ATTI ACCADEMIA NAZIONALE LINCEI CLASSE SCIENZE FISICHE MATEMATICHE NATURALI

RENDICONTI LINCEI
MATEMATICA E APPLICAZIONI

TULLIO VALENT

An abstract setting for boundary problems with
affine symmetries

Atti della Accademia Nazionale dei Lincei. Classe di Scienze Fisiche,
Matematiche e Naturali. Rendiconti Lincei. Matematica e Applicazioni,
Serie 9, Vol. 7 (1996), n.1, p. 47-58.

Accademia Nazionale dei Lincei

<http://www.bdim.eu/item?id=RLIN_1996_9_7_1_47_0>

L’utilizzo e la stampa di questo documento digitale é consentito liberamente per motivi
di ricerca e studio. Non é consentito 1'utilizzo dello stesso per motivi commerciali.
Tutte le copie di questo documento devono riportare questo avvertimento.

Articolo digitalizzato nel quadro del programma
bdim (Biblioteca Digitale Italiana di Matematica)
SIMAI & UMI
http://www.bdim.eu/


http://www.bdim.eu/item?id=RLIN_1996_9_7_1_47_0
http://www.bdim.eu/

Atti della Accademia Nazionale dei Lincei. Classe di Scienze Fisiche, Matematiche e
Naturali. Rendiconti Lincei. Matematica e Applicazioni, Accademia Nazionale dei
Lincei, 1996.



Rend. Mat. Acc. Lincei
5. 9, v. 7:47-58 (1996)

Fisica matematica. — An abstract setting for boundary problems with affine symme-
tries. Nota (*) di TuLLio VALENT, presentata dal Socio G. Grioli.

AsstracT. — Two symmetries of affine type for any mapping acting between Banach spaces are de-
scribed and studied. These symmetries translate certain structural properties of boundary value problems
for differential operators to an abstract setting.

Key worps: Symmetries for operators; Affine representations of Lie groups; Boundary value prob-
lems; Elasticity.

Ruassunto. — Una formulazione astratta di problemi al contorno con simmetrie affini. Vengono descritte
e studiate due simmetrie di tipo affine per un operatore agente tra spazi di Banach. Tali simmetrie traduco-
no, in un contesto astratto, delle proprita strutturali di problemi al contorno per operatori differenziali, co-
me viene mostrato attraverso vari esempi.

PrEFACE

For a mapping A: U ¢ X — Y, with X, Y real Banach spaces and U an open subset
of X, we consider two symmetries of affine type (in the sense that they are defined
starting from two affine representations of a Lie group G — one on X and the other on Y
— related by a linear mapping 7: X — Y, which, when A «describes» a boundary prob-
lem, can have the meaning of a «trace mapping»).

The second symmetry seems unlike the first one, because it involves the representa-
tions of G on X and Y through their differentials and depends on an inner product on
Y. Nevertheless, after proposing and discussing, in Sect. 3, a definition of «potential»
for A with respect to 7 and an inner product on Y, in Sect. 4 we prove (see Theorem
4.1) that the second symmetry is a consequence of the first one when A has a «poten-
tial» and satisfies (2.5), and the representations of G on X and Y have two easily stated
properties (one of which is expressed in a particularly simple manner using the notion
of the derived algebra of a Lie algebra, and is trivially satisfied if the Lie group G is
semi-simple).

In Sect. 5 we examine closely a situation which is typical when the mapping A «de-
scribes» a boundary value problem for a differential operator and 7 is a «trace map-
ping». Finally, in Sect. 6 we present some relevant examples arising from the study of
Neumann’s problems, and, in particular, of the «traction problem» in linear and non-
linear elastostatics. We observe that a consequence of Theorem 4.1 applied to Example
2 in Sect. 6 is that for any hyperelastic material (without internal structure) the princi-
ple of the material frame-indifference implies the symmetry of the Cauchy stress: how-
ever, as we remark in Sect. 6, this fact can be directly proved without difficulty.

