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Geometria. — Rigidity of holomorphic maps and distortion of hiholomorphic maps in 
operator Siegel domains. Nota di KAZIMIERZ WLODARCZYK, presentata (*) dal Socio 
E. Vesentini. 

ABSTRACT. — Results concerning the rigidity of holomorphic maps and the distortion of biholomorphic 
maps in infinite dimensional Siegel domains of / * -algebras are established. The homogeneity of the open 
unit balls in these algebras plays a key role in the arguments. 

KEY WORDS: Rigidity of holomorphic maps; Distortion of biholomorphic maps; Operator Siegel do­
mains; / * -algebras. 

RIASSUNTO. — Rigidità di applicazioni olomorfe e distorsione di applicazioni biolomorfe in domini di Siegel 

di operatori. Si stabiliscono alcuni risultati sulla rigidità di applicazioni olomorfe e sulla distorsione di biolo-
morfismi di domini di Siegel di algebre / * . L'omogeneità dei dischi unità in queste algebre ha un ruolo es­
senziale nelle dimostrazioni. 

1. INTRODUCTION 

Let H and K be Hilbert spaces over C, let £(H, K) denote the Banach space of all 
bounded linear operators X from H to K with the operator norm, and let U c £(H, K) 
be a J*-algebra, i.e. a closed complex linear subspace of £(H, K) such that XX*X e U 
whenever X e U. /*-algebras are natural generalizations of C*-algebras, JB*-algebras, 
JC*-algebras, ternary algebras, complex Hilbert spaces and others. 

For partial isometries U e II, let Uv be operator Siegel domains defined by the 
formulae 

(1.1) Uu = {X e U: 2 Re U*X - X* (IK - UU*)X + IH - U* U > 0} 

when U*U*IH and 

(1.2) Uu = {X G U: Re U*X - X* (IK - VU*)X > 0} 

when U* U = IH. Obviously, if U = 0 in (1.1), then 

(1.3) U 0 = { X G U : | | X | | < 1 } . 

In particular, for /^-algebras U = £(C,H) = H, if u G H and \\u\\ = 1, by (1.2), 
we have Hu = {x e H'. Re(x, u) — ||x — (x, u)u\\2 > 0} and, by (1.3), H0 = {x e H: 
||#Il < 1}. As is well known, the unit balls U0 are bounded symmetric homogeneous do­
mains and, moreover, 1I0 and unbounded convex domains l l^ , U & 0, are holomor-
phically equivalent (see L. A. Harris [16,18,19] in infinite dimensions and E. Car-
tan [5] and I. I. Pjateckij-Shapiro [24] in finite dimensions). 

We study the problems concerning the rigidity of holomorphic maps in VLV and the 
distortion of biholomorphic maps in Hu. 

There are many variations, generalizations and applications of Schwarz's lemma, 
concerning the rigidity of holomorphic maps, and Koebe or Bloch theorems concerning 

(*) Nella seduta del 15 giugno 1995. 
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the distortion of biholomorphic or holomorphic maps. There are still many open pro­
blems. For details, see e.g. [14,15,7,10,20-23,3,29]. 

Pick's differential version of the Schwarz lemma reads as follows [33]: 

(1.4) \DF(x)\ M l - | F ( * ) | 2 ) / ( 1 - | * | 2 ) 

everywhere in zl = {x e C. \x\ < 1} for all holomorphic maps'F'.A —* A. Assuming 
that F: A —> C is biholomorphic in A and z E A, Koebe proved, in particular, the follo­
wing result [25, p. 22]: 

(1.5) ( 1 - \x\2)\DF(x)\/4^dist[F(x), dF(A)]^(l- \x\2)\DF(x)\ . 

In this paper we present infinite dimensional forms of Pick's differential version of 
the Schwarz lemma for maps holomorphic in Uv (see Theorems 2.1, 2.3 and 2.4). Mo­
reover, we prove the upper bound in (1.5) for biholomorphic maps in Hu (see Theorem 
2.2). 

