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Geometria. — Complex geodesics and isometries in Cartan domains of type four.
Nota (*) del Socio Epoarpo VESENTINIL

Asstract. — Holomorphic maps of Cartan domains of type four preserving the supports of complex
geodesics are characterized, providing, in particular, a new description of holomorphic isometries.

Key worps: Cartan domain; Complex geodesic; Holomorphic isometry; Moebius transformation.

Ruassunto. — Geodetiche complesse ed isometrie in domini di Cartan del quarto tipo. Vengono caratteriz-
zate le applicazioni olomorfe dei domini di Cartan del quarto tipo che conservano i supporti di geodetiche
complesse, ottenendo una nuova caratterizzazione delle isometrie olomorfe.

Isometries between Riemannian manifolds are characterized by their behaviour on
geodesics: namely by their mapping geodesics onto geodesics and affine parameters on-
to affine parameters. The natural question arises whether a similar characterization of
isometries still holds when differentiable manifolds, geodesics for Riemannian metrics,
and differentiable maps are replaced by complex manifolds, complex geodesics for in-
variant Finsler metrics and by holomorphic maps. In this context the situation is far
from being as clear-cut as in the differentiable case. First of all, complex geodesics may
or may not exist; when they do exist, no general existence and uniqueness statement
seems to be available which might be compared to the classical one holding in the dif-
ferentiable case. Examples, in which the complex manifold is the open unit ball in some
normed space, endowed with the Carathéodory metric, show that the behaviour of
complex geodesics is related to the fine structure of different parts of the boundary of
the ball. It is worth noticing, at this point, that the amount of information about the
complex geodesics depends on the geometry of the ball, and — not unexpectedly — the
information is more complete when the ball is a bounded, homogeneous, symmetric
domain.

Concentrating the attention on these domains, the problems that will be discussed
here are centered on the following question: given two bounded, homogeneous, sym-
metric domains D and D', endowed with their Carathéodory metrics, and an injective
holomorphic map F: D — D', does the fact that F transforms all complex geodesics on
D into complex geodesics on D' imply that F is a holomorphic isometry?

This question has been already investigated — and the answer turns out to be affir-
mative — in the two cases in which D and D' are open unit balls in complex Hilbert
spaces or in the Banach spaces of all continuous functions on two compact Hausdorff
spaces.

In this latter case the requirements on the behaviour of F on all complex geodesics
can be weakened considerably, and thatseems to indicate a qualitative difference with

(*) Pervenuta all’Accademia il 4 agosto 1995.
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what happens in the case of Riemannian manifolds. It turns out that the hypothesis
whereby F maps any complex geodesic passing through a pre-assigned point of D and
converging to some extreme point of the boundary of D, onto a complex geodesic of
the same kind in D' suffices to insure that F is a holomorphic isometry.

In this paper, the investigation will be carried out in the case of another class of
bounded, homogeneous, symmetric domains: the Cartan domains of type four. More-
over, pursuing a research initiated in [4], the holomorphic functions F: D — D' map-
ping supports of complex geodesics into supports of complex geodesics — which have
been called projective holomorphic mappings — will be characterized.

1. Let ¢ be a complex Hilbert space with dim¢3C > 1, and let § be a closed
subspace of the Banach space £(IC) of all bounded linear operators on I¢C. It will
be assumed henceforth that & is a Cartan factor of type four [1], Ze. that & is self-
adjoint (&* = &) and that, for every X e 8, X? is a scalar multiple of the identity
I e £(30).

The uniform norm in & will be denoted by ||| |||, and |||| will stand for the Hilbert
space norm in &, defined by the inner product (| ):

2XIVMI=XY*+Y*X (X,Ye$d).

The open unit ball D for the norm || || in & (Cartan domain of type four) is defined, in
terms of the norm |||, by

D= [ze& IZ|]? < %(1 +1(Z|Z2*))?) < 1],
and the boundary 3D of D is given by
D ={zes: ||Z|| =1} = [Zeé;: 2P = 20+ |(z12*)17) < 1}.
Setting, for » > 0, B(r) = {Z € &:|Z|| <7} and 8,D = B(1) NAD, then
D ={zes:|z|=|(z|z*)| =1} =
={Ze&:|Z|=1,Z* =e®Zfor some R} =
= {e"X: 0 e R, X self-adjoint unitary operator contained in 8} .