In a subsequent article devoted to a perturbation problem in the presence of affine
symmetries we shall be dealing with an equation of the type A(x) + €B(x) = 0, where

(*) Pervenuta all’Accademia il 31 ottobre 1995.
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A: U — Y is an operator having the symmetries considered in this paper, B: U — Y'is a
given (perturbation) operator, and ¢ is a parameter; we shall show that a crucial role is
played by the second symmetry of A when the first symmetry is present, in order to
prove existence theorems.

1. PRELIMINARIES

We shall deal with a mapping A: U ¢ X — Y, with X, Y real Banach spaces and U
open in X. Let us denote by @(X) the (Banach) space of continuous, affine mappings
from X into itself equipped with the norm

P> [0 + sup {llp(x) — w(O).: bl < 1},
where | * ||; is the norm of X, and by £(X) the subspace of A(X) whose elements are
(continuous) linear mappings. The symbols A(Y) and £(Y) have an evident, analogous
meaning.

In order to introduce affine symmetries on the operator A, we need to consider a
Lie group G, and affine representations g+ @, of G on X and g+, of G on Y (this
means that g+~ g, is a homomorphism of group G into the group of invertible elements
of A(X), and g~ g, is a homomorphism of group G into the group of invertible ele-
ments of A(Y)). We will suppose that mappings g —> g, and g > g, are of class C', and
denote by v =R, and v +> R, their differentials at the identity element e of group G; so
v+>R, and v+ R, are continuous, linear mappings from the tangent space T, G to man-
ifold G at e into A(X) and A(Y), respectively. For any g € G, let /, be the linear part of
0,, and /, be the linear part of g,, so that

0, (x) =1L (x) +0,(0), g (y)=1[(y)+g,(0)
for allx € X and y € Y. The differentials at ¢ of mappings g/, and g »»Z; will be denot-
ed by v+ L, and v — L, ; they are continuous, linear mappings from T, G into £(X) and
£(Y), respectively. As, for all ve T.G, xe X, and y e Y,

R,(x) = (% 0O exp (1) (x))/l:o ,

/0= (2 G ) o

=

we have

(1.1) R,(x)=L,(x) +R,(0), R,(9)=L,(»)+R,(0).

2. SYMMETRIES FOR OPERATOR A

We shall consider symmetries for the operator A: U — Y expressed by the follow-
ing property: an affine representation g — @, of a Lie group G on X, an affine representation
g0, of G on Y, a continuous, lincar mapping v: X —Y, and an inner product
(1,92) > y1 092 on Y exist such that o,(U)c U, Vge G, and

(2.1) @o‘t=ToQg, VgEG,
(2.2) Alg,(x)) =1 (A(x)), VgeG and VxeU,
(2.3) A(x)eR,(z(x)) =0, VoeT,G and VxeU.
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Note that from (2.1) it followé that, for any v e T,G, xe X and A€ R

5exp().v) (T(x)) = t(Qexp (Av) (x)) ,
which implies, after differentiating at 4 = 0, that

(2.4) R, (1(x) = 7(R, (x)) ;

thus (2.3) can be written in the form

(2.3) Alx)et(R,(x)) =0, VYveT,G and VxeU.
Note also that, in view of (1.1), (2.3)" implies

(2.5) Ax)e1(R,(0)) =0, WoeT,G and VxeU.

We shall prove (see Theorem 4.1) that, if (2.5) holds and operator A has a potential
with respect to T and the inner product « on Y (in a sense that we shall make precise),
then (2.2) implies (2.3)" (and hence (2.3), if (2.1) holds) provided the representations
g0, and g—>g, of G have the following properties (2.6) and (2.7):

(2.6) L(y1)el(y:) =y10y,, VgeG and Vy,, y,eY,

(2.7)  the derived algebra of {L,:v e T,G} is pointwise dense in the subspace
{L,:veT,G} of £X).