Recall that, in the spaces of complex dimensions greater than one, the lower bounds 
in inequalities (1.5) (in particular, the Koebe l/4-theorem when x = 0, F(0) = 0 and 
DF(Q) = 1) do not hold and the Bieberbach conjecture and the Bloch theorem are fal­
se, either (some additional assumptions, such as e.g. the starlikeness or the convexi­
ty [28] of the maps considered, are necessary). Speculations about the extensions of 
the Koebe l/4-theorem, the Bieberbach conjecture or the Bloch theorem are probably 
as old as H. Cartan's article [4]. We refer the reader to [1,2,6,8,9,11-13,17,21,30] 
for details, counter-examples, additional assumptions and results in these direc­
tions. 

2. STATEMENT OF RESULTS 

Before stating our results, we must introduce some definitions and notations. 
Let H and K be complex Hilbert spaces. Let Hu, where UEH and \\u\\ = 1 oru = 0, 

and Kv, where v EK and ||i;|| = 1 or v = 0, be domains defined by the formulae 

(2.1) Hu = {x eH: Re(xyu) - \\x - (x, u)u\\2 > 0} when \\u\\ = 1 ; 

(2.2) H0 = {XE H: \\x\\ < 1} when u = 0 ; 

(2.3) Kv= {yEK: R e ( y , v ) - \\y ~{y,v)vf> 0} when ||&|| = 1; 

(2.4) K0 = {yEK: \\y\\ < 1} when v = 0. 

Throughout the paper, for x EH, 

(2.5) Qx = Ex + ( 1 - ||x||2)1/2 UH ~ Exi if x e H\{0}, E0 = 0, Q0 = IH, 

and, for y e K, 

(2.6) Qy = Ey + ( 1 - b||2)1/2UK -Ey]i£ y s K\{0}, E0 = 0, Q0 = IK, 

where Ex and Ey denote linear projections of H and K onto the one-dimensional subspa-
ces spanned by x and y, respectively. 

Let H, K, M and N be complex Hilbert spaces and let Uc £(H,K) and 93 c 
C £(M, N) be /"-algebras. For partial isometries U E II and V e 93, let Uv and 93y be 
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domains defined by the formulae 

(2.7) Vlu = {XeVl:2ReU*X-X*(IK-UU*)X+IH-U*U>0} when U*U*IH; 

(2.8) VLu={XeïL:RtU*X-X*(IK-UU*)X>0} when U*U = IH; 

(2.9) %y={Ye%:2R£V*Y-Y*(IN-W*)Y+Iu-V*V>0} wheny*y*J M 

(2.10) 23 y ={ye23: Re V*Y- Y* (IK - W*)Y > 0} when V*V = IM. 

In particular, from (2.7) when U = 0 and from (2.9) when V = 0 we have 

(2.11) l I 0 ={XeU: | |X | |< l } 
and 

(2.12) a30 = { r e S B : | | y | | < i } , 
respectively. 

For XeUjj when U*XJ*IH, let 

(2.13) Ax(Uu)=Aè / 2a„ + X*U)-1(REU*X)(J„+U*X)-1Aè /2, 

(2.14) BxUIu)=B^(IK+XU*r1(REXU*)(iK + U X * r W , 
where 

(2.15) i4u = / „ + U * U , BU = IK + UU*, 

(2.16) RE U*X = 2 Re U*X - X* (IK - UU*)X + IH - U* U, 

(2.17) REXU* = 2 Re XU* - X(IH - U* U)X* + Ix — UU* . 

In particular, when U = 0, we have 

(2.18) Ax(H0) = h -X*X, £x(ll0) = I* - XX* . 

For XeìXu when U* U = IH, let 

(2.19) 4x(Mu) = (IH + ** U)"1 (RE U*X)(IH + U^X)'1 , 

(2.20) BX(UV) = (IK + XU*)-1 (REXU*)(JK + OX*)"1 , 

where 

(2.21) RE U*X = Re U * X - X * ( f t -UU*)X," 

(2.22) REXU* = Re XU* - X(IH - U* U)X* . 