The set 9, D, which — borrowing the terminology from the finite-dimensional case — in
this paper will be called the distinguished boundary of D, consists of all complex (= real)
extreme points of the closure, cl(D), of D. If dim¢ 3C < ®, 9,D is the Shilov boundary
of cl(D).

The adjunction operator Z +> Z* defines a conjugation in §, whose real elements are
the bounded linear self-adjoint operators acting on IC.

Given a second Hilbert space 9¢" with dim¢ 9¢" > 1, 8" ¢ £(3¢") will, in the follow-
ing, be a Cartan factor of type four, and D', 3D’, 3,D' will be the Cartan domain of
type four associated to &', its boundary and its distinguished boundary; || ||| and | || will
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stand for the uniform norm and for the Hilbert space norm in both & and &'; L* will de-
note the adjoint of a bounded linear operator L in § or in &'

For A € £(8, &') (the Banach space of all bounded linear operators from § to §'), the
conjugate A € £(8, &') is defined by

A(Z) = A(Z*)*
for all Z e &. Hence, if X € § is real, then A(X) = A(X)*.
Let A e £(8,8) be such that
(1) A(3,D)cd,D".
That is equivalent to requiring that, if there exists £(Z) € R such that Z* = ¢*?)Z, then
there is #(Z) € R for which
AZ)* = "D A(Z).
Thus, if X and Y are real,
AX) = AX)* = "WAX),  A(Y) = A(Y)* = eV A(Y).
Since for # € R, also X + Y is real, then
eMXA(X) + 1MV A(Y) = "X+ (A(X) + tA(Y)) .

Hence, if A(X) and A(Y) are linearly independent, then "X+ = %) = (@Y for 4]|
teR.

Lemma 1. If Ae £(8,8') is injective, there exists n € R such that A(Z)* =
=eMA(Z*) for all Z € 8.

Indeed, the continuous linear operators A and ¢ A coincide on the real linear sub-
space Re & consisting of all self-adjoint linear operators contained in &, and therefore
coincide on &.

Setting C = e’"2A € £(8, &), then C(Z)* = e "2 A(Z)* = ¢'V2A(Z*) = C(Z*)
for all Z € §&; that is to say, C is a real operator. For X € §\ {0} self-adjoint, consider the
unitary operator U = (1/[|X]|) X acting on 9¢. Then C(U)* = C(U*) = C(U), and, in
view of (1), [C(U)|=]|U| =1, ie. C(X)*=C(X) and |C(X)| = |X]| for all real
Xedé.

If X, Y € & are real, the equalities |X + Y| = |IX]? + ||[YI? + 2(X]Y) and ||C(X +
+ V)2 = ICX)P + [CIP + 2(CX)|C(Y)) imply then: (C(X)|C(Y)) = (X|Y), ie.

(2) (COPCX)|Y) = (X|Y),
where C© e £(8', 8) is the adjoint of C with respect to the Hilbert space structures of &
and &'. Since, for any T € £(8, 8'), T® = T®, then C®C is a real operator, which, by

(2), is the identity on Re § and therefore on 8. Hence the following proposition
holds.

Prorostmion 1. If A € £(8, 8') is injective and satisfies (1), there is a constant o € R
such that ¢’ A is a real linear isometry for the norm |||.
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As a consequence of Theorem I of [3](!), that yields

Tueorem 1. Let the operator A € £(8, 8') be injective. Then A is a linear isometry for
the uniform norm || || i and only if, A maps 3yD into 3yD’.

Now, let F: D — D' be a holomorphic map for which F(0), and such that, for every
X edyD, either there is e A\{0} (where 4 is the open unit disc of C) for
which

(3) (1/8)F(¢X) e 8,D',
or
(4) gliino(l/C)F(@:X)ea(,D'.

Since 8yD and 9y D" are the sets of all complex extreme points of cl (D) and cl (D), by
the Schwarz lemma [1],

(5) F(§Z)=¢dF(0)Z
foralZe D and all { e C with || < 1/ || Z||. Being dF(0)X € 3,D" for all X € 3, D,

Theorem 1 implies that JF(0) is a linear isometry for ||| |||. Thus ( cf. [3] and biblio-
graphical references therein), the following proposition holds

Prorosrrion 2. If the holomorphic map F: D — D' is such that: F(0) = 0, dF(0) is
injective and, for every X € 9yD, either (3) or (4) holds, then F is an isometry for the
Carathéodory metrics in D and in D'.