Of course, in (2.7) T, G has to be regarded as a Lie algebra (with the Lie algebra struc-

ture induced by the Lie algebra of the Lie group G). Obviously, condition (2.7) is ful-

filled if T, G coincides with its derived algebra; this occurs, for instance, when the Lie

group G is semisimple (see, e.g.,[3, p. 313]).

3. PotenTIALS FOR A MAPPING A: UcX—>Y

In this section: X, Y are real linear spaces, U is any subset of X, t: X — Y is a linear
mapping, By is an inner product on Y, ((H, By), @y ) is a Hilbert completion of
(Y, By) (ie. H is a Hilbert space with inner product By, and ¢y is a linear isometry of
(Y, By) onto a dense subspace of H), and /5 denotes the canonical isomorphism of H
onto ints dual H'.

We will say that a function f: H— R is a potential for a mapping A: U — Y with re-
spect to T and By if f is Gateaux-differentiable and

(3.1) JaopuoA=f"opyot|y,
where f' is the Gateaux-differential of f.

Remark 3.1. Let (K, Bx), @) be another Hilbert completion of (Y, By), let jx be the
canonical isomorphism of K onto its dual K', and let @ be the canonical linear isometry of
the Hilbert space K onto the Hilbert space H so that ¢ o ox = @y . If f: H— R is a poten-
tial for A with respect to T and By, then also the function fo ¢: K — R is a potential for A
with respect to T and By.

Proor. Let f: H— R be a potential for A with respect to 7 and By, and let
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g =foq. Then

g (ox ) =f"(@lox ) e =f"(eu(y)) @,
for all y € Y, and hence

(g opron)x) =f (pu(z(x))op, VxeX.
Thus, in view of (3.1), we obtain, for x € U, (g' o @g o7)(x) =ju (@ (A(x))) o @.
Therefore g is a potential for A with respect to 7 and By (e, jxo@goA =
=g o@yot|y) if and only if ji (@y(A(x))o @ = jx (@ (Ax))), Vx e U.
Well, this equality is true because
Ja@a®) e =jk(px(), WyeY,
and the last equality follows from the fact that, for all £ e K, we have

(Ga(@u ) o @) (&) =y (@r () @k) = Bulen ), @),
(k (@x &) = Bx (@ (9), B) = Bu(@p(px ), k) = Bu(pu(y), @k)). ™

In concrete cases arising when the pair (4, 7) describes a boundary problem, 7 is
one-to-one and 7(X) is dense in Y when Y has the topology defined by the inner prod-
uct By (but not for the original topology of Y). In this situation we can find other,
equivalent definitions of potential for A with respect to 7 and Sy. To this end, we con-
sider on X the inner product By defined by putting

(3.2) Bx (x1,%2) = By (1), 7(x;))

for all x;, x, € X, and we observe that to any Hilbert completion ((H, 8y), @) of
(Y, By) one can associate the Hilbert completion ((H, B8y), ¥x) of (X, Bx) where
Yy = @y oT; conversely to any Hilbert completion ((H, B), ¥ ) of (X, Bx) one can
associate a Hilbert completion ((H, By), @y ) of (Y, By) such that ;= @yot, by
taking as @ i the continuous, linear extension to Y of the linear isometry 7(x) — 1 (x)
from the dense subspace ©(X) of (Y, By) into (H, By).

Now, if fy: H— R is a potential for A with respect to 7 and By, and we set

(3.3) fr=fuoou,

then, denoting by f; and £ the Géateaux-differentials of f and fy, we have
A @) = filon () opn, VxeX,

and hence, as fi7(@y(t(x))) =7y (@ (A(x))), Vx e U, we obtain

(3.4) A ) =ju(py(Ax)opy, VxeU.

Conversely, if a function fy: Y — R satisfies (3.4) and a Gateaux-differentiable func-
tion f1: Y— R is related to fy by (3.3), then clearly jp oy oA =ffjo@yot|y, ie,
fa: H— R is a potential for A with respect to 7 and fSy.