For Y e 93v when V* V * IM, let 

(2.23) A r(«y)=A^ / 2(iM + y*y)-1(REy*7)(7M + y*y) - 1 A^ 2
) 

(2.24) By(93v) =By/2(/N + YV*)~1 (REYV*)(/N+ VY*)"xB$2 , 

where 

(2.25) AV = IM + V* V, BV = IN+ W* , 
(2.26) RE V* Y = 2 Re V* y - r * (IN - W*)Y + IU-V*V, 

(2.27) RE yV* = 2 Re YV* - Y(IM - V* V) Y* + IN - W* . 

In particular, when V = 0, we have 

(2.28) AY(%0) = IU-Y*Y, BY{%) = IN-YY* . 
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For Y e 93v when V* V = IM, let 

(2.29) AY(%v) = (IM + Y*Vr1(KEV*Y)(IM + V*Y)-1 , 

(2.30) JBy(95v) = (/N + YV*)- 1 (RE7y*)( I N + VY*)_ 1 , 
inhere 

(2.31) RE V* Y = Re V* Y - Y* (IN - W*) Y, 

(2.32) RE YV* = Re YV* - Y(IM - V* V) Y* . 

Domains defined by (2.1), (2.3) and (2.7)-(2.10) are called Siegel domains 
(see [18,16]). 

Our main results are summarized in the following theorems. 

THEOREM 2.1. Let H and K be complex Hilbert spaces, let Hu, where ueH and \u || = 1 
or u = 0, and Kv> where v eK and \v\ = 1 or v = 0, be domains defined by formulae 
(2.1)-(2.4), respectively, and let F: Hu->Kbe a map holomorphic in Hu such that F(HU) c 
C Kv. If x eHu and p e H , then 

(2.33) ||(1 + (F(x),v))QF{x)„v[DF(x)(p)] - [F(x) - vì(DF(x)(p),v)\\ ^ 

| l + (F(x) ,z ; ) | 2 - | |F(x) -* ; | | 2 „ , , , Ul 

Here Qx, x eFT, and Qy, y eK, are defined by (2.5) and (2.6), respectively. 

THEOREM 2.2. Let H and K be complex Hilbert spaces and let Hu, where u s H and 
\\u\\ = 1 or u = 0, be domains defined by (2.1) or (2.2), respectively. If F:HU^>K is a 
biholomorphic map and x eHuy then 

(2.34) dist[FM, 3F(HU)1 S '* ~{U'u)i,+ " w " f + 4 ( 1 - IMP)"2 • 
\\-{U,u)\2 

. | | J H - [ I - ( I - I I I / | | 2 ) 1 / 2 ] ^ - J I I I ^ U ) | | 

where 

(2.35) U=(x-u)/(l + (x,u)). 

REMARK 2.1. From (2.33) it follows that if u = 0 and v = 0, i.e. if F : H0 —> X0 is a 
holomorphic map, then 

(2.36) | |Q w [DF(x)(p) ] | | sS (1 - | |F(x)||2)/(l - W|2)||QX(/>)||, x<=HQ, peH, 

and, in particular, \\QFM[DF(x) (x)]|| =£ ||x||(l - | |F(x)||2)/(l - ||x||2), xeH0, 
\\QFio)[DF(0)(p)i\\ *£ ||p||[l - | |F(0)| |2],/>eH. If u = 0 then (2.34) (by (2.35)) is of 
the form 

(2.37) dist [FM, 3F(H0)] *S ( 1 - ||x||2)1/2||JH - [1 - (1 - IH|2)1/2]E, ||||DF(x)||. 
Thus, in the case when dimc(H) = dimc(K) = 1, inequality (2.36) is equivalent 
to (1.4), and inequality (2.37) and the upper bound in (1.5) are identical since 
Ex = Qx = IH for X e H and Ey = Qy = IK for y e K. If dimc (H) > 1, then inequality 
(2.34) is identical with d i s t [ F M , 3 F ^ 
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•(1 - \\u\\2)m \\DF(x)\\,xeHu, and, in particular, dist[F(x),dF(H0)~\zi(l-\\x\\2)1/2-
•\\DF(x)lxeH0. 