Cororrary 1. If F(0) = 0, if dF(0) is injective and if dF (0)X is a unitary self-adjoint
operator for every self-adjoint unitary operator X € &, then F is an isometry for the
Carathéodory metrics in D and in D'.

2. These latter results will now be stated also in terms of complex geodesics. If D is
the open unit ball in a complex Banach space &, a complex geodesic in D is a holomor-
phic map ¢: 4 — D which is an isometry for the Poincaré metric on 4 and the
Carathéodory metric on D [2]. The set ¢(4), which is closed in D and is called the sup-
port of ¢, determines the complex geodesic up to a Moebius transformation of 4, in
the sense that, if the support of a complex geodesic 9: 4 — D coincides with that of ¢,
then there is a Moebius transformation A of 4 onto A such that ¥ = ¢ o4; and
viceversa.

Denoting by || ||| the norm in &, for any V e §\{ 0}, the map &+~ (&/ || V||) V of 4
into D, is a complex geodesic whose support contains 0 and whose tangent vector at 0 is
collinear to V.

For Ze D and V e 8\{0}, let I'(Z; V) be the set of all complex geodesics ¢ such
that Z € ¢(A) and that the tangent vector at Z is collinear to V. If ¢ e I'(0; V), replac-
ing ¢ by ¢ oA, for a suitable choice of the Moebius transformation 4 of 4 onto 4, one

(1) The theorem was established in [3] when & = &'. However, the proof carries over, with only minor
formal changes, to the case in which § # §&'.
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can assume that ¢(0) = 0. By the maximum principle [[¢’(0)|| = 1. Moreover, if
(1/IVI) V is a complex extreme point of cl(D), then, by the strong maximum princi-
ple, ¢ is given by ¢(&)=C¢'(0). In particular, the support of ¢ is
{&V: ISl VIl <1}, and is thus uniquely determined by V. Viceversa, if all ¢ e
e I'(0; V) have the same support, then V is collinear to a complex extreme point of
cl(D). That proves

Lemma 2. For all V e 8\{0}, I'(0; V) # @. All elements of I'(0; V) have the same sup-
port if, and only if, (1/||V||)V is a complex extreme point of D.

Going back to the case in which & is a Cartan factor of type four, Corollary 1 and
Lemma 2 yield

Lemma 3. For V e 8\{0}, all complex geodesics contained in I'(0; V) bave the same
support if, and only i, V is self-adjoint.

Since the group Aut D of all holomorphic automorphisms of D acts transitively,
then I'(Z; V) # @ for all Ze D and all Ve §\{0}.

For Z e D and V e dD\{0}, let Z(Z; V) be the set of all complex geodesics ¢ for
which there is a holomorphic map ¥ of a neighbourhood of cl(4) into &, whose restric-
tion to A is ¢, and such that Z € ¢(4), Ve HA4).

If Ve 6,D, then I1(0; V) = E(0; V). Since every element G € Aut D is the restric-
tion to D of a bi-holomorphic map G of a neighbourhood of ¢l (D) onto a neighbout-
hood of cl(D), which leaves J,D invariant, then

E(Z; V) = G(8(0; G (V)
for all Ze D, and all V € 9;D, where G is any holomorphic automorphism of D map-
ping 0 to Z.
In view of (5) and of Corollary 1, the holomorphic isometries for the Carathéodory

metrics on D and D' can be characterized in terms of £(Z; V') and of the analogous sets
E'(Z'; V') defined on D'. More specifically, (5) and Corollary 1 yield

Tueorem 2. Let F be a holomorphic map of the Cartan domain of type four D C 8 into
the Cartan domain of type four D' C §'. Then, F is an isometry for the Carathéodory metrics
of D and D' if, and only if, there is some Z € D such that dF (Z) is injective and, for every
bpeZ(Z; V) with Ve d,D, Fop e Z(¢p(Z); V') for some V' € 8,D’.

3. The hypotheses of Corollary 1 on the holomorphic map F: D — D’ will now be
weakened, assuming only that F(0) = 0, that dF(0) is injective, and that, if X € & is a
self-adjoint unitary operator, then F(£X) € &' is a self-adjoint operator for all # con-
tained in a neighbourhood of 0 in [0, 1). This latter condition can be rephrased by re-
quiring that there exist £ € (0, 1] and y(z, X) € R, such that

(6) F(X)* = eSO F(£X)
for all [0, &).
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Let
F(Z)=P,(Z)+P,(Z2)+...(Ze D)

be the power series expansion of F in D, where P,: § — &' is a continuous homoge-
neous polynomial of degree » =1, 2, ....