Furthermore, if f: H— R is a potential for A with respect to 7 and 8y, and the
function fx: X — R is defined by

(3.5) fx=faovu,
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then fx(x) = (W (x)) oy, Vx € X namely (as Yy = @y o1),

A& =flon(@x)oyy, VreX,
which gives
(3.6) fi(x) =juleu(Ax)) oy, Vxel.
Conversely, if a function fx: X — R satisfies (3.6) and a Gateaux-differentiable func-
tion fi: H— R is related to fx by (3.5), then evidently fy; is a potential for A with re-
spect to 7 and fy.

Thus (when 7 is one-to-one and 7(X) is dense in (Y, By)) any Géteaux-differentiable
Sunction fx: X — R satisfying (3.6) and any Géiteaux-differentiable function fy: Y — R
satisfying (3.4) can be called a potential for A with respect to T and By.

Often, when X and Y are function spaces, the pair ((H, ), ¥y) is a functional
completion of (X, Bx), so that ¥y is the identity function from X onto a dense sub-
space of H. In this case the condition (3.6) takes the simpler form

f},(lU=jH°(pH°A-

4. THE MAIN RESULT

We are now in a position to prove the main result of this paper, which has been pre-
sented in Sect. 2.

Tueorem 4.1. Let X, Y be real Banach spaces, let U be an open subset of X, let t: X —
— Y be a continuous, linear mapping, let (y1,y,) >y oy, be an inner product on Y defining
a topology weaker than the topology of Y, and let A: U — Y be a C -mapping. If A admits
a potential with respect to T and the inner product o baving a symmetric second Géteaux-
differential, and (2.1), (2.5), (2.6), (2.7) hold, then symmetry (2.2) implies (2.3).

Proor. Let f: H— R be a potential with respect to 7 and e having a symmetric sec-
ond Giteaux-differential /", and let (2.1), (2.2), (2.5), (2.6), (2.7) be fglfilled. From
(2.2) it follows that, for all v € T,G, A€ R, and x € U, A(Q exp (1) (%)) = Lexp (i) (A (),
which yields
(4.1) A" ()R, () = L, (A)) .

On the other hand, using (2.6) we obtain y, oZXp ) 1) =1 .l:xpw) (y,) forall v e
eT,G, y1, y,€Y and A e R, and this easily gives
42) L,(A(x)et(x;) = =L, (t(x,)) e A(x) forall veT,G, xe U, and x;eX.
From (4.1) and (4.2) it follows, for all v € T.G, x € U, and x; € X,
A’ (x)(R, (x)) e tlay) = =L, (x(x,)) e Alx),
namely, by (2.4),
(4.3) A" (x)(R, (x)) e T(xy) = —7(L, (x1)) o Alx) .

Since, in view of (3.1),

Jao@poA' (x) =f"(pu(t(x)) o@pyor, VxeU,
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we have, for any xe U and &, £,€X,
A’ (x)(&1) o & = Bulpu(@ ()(E)), gu(&y)) =
= Bu (g (/" (9u (t)))(@u (x(£), 9u(E,)) =
= (f"(ou())on (HEI N pn(E,)),

where By denotes the inner product on the Hilbert space H, @y is a linear isometry of
(Y, By) onto a dense subspace of H, and ;i denotes the canonical isomorphism of H
onto its dual (see Sect. 3). Thus, for any x € U and any v;, v, € T,G, we have

A" ()R, (%)) 0 7(R,, () = ((f" (@ (1)) (@g (z(R,, )@y (2R, (x)))) ,
A" (x)(R,, (x) o 7(R,, () = ((f" (@1 (2(x))) (@1 (z(R,, ))))) (@ (x(R,, (x)))) ,

and hence
(4.4) A" (x)(R,, (x)) e 7(R,,(x)) = A" (x)(R,,(x)) e T(R,, (x)),

because

(/" (@u (te) (@ 0N @n 32)) = (F"(@r (@) (@n 02 @r (1)),
for any x € U and any y,, y, €Y.
Combining (4.3) and (4.4) we obtain A(x)e7((L, L,, — L,,L, )(x)) =0 for any
x€ U and any v,, v, € T.G. Then, in view of (2.7), we have