THEOREM 2.3. Let M c <£(H, K) and 93 c £{M, N) be ]*-algebras containing partial 
isometries U and V, respectively. Let F' W,v —> 23 be a map holomorphic in lly such that 
F d U c ^ y . Let XeUjj and PsVi. 

(a) IfU*U* IH and V* V * IM, then 

(2.38) | |[Bm)(23y)]-1/2B^2[JN + f (X)y*] - 1 DF(X) • 

•PUM + V*F{X)VlAi/2[AFmmv)r
1/21| ^ 

< ||[Bx(Uu)]-1/2Bè /2(IK + XU*)-1P(7„ + U * X ) - 1 ^ W X ( U U ) ] - U 2 | | . 

Here Uv, 93y, ^x(Uu), Bx(Uu), > W ® v ) and BF(X)(93V) are defined by (2.7), 
(2.11), (2.9), (2.12), (2.13M2.18) and (2.23)-(2.28), respectively. 

(b) If U* U * IH «** V* V = IM , /Ac» 

(2.39) ||[BF(X)(83v)]-1/2[IN + F(X)y*]- 1DF(X) • 

•p[ /M + y*F(x)] - 1 w F ( X ) (23 v ) ] - 1 / 2 | | ^ 

=S ||[Bx(Uu)]-1/2Bè /2(IK + X U * ) - 1 ? a „ + U*X)- 1 / 1^W X (U U ) ] - 1 / 2 | | . 

Here Mu, 93v, J M U U ) , Bx(U a) , ^ F ( X ) ( 2 3 V ) «*/ BF(X)(93y) are defined by (2.7), 
(2.11), (2.10), (2.13M2.18) and (2.29)-(2.32), respectively. 

(c) IfU*U = IH and V* V * IM, then 

(2.40) | | [ B F ( X ) ( 9 3 V ) ] - 1 / 2 B ^ / 2 [ / N + F ( X ) V * ] - 1 D F ( X ) • 

•PUM + V*F(X)]-1Ay* Wf(x)(23y)]-1/2|| ^ 

<\\[Bx(Uvy]-V2(iK + xu*)-lP{iH + u*x)-1iAxMu)rV2\\-
Here Uv> 33v, AX{UV), BX(VLV), APiX) (93v) and BF(X) (S8V) are Je>W by (2.8), (2.9), 
(2.12) W (2.19)-(2.28), respectively. 

(d)IfU*U = IH and V* V = JK, /&e» 

(2.41) ||[BF(X)(837)]-1/2[IN + F(X)y*]- 1DF(X)P[7M + V*F(X)Ti • 

• WF(X)(93V)]-1/2|| ^ ||[Bx(VLJJ)]r1/2(IK + XU*r1P(IH+ U*X)"» [ ^ ^ ( U U ) ] - 1 ^ | | . 

Here UU ; 23y, AX(UJJ), BX(UU), AF{X)(^8V) and BF(X)(23y) are defined by (2.8), 
(2.10), (2.19)-(2.22) *W (2.29)-(2.32), respectively. 

REMARK 2.2. If CJ = 0 and V = 0, then, by (2.18) and (2.28), inequality (2.38) may 

be rewritten in the form 

(2.42) | | [7 N -F(X)F(X)*]- 1 / 2 DF(X)(P)[ / M -F(X)*F(X)]- 1 / 2 | | s£ 

=£ | | ( / K -XX*)- 1 / 2 P( I H -X*X)- 1 / 2 | | , X e l l 0 , P e l l . 

Thus, if II = 93 = £{C, C) = C, then from (2.42) we immediately obtain (1.4). 
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THEOREM 2.4. Let UcJ£(H, K) he a ]*-algebra containing a partial isometry U. 

