < (my = D[|Val? + L6 .| + 1 [ VO[T,
where
(4.9) my = max (R + L+ u)(w, 0)/([Val? + L6 [ + ]| VO[).
We notice that also in this case the Rionero theorem [19] holds true. Obviously 72, =
=m,(R,L,u) and at the criticality
my=my(R,L,u)=1.

Thus, for any given Rayleigh number the critical Roberts number L, will depend on u,
Lg, = Lg, (@)
Now we solve the maximum problem (4.9).
The Euler-Lagrange equations of the maximum problem (4.9) are
(4 10) 2m2Au,+(R+L+,u)9(3,3=l/)y,,
' (R+L+u)w+ 2my (LO, + ud0) =0.

By taking the third component of the double cu#/ of (4.10);, from (4.10) we have the
system

200, Adw + (R+L+u)A4,0=0,
4.11) { 2 #reh

(R+L+u)w+2m,(LO, +ud0) =0,
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where A, = & /dx* + 3% /dy?, with the boundary conditions
w=Adw=0=0 on z2=0, z=1.

From (4.11) a simple calculation gives

(4.12) (R+L+uPAyw — 4m2 (LAAw, + pAAdw) = 0.

Following the standard noral modes method (see Chandrasekhar [2]) we can choose
w(x,y,z) = W(z)cos (a;x + a,9). The boundary conditions require that w and all its
even derivatives vanish at the boundaries. From this it follows that the required sol-
utions must be W(z) = C sin nrz where C is a constant and # is an integer. Substitution
of this solution in (4.12) leads to the characteristic equation

(4.13) (R+L+u)a®—4m2(L(n?m +a*Pn’a? + un’*a* +420°1=0,

where 42 = a + a} is the wave number. Equation (4.13) gives

my(a?,n?, 1) = (R+L+u)a) @ \Ln?x? + a?)?n?m? + u(na? + a??) .

The maximum with respect to #2 of m,(a?,n*, u) is assumed for »? = 1. Hence,

(4.14) 7, = min mazxx((R +L+ua/(2 \/L(Jt2 + a2 + u(w? + a?))).

We observe that the stability condition 7z, < 1 is equivalent to 0 < L < Lg,, where

(4.15)  Lg, = max min {-R+pu)+ 277 +a%)?a 2+

+2(n2 +a2)a " Vat (a2 +a)a 2~ 2 (R + ) + u(a® +a?) } .
By solving numerically (4.15) (for example one can use the method given in the Appendix of
the book of Straughan [27]) we shall obtain the critical Roberts numbers.
In the following tab. Il we give the critical Roberts numbers L, , the wave numbers ¢ and
the critical Lyapunov parameter y; for different values of the Rayleigh numbers R.

Remark 4.1. We underline that in the interval R e [0,657.511] we have: Lg, =
=Lg, = L., ie. the coincidence between the linear and nonlinear critical Roberts
numbers. W

TasLe II. — Critical Roberts, wave and u numbers for assigned Rayleigh numbers.

R a Hocrie Lg,

0 a? 0 1558.54
100 9.215 53.55 1355.12
200 8.517 115.88 1143.78
300 7.774 190.43 922.6
400 6.990 282.37 688.83
500 6.181 399.17 438.81
600 5.378 550.59 167.7
650 4.991 642.63 22.45

675.511 4.935 657.511 0
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Now from (4.8) the condition 72, < 1 or, which is the same, L < Lg, = L,, will as-
sure unconditional nonlinear exponential stability, 7.e. the size of the initial energy E, (0)
is not restricted whatsoever. Then, the following theorem holds.

Tueorem 4.1. For any given Rayleigh number R € [0, 657.511), the condition L < L,
implies unconditional nonlinear exponential stability according to the inequality

E,(¢) S E,(0)exp { —2n%(1 — m,)t}. ]
Remark 4.2. The evolution equation of E, (#) is
(4.16) E () =2(R+L)(0,w) — 2L(¢ ,,w) —L(0¢ ;,,u,) —L(u; .0 ;, ¢) —
—L(w, A9 ;, ¢) = [|Va|* + (R + L) | V6|7 - L[ 4¢[F] =
=2(R+L)8,w) —2L(¢ ,,w) — 2L(0¢ ,,u,) —
—[||Va|? + (R + L) ||VO|? — L|4¢|1.

Therefore, because of the presence of the cubic term —2L(0¢ ., #,), following the
previously developed energy methods one should have expected a severe restriction on
the initial data and then conditional nonlinear stability. The role of the choice of Lya-

punov function E, (¢) is to give the opportunity of overcoming this hard restriction and
to obtain global nonlinear stability.

Of course, standing the equivalence of E; and E,, the condition L < L, ensures also
the unconditional nonlinear stability of the basic motion with respect to E;. B
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