Alx)et(L,(x)) =0, VxeU and WeT.G,

and this implies (2.3)" because of (2.5). To conclude the proof it is sufficient to recall
that, by (2.1), properties (2.3) and (2.3)" are equivalent. W

5. REMARKS ON THE CASE WHEN OPERATOR A DESCRIBES A BOUNDARY PROBLEM

Mapping A can describe a boundary value problem for a differential operator, as we
shall see in the next section. In this case Y is a product of Banach spaces, say Y = Y; X
X ... X Y,, and spontaneously there are Banach spaces X, ..., X, in each of which X is a
dense subset, and for eachj = 1, ..., r there is a continuous, linear mapping 7; from X;
onto Y;. In this section we place ourselves in this situation, and we put 7(x) =
= (t;(x));=1, ..., Vx € X. The meaning of 7 is that of a «trace mapping». Furthermore, in
concrete cases related to boundary value problems for differential operators the follow-
ing facts occur:

@) X, Xy,...,X,,Y,Y,, ..., Y, are spaces of R”-valued functions (for some 7).
A norm || - || is assigned on the linear space of real valued functions that are the #» com-
ponents of the elements x of X, and one considers on X a norm defining the product
topology. A norm on X, ..., X,, Y1, ..., Y, is chosen in a similar way.

(i) X is invariant under composition with all affine mappings from R” into
itself.

(¢i7) If an element x of X takes its values in a one-dimensional, linear subspace of
R”, then 7,(x), ..., 7,(x) take their values in that subspace.
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(7v) The affine representation g @, of G on X arises from an affine representa-
tion g—>a, of G on R” in the following way: g, (x) = a, ox.

When this occurs it is easy to see that, for every g € G, g, remains continuous (and
hence a homeomorphism) also when the linear space X is equipped with the topology
defined by each of the seminorms x +> ||‘r,~ (x)||Yj ,J =1, ..., r, and also with the topology
induced on X by that of each X;, j =1, ..., r; thus g, can be extended to an affine
homeomorphism @] from X; onto itself, and, for eachge G andj =1, ..., 7, there is
¢;(g) € R such that

lle; G oDl < ¢ @l )l . Vxe X
Then, putting for each (x/);_,  ,eX; X ... XX,

Z;((Tj(xj))j=1,..,,r) = ((Tj OQé)(xj))j= 1.7

it is easy to verify that 7; is a one-to-one, continuous, linear mapping (and hence a linear
homeomorphism) from Y; X ... X Y, onto itself such that /, o7 = 70/,. Of course, /, is
the linear part of the affine mapping @, from Y; X ... X Y, into itself defined by
putting

@jg ((Tf (xj))j= 1, r) = ((Tj OQg)(xj))j= 1.,r
for all (x/);=; . ,eX; X .. XX,
In conclusion: i the conditions (i), (i1), (iii) are satisfied, then for every representation
g+>0, of G on X of the type described in (iv) there is an affine representation g —> 0, of G on
Y which satisfies (2.1).

6. ExampLES FROM NEUMANN’S PROBLEMS

In this section we present some examples of concrete operators A satisfying the
symmetry assumptions (2.1), (2.2) and (2.3); they arise from the study of Neumann’s
boundary problems of the divergence type, in particular from the treatment of the
«traction problem» in finite elastostatics and in linearized elastostatics.

To this end, let us denote by M,, « , the set of real 7 X # matrices, by M, the set of
real #» X n matrices, by M, the set of Z € M,, such that det Z > 0, by I the unit element
of the ring M, , by Sym,, the set of symmetric elements of M,,, by Skew, the set of skew
symmetric elements of M,,, and by O, the set of elements Z of M, such that ZT =
=Z"', where ZT is the transpose of the matrix Z.