(a) Let F: U y - ^ U be a map holomorphic in Uv. Suppose the following holds: (i) 
F is expansive, i.e. UuCF(Uu); (//) F is injective on Uv; (iii) F~l is holomorphic in 
Uv; and (iv) F(Z) = Z for some Z e Uv. If U*U ^ IHand P e l l , then 

(2.43) ||P|| ^ l l t B z ^ ) ] - 1 / 2 ^ ^ ^ 

where Bz0Xu) are defined by (2.14) and (2.18). If U* U = IH and P e l l , then 

(2.44) ||P|| ^ | | [S z(Ua)]-1 / 2(/x + ZWf)-1DF(Z)(IK + ZU*)LBZ ( 1 W / 2 P | | 

where Bz0X\j) are defined by (2.20). 
(b) Let F: 1I0-*U be a map holomorphic in U0. Suppose the following holds: (i) 

F is expansive, i.e. U0 cF(U0); (ii) F is injective on U0; (iii) F~l is holomorphic in 1I0; 
and (iv) F(Z) = Z for some Z e 1I0. Then 

(2.45) ||Z|| ^ \\(IK - ZZ*)~mDF(Z)(Z)(IH - Z*Z)m\\. 

In (2.45) the equality holds for biholomorphic maps F^'U0—»U0> I F E U Q , of the 
forms 

(2.46) FW(X) =B^1/2(W-X)(IH- W*X)~lAf 

and for their fixed points 

(2.47) Z = W(IH + A&2)-1, 

where AW = IH- W* Wy BW = IK- WW*. 

(c) Let F: H0^H be a map holomorphic in H0. Suppose the following holds: (i) F 
is expansive, i.e. H0 c F(H0); (ii) F is injective on H0 ; (Hi) F _ 1 is holomorphic in H0 and 
(iv) F(z) = z for some z e H0. Then 

(2.48) | | zN \\(IH ~ \\z\\2Ezr
mDF(z)(z)\\(l - \\z\\2 ) m . 

In (2.48) the equality holds for biholomorphic maps Fw ' H0 —> H0, w e H0 , o/ róe 
yb??^ F(x) = ( 1 — (x, ^ ) ) _ 1 Q^(^ — #) and for their fixed points z = w[l + (1 — 
- M l 2 ) 1 7 2 ] - 1 . 

REMARK 2.3. A consequence of the above result is that inequality (2.1) in [32, Theo­
rem 2.3] may be replaced by (2.45). 

3. PROOF OF THEOREM 2.1 

In the sequel, fixing x eHu, let F : Hu —» K be a map holomorphic in Hu such that 
F(HU) cKv where Hu and Kv are arbitrary and fixed sets defined by (2.1)-(2.4), re­
spectively; and let 

(3.1) W = F(x). 

We denote 

\U = f'1 (x) = (x- u)/( 1 + <x, « » , 

|y=A"1(^) = (^-^) / ( i + (^^)), 
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where fu andfv are biholomorphic maps of H0 onto Hu and K0 onto Kv (cf. [16, Theo­
rem 12] and [30, Theorem 5]) defined by the formulae 

J/« (*) = (* + «)/( 1-(*,«)), xeH 0 ) 

[My) = (y + t>)/(i-(y,v))9 y^K0> 

respectively. 
Let now Tj; : H 0 —> H0 and Tv : X0 —» X0 be Mòbius biholomorphic maps of the 

forms [16, Theorem 2] 

lTv(s) = Qu(U-s)/(l-(s,U)), j E H 0 , 

l T y û ) = Q F ( V - J ) / ( l - < J , y » , * E K 0 , 

respectively. 
Consider a map g : H 0 - » K holomorphic in H0 , such that ^ (H 0 )cX 0 , of the 

form 

g(s) = (Tyofy1 oFofioT^Hs), SEH0. 

Since Tul(0) = U and TV(V) = 0, we get g(0) = 0. Thus (see L. A. Harris[14]) 

(3.4) B^(0)(p)N||p||, peH. 
For peH, by the inverse map theorem (see [26]) and by the chain rule, we 

have 

Dg(0)(p) = DTymiDf-1 {W){DF{x){Wfûl (x)Tl {U>Tv{U)Yl (/>)}}}} . 

Thus, by (3.4), if we replace p with DTu(U){Df~1 (x)(p)}, we obtain 

(3.5) ||DTv(y){D/I,-
1(W){DF(x)(p)}}|| ^ \\DTv(U){Df^l(x){p)}\\, peH. 