The above condition amounts to requiring that, whenever X* = X e 8 and [|X|| = 1,
then

P, (X)* =" PP, (X)
for all z=1,2,... and all £€[0, €). Hence y(¢, X) is independent of ¢.

Let P, =d F(0) € £(8, &) be injective. Then, by Lemma 1, ¥(X) is independent of
X, and therefore there is y € R such that

P,(X)* =e”P,(X)
for »=1, 2, ... and for all self-adjoint operators X € 8. The holomorphic function

Z+—P,(Z)* — e P,(Z*) vanishes on Re 8, and therefore vanishes identically on &.
Hence

F(Z)* — ez’y F(Z?‘c)
for all Ze D.
If W' e &' is orthogonal to F(X) for all self-adjoint operators X € D, then the scalar-
valued holomorphic function Z+ (F(Z)|W') vanishes on D N Re &, and therefore
vanishes on D, ze. W' L F(Z) for all Z € D. Thus, if W' € §’\{0} and W' L dF(0)X

for all self-adjoint operators X e § implies that W' L F(X) for all self-adjoint operators
X e D, then, for every Z € D, there is f(Z) € C such that

(7) F(Z)=#Z)dF(0)Z.

Since d F(0) has been assumed to be injective, for any Z, e D\{0} there is a con-
tinuous linear form A’ on &' such that A’ (dF(0)Z,) # 0. There is a neighbourhood
U of Z, in D such that A'(dF(0)Z) #0 for all ZeU. For Ze U, f(Z)=
= 1" (F(Z))/A' (dF(0)Z), showing that fis a scalar-valued holomorphic function on D.
Hence the following lemma holds.

Lemma 4. Let F(0) = 0 and let dF(0) be injective. If, for all W' e &'\{0} such that
W' L dF(0)X for all self-adjoint operators X € § one has that W' L F(X) for all self- ad—
Joint operators X € D, then there is a bolomo;pbzc Sunction f: D — C such that f(0) =
and that (7) holds for all Z € D.

IfAZ)=14+p,(Z) +p,(Z) + ... is the power series expansion of f in D, where
p,: 8— C is a continuous homogeneous polynomial of degree #» =1, 2, ..., then
P,(Z)=p,-1(Z)dF(0)Z, and

Py 1(2) (dF( O)Z)*—e”p,,_l( *)dF(0)(Z*),

whence p, _ 1 (Z) =p, _1(Z*), and therefore f(Z) = f(Z*) for all Z e D. In particular,
F(X) eR for all self-adjoint operators X € D.
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TueoreMm 3. Let F be a holomorphic map of D into D' satisfying the following
conditions:

F(0) =0 and d F(0) is injective;

for every X € 3,D, there is a neighbourhood U(X) of 0 in [0, 1), and, for all t €
e U(X), there exists y(t, X) € R such that (6) holds for all ¢t €0, ¢);

# W' L dF(0)X for all X € 3yD, then W' L F(tX) for all X € 3yD and all
te UX);

for any X e dyD there is a scalar Moebius transformation of A into C
E—aX) /(1 = B(X) &) with a(X), B(X) € C, such that

F(tX) = (a(X)t/(1 — B(X)t))dF(0)X for all te U(X).
Then there is a continuous linear form u on & with norm |ul| < 1, such that

F(Z)=(1/(1—u(Z)))dF(0)Z for all ZeD.

Proor. For teUX), aX)t(1+BX)t+ (BX)e)?+...)=¢1+,(X)+
+£2p,(X) + ...). Hence a(X) =1, p,(X) =B(X) for n=1, 2, ..., and therefore
Pa(Z) = (p (Z)) for all Z € 8. ‘

Setting 4 =py, all is left to prove is that ||p,|| < 1.

By the maximum principle and the fact that p; is real, |jp;|| = sup {|p:(2)]:
ZeD} =sup{|p;(X)|: X e 8,D}. If |pp; || = 1, for every o € (0, 1) there is X € 3,D
such that p; (X) =1 —0. Since 1+ (1—0)p;(X) + (1 —0)p, (X))* + ... 2 1/(1 —
—(1-0)?), |[F((1 = 0) X)|| tends to infinity as o tends to zero, contradicting the in-
clusion F(D)cD'.
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