Bearing Neumann’s problems for second order differential operators in mind, we
make the following two choices of the spaces X, X;, Y, considered in the previous
section:

X=Wk+2'p(Q,Rm), X=Ck+2,l(§’Rm),
X, =Y, =Wk2(Q,R"), X, =Y, =C**(Q,R"),
X2=Wk+1’p(9,Rm), XZ___Ck-t-l,ﬂ.(ﬁ’Rm),

Y2=Wk+1—1/p,p(aQ,Rm), Y2=C/e+1,l(ag’Rm)’
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where Q is a sufficiently smooth, bounded, open subset of R”, and 1 <peR, A€
€]0, 1[, and p(& + 1) > #. They are spaces of R”-valued functions; their definitions and
properties can by found, for instance, in Valent [2]. For both choices of these spaces,
we take as 7;: X; — Y; and 7,: X, — Y, the functions defined by putting, for any x; €
eX, and x, € X,,
Ty(%) =%, T2(x2) =%, | a0,
and we take as a completion of Y; X Y, the pair ((H, By), @), where H is the
product
L*(R2,R”) X L*(32,R"),

@y is the identity function from Y; X Y, into H, and B is the inner product on H de-
fined by

Br((1,52), 01,92) = [3:1 ()91 (Ot + [ 5,(6)9,(1)do,
Q R

with - denoting the inner product on R”. Thus, by (3.2), we have

By, %) = [51 (D) (0)de + [ 303, (0)do, Vi, meX.
Q EYe)

Moreover, we take as U the set of orientation-preserving diffeomorphisms of £ on-
to a subset of R” belonging to X. We observe that, since X is continuously embedded in
CY(R2,R"), U is open in X (cfr.[1, Ch. 2, Th. 1.4]).

Here, we deal with a (Neumann) operator A: U—Y; X Y, of the form
(6.1) A(x) = (— divS(x), S(x)[s0v) ,

where v is the outward, unit normal to 882 and S(x) is the mapping from Q into M,, » ,
obtained from a given smooth function s: 2 X M, —M,, ,, by setting
(6.2) S(x)(2) =s(¢, ox(2)), Ve,

with dx the gradient of x. (In Valent [2, Chapter II], it is proved that, actually, A maps
Xinto Y; X Y, for both previous choices of the spaces X, Y;, Y,, provided s and Q are
sufficiently smooth).

ExampLE 1. We take as G the group of translations of R” and define g,, 0, for any
g€ G and 7 by putting
(63) Qg(x)=g°x) @(yl)y2)=(goy1)g°y2)) T(x)=(x:x|ag)
for allx € X and (y,,y,) € Y; X Y,. Then conditions (2.1) and (2.2) are evidently satis-
fied. Also condition (2.3) is satisfied, by virtue of the divergence theorem; indeed,
since T, G is the set of constant functions from R” into itself and R, (x) = v, Vx € X and
Vv e T,G, condition (2.3) becomes

-—JdivS(x)+IS(x)v=O, VxeU.

Q o

Exampii 2. Let 7z = n. Then mapping A defined by ((6.1), (6.2)) is the (#-dimen-
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sional version of the) finite elastostatics operator. In the physical context, £2 represents a
reference configuration of an elastic body and function x represents a deformation of
the body, while function s defines the elastic response in the sense that s(z, 9x(¢)) is the
first Piola-Kirchhoff stress at point # when the body is deformed by x. In accordance
with the principle of material frame-indifference, and the balance of angular momen-
tum we suppose that

(6.4) s(t,RZ) =Rs(¢,Z), V(¢ Z,R)e2 XM} X0, ,
(6.5) s(t,Z)ZT = Sym, , Vit,Z)e Q x M, .

In this example we take as G the group of isometries of R” (Z.e., functions from R” into
R” of the type y+=>¢ + Ry, with c e R and R € 0, ), and define 7 and g, g, for each
isometry g of R” as in (6.3).