But 

DTD(j)(/>)= -(Qv[p(l-(s, U)) + (s- U)(p, U)])/(l-(s, U))2, S<EH0 , peH, 

DTY(s)(p) = -(Qy[p(l - (s, V)) + (s- V)(p, y>])/( 1 - (s, F))2 , 5 eK0 , p e K , 

and, in particular, 

\DTv(U)(p)=-Qv(p)/(l-\\U\\2), peH, 

\DTy(V)(p)=-Qy(p)/(l-\\v\\2), psK. 

Moreover, we obtain, 

(3.7) Df-1(x)(p) = (p(l+(x,u))-(x-u)(p,u))/(l + (x,u))2, peH, 

(3.8) D/-1 (W)(p) = (p( 1 + (W, v))-(W-v)(p, v))/(l+(W,v))2, peK, 

Consequently, using (3.6)-(3.8), from (3.5) we get, for peH, 

(3.9) ||[1 + (W,v)]QYWF(x)(p)l - (DF(x)(p),v)QY(W-v)\\ ^ 

\1 + {x,u)\ -\\x - u\\ 



192 K. W J O D A R C Z Y K 

Finally, let us observe that 

(3.10) Qu(p) = Qx-u(p) iorpeH and Qv(p) = Qw-V(p) forpeK. 

By (3.1), (3.2) and (3.10), inequality (2.33) is a simple consequence of (3.9). 

4. PROOF OF THEOREM 2.2 

Fixing x G Hu, let F: Hu —> K be a map biholomorphic in H„ where Hu is an arbit­
rary and fixed set defined by (2.1) or (2.2) and let U be defined by (3.2). 

Let gv: H0->K be a biholomorphic map defined by the formula 

(4.1) gu(s) = (FofuoTu)(s)-(Fofu)(U), ssH0y 

where Tv is a Mòbius biholomorphic map of H0 onto H0 defined by the formula 

Tu(s) = Qu(U + s)/( 1 + (s, U)), seH0y 

and fu is defined by (3.3). Since 

D^(o)(jp) = DF[(/,orl/)(o)]{D/jrl7(o)]{Drt/(o)(Jp)}} = 

= DF(x){2%(l/){Dru(0)(p)}}, p e H , 
therefore, by using the inverse map theorem, the map hv' H0^H defined by the 
formula 

(4.2) hv(s) = [DTv(0)]-1{[Dfu(U)r1{U>FMÌ-1ku(s)ì}}, seH0, 

is biholomorphic and satisfies the conditions 

(4.3) hv(0) = 0 and Dhv(0) = IH . 

Now, let us observe that 

T V m v . ï (l-(U,u))p + (U + u)(p,u) 

^(C7)(/))= u-(u,u)r ' peH' 
and 

n T . . . . Qv[p(l + (s,U))-(s + U)(p,U)l 

(l+{s, U)Y 

Thus ||iya(£/)(p)|| ^ A,« • H where 

r4 4 i „ | i - ( t / , « ) | + I M I I | E 7 + «ll 
( 4-4 ) 4 * " - — l l - < f / , « ) l 2 — ' p e H -

Further, for peH, DTv(0)(p) = -Quip ~ U(p, U)l = -BXiU(p) where 

(4.5) BXtU = (1 - | | C / | | 2 ) 1 / 2 U H - [1 - (1 - | | t / | |2)1 / 2]£*_ a}. 

By (4.2), 

\\gu(s)\\ $ \\DF(x)\\\\Dfu(U){DTv(0)[ha(s)]}\\ =£ 

^\\DF(X)\\Ax,H-\\BxJ\\hv(s)\\, SBH0, 

and, from (4.1) and (4.3) we get 

dist[(F <,/„)(*), 5(Fo/a)(H0)] « \\DfW\\A,. • I K J • dist[0, dhv(H0)], j e H „ . 
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Thus, for s = £/, we obtain 

(4.6) àìstlF(x\dF(HJ] ^\\DF(x)\\Ax>u'\\BxJ ^ 

where X = dist[0, dhv(H0)l 
Now, let us observe that 

(4.7) A ^ l . 
Indeed, by (4.3) and [17,21], we have A > 0. Moreover, X < oo ; otherwise, by the 
Liouville theorem for holomorphic maps in complex Banach spaces, the map h~l is 
constant, a contradiction. Let œ(s) = hû1(Xs). Since û>:H0—>H0 is holomorphic, 
co(0) = 0 and Dhû1 (0) = IH, therefore, by the Schwarz lemma [14] and the chain ru­
le, \\Xs\\ = \\D(o(0)(s)\\ ^ | |4 , seti, which implies (4.7). 