It is evident that (2.1) holds and that (2.2) follows from (6.4) (combined with (6.1)
and (6.2)). We now show that (6.5) (combined with (6.1) and (6.2)) implies symmetry
(2.3). Since T, G is the set of (affine) functions v: R” — R” of the type v(¢) = ¢ + W%,
(¢te R"), withc e R” and W e Skew,, and R, (x) =vox, Vv € T,G and Vx € X, condi-
tion (2.3)" (equivalent to (2.3)) says that

— j((divS(x))(t))-(c + Wx(£))dt + I (SG)E)v(2) - (c + Wx(£))do =0
I?) )

for all c e R”, W e Skew, and x € X, where * denotes the inner product of R”. In view
of (6.2) and the divergence theorem, this condition becomes

1'% j ax(2)s(t, () dt =0, VYWeSkew, and VxeX,
Q

namely

J ox(t)s(¢, Ox(2))T dt € Sym,, VxeX.
e

Then, in order to conclude our proof, it suffices to observe that the last condition is sat-
isfied if (6.5) holds.

Remark. Suppose that there is a C!-functions w: Q X M, — R such that

(6.6) stt,Z) = w(t,Z), N, Z)e@xXM;,
and set
(6.7) £ilx) = j wl(t, 3x(¢)) dt

for x € U. Consider on X the inner product By, and observe that the Gateaux-differen-

tial £/ (x) of f, at x is (the continuous, linear form on (X, Bx)) defined by
£ E)x) = j wlt, () Ox(t)dt, (xeX),
9
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namely, in view of the divergence theorem, by

frx)(x) = - J’((divS(f))(t))'x(l‘)dH' I (SG)@) v(2)) x(2)do .
@ Exel
Then
(6.8) i ®) =ju(Ax)er, Wxel,
where 7y is the canonical isomorphism of H onto its dual defined by putting

7a31,52)091,92) = Bu((1,32), 91,92))

for all (31,%2), (91,%2) € H. Note that, in the particular case we are discussing, (6.8)
coincides with (3.6), because here @ (A(x)) = A(x¥) and vy = 7. Thus, when (6.6)
holds, the function f, defined by (6.7) is a potential for A with respect to T and the inner
product By on Y1 X Y,, (see Sect. 3). Consequently, in view of Theorem 4.1, symmetry
(2.2) implies (2.3) when (6.6) holds. On the other hand, this is in agreement with the
fact that symmetry (6.5) is a consequence of (6.4) when (6.6) holds. In order to see that
(6.4) implies (6.5) provided (6.6) holds, we obsetve that, for any fixed # € 2 and
ZeM,, from (6.4) it follows that

s, (expW)Z) = (expW)s(¢,Z), VW e Skew,,
which easily gives 9,s(¢, Z) ZW = Wsl(¢, Z), YW € Skew,, and hence

3,5(¢,Z)ZWZT = Ws(¢,Z)ZT, VW e Skew, .

Now, if (6.6) holds, this implies Ws(¢, Z) ZT = 0, Vw e Skew,,, namely (6.5), because
3,5(t, Z) € Sym, by (6.6), while ZWZT e Skew, .

Exampie 3. Let m = #, and

(6.9) S(x) =( > S a/exh) )
hke1 i lm

where x;, is the A-th component of the R”-valued function x, and the s,;, are given real-
valued functions defined on € such that

(6.10) Stk = Shki »

(6.11) Sijk = Sjibk -

In this case, the mapping A defined by ((6.1), (6.2), (6.9)) is the (#-dimensional version
of the) linear elastostatics operator. Functions sy, (¢,7,h, k=1, ...,7), having the
properties (6.10) and (6.11) can be obtained from the M,-valued function
s(=(s;);;=1,..,) in Example 2 by putting s; (¢) = 97,5 (¢, I); indeed, symmetries
(6.10), (6.11) follow from the symmetries (2.2) and (2.3) of 5. Here we take as G the
tangent space at the identity function from R” into itself to the manifold of isometries
of R”; thus G is the (additive) group of (affine) functions g: R” — R” of the type
gt)=c+ Wt, (teR”), with c e R” and W e Skew, . Furthermore, we consider the
(affine) representations g+>@, of G on X and g—>g, of G on Y; X Y, defined by
putting

o(x)=x+glg, ©01,y2)=011gla,72+2gle).
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Then (2.1) holds with 7 defined by 7(x) = (x, x| 50 ), (x € X). Here e = 0, and R, (x) =
=yforallx e Xand ally e T,G = G; moreover/, (y;,9,) = (yl,yz)forallv € T.Gand
all (y1,y,) € Y; X Y,. Thus (2.2) becomes A(x + g|g) = A(x), Vge G and Vx e X,
namely A(g|g) = 0, Vg € G; this condition is satisfied, for in view of ((6.10), (6.11)),
we have 5,3, = 5,3, and hence S(g|5) =0, Vg € G. As regards condition (2.3), we ob-
serve that here (2.3), which is equivalent to (2.3), becomes

- J’((divS(x))(t)) “(c+ Wt)dt + f (S&) @) v(2):(c + Wt)do =0
9 EY:)
for allx € X, c € R” and W e Skew, (where - denotes the inner product on R”), and we
note that, by the divergence theorem, this condition means that, for all x € X, the
matrix

b
( > Jsgbk(t)a,exb(t)dt)
hk=1 -
Q iL,j=1,...,n

is symmetric. Thus (2.3)' is a consequence of (6.11).

7. CONCLUDING REMARKS

In this article our intention is to present and analyze the framework within which
next papers of the present author devoted to the local analysis of solutions of perturba-
tion problems with affine symmetries could find their natural context. In such papers
we shall consider an equation of the form F(x, £) = 0 with F a mapping from X X R
into Y such that F(+, 0) has the symmetries described and discussed here. As a first step
we shall deal with a mapping F affine in &, and hence with an equation of the

type
(7.1) A(x) + eB(x) =
where A and B are given mappings from X into Y, and A has the symmetries considered
in sect. 2.
We remark that, when A is the finite elastostatics operator defined in Example 2 in

the previous section the meaning of B is that of a loading operator. An interesting
example of (loading) operator B = (B;, B,) is the following:

{B L(x)@) = b, (2, x(t) x(t)), te,

7.2
(7.2 B, (x)(2) = b,y (¢, x(2), (cof Ox(2)) v(2)), tedR,

where cof Ox(#) is the matrix of cofactors of the matrix Ix(z) and
b: QXR"XM,—-R", b,:02XR"XR,—>R"

are given functions. Observe that (cof dx(¢)) v(¢) is an element of R” parallel to the nor-
mal to the boundary of x() at x(¢), and that example (7.2) includes the simple but sig-
nificant case when B describes the load which acts on a heavy elastic body submerged
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in a quiet, homogeneous, heavy liquid; in this case
By (x)(#t) =u,(t)u, teQ,
B, (x)(t) = —py ((x(2)-u) cof 3x(¢)) w(¢), tedR,

where # is a fixed element or R? with |#| = 1, u, is a real-valued positive function de-
fined on £, u, is a positive constant, and - denotes the inner product on R>.

Only the case of dead loadings (i.e. the case when B is a constant operator) has been
completely studied from the point of view of the local existence and bifurcation analysis
(see [1, and references therein]).

In a subsequent paper we succeed in associating to any abstract (perturbation) op-
erator B, at any (x,, go) € X X G, certain linear subspaces of T, G that serve to discrim-
inate situations of essential singularity from those in which the singularity is apparent.
Moreover, a local existence theorem is proved for the equation (7.1) when A possesses
the symmetries considered in this article. Thus a wide variety of those perturbation
problems with symmetries where boundary operators appear will be treated in a unitary
way. In particular, such theorem applies to the perturbation problems arising, in finite
elastostatics, when one deals with loadings which depend on the unknown deformation
x in a general manner ([ive loadings), as in example (7.2).
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