Inequality (2.34) is a simple consequence of (4.4)-(4.7). 

5. PROOF OF THEOREM 2.3 

In the sequel, fixing X e Uy, let F be a holomorphic map of lly into 93 such that 
F(Uu) c 33y where Uv and 33y are arbitrary and fixed sets defined by (2.7)-(2.12) and 
let 

(5.1) W=F(X). 

Let us observe that, when U*U ^ lH, 

(5.2) UAû1/2 = Bû1/2U = 2-1/2Uy ^ u 1 = J H - 2 - 1 U * U , Bûl = IK~ 2" 1 UU*, 

and, when V*V* JM, 

(5.3) VAv1/2 = By1/2V = 2'1/2Vy Ay * = IM~ 2~1V*V, By1 = IN-2~1W*. 

If we denote 

(5.4) U =/TJHX) = Bû1'2 (X - U)(IH + U*XylAlJ2 when U* U * IH , 

(5.5) 17 = / û 1 (X) = (X - [/)(/„ + U * * ) - 1 when U* U = IH , 

and 

y = / 1 7 1 ( W ) = B v - 1 / 2 ( W - y ) ( I M + y * W ) - 1 ^ / 2 when V*V*IM, 

V=fvHW) = (W-V)(IM + V*W)-1 when y * V = I M , 

where/u andfy are biholomorphiç maps of U0 onto Uu and 330
 o n to SJy (cf. [18, Pro­

position 2] and [30, Theorem 5]) defined by the formulae 

fu(X)=BlJ
1/2(X+U)(IH-U*X)-1Ay2,X<=VL0, when U*U*IH> 

fv(X) = (X+U)(IH^U*Kr1,XeU0, when U*U = IH, 
and 

/ v (Y) = By 1/2(Y + V)(IM - V^.Y)-1^/2, 7 e 930 , when V* V * Iu , 

/v(D = (r+y)(iM-y*y)-1 , ye930 , when v*y = iM, 
respectively, then, by (5.2) and (5.3), we obtain 

(5.6) Av = IH-U*U = Ax(nt,X' and A v = IM - V*V = AW(%V). 
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Moreover, since 

(X - U)(IH + U*X)-1 = BV(IK + XU*)-1 (X - IDAû1 when U*U*IH, 

(X - U)(IH + U*X)-1 = (IK + XU*)-1 (X - U) when U*U = IH, 

and 

(W- V)(IM + V*W)-1 = BV(IN + WVT1 (W- ViAv1 when V*V*IM, 

(W- V)(IM + VW)-1 = (IN + WV*)-1 (W- V) when V*V = IM, 

we also get 

(5.7) BU = IK-UU*=BX(VLU) and Bv = IN - W* = B^(« v ) . 

Hence, in particular, after taking account of Bv > 0 (since U e U0) and By > 0 (since 
FeS30), we obtain, by (5.6), (5.7) and (2.13)-(2.32), 

REXU*>0 and R E W * > 0 . 
Let now Tv '• U0 —» U0 and Ty : 930 —> 930 be Mòbius biholomorphic maps of the 

forms [16, Theorem 2] 

Ta(S) = Bû1/2(U - S)(IH - WS)'1 Ah'2 , SeUQ, 

where 

AV = IH- V* U and BV = IK- UU* , 

and 

TY(S) = Bï1/2(V-S)(Iu-V*S)-1AÏ/2, Se%0, 

where 

AV = IM-V*V and £V = J N - W * , 
respectively. 

Consider the map g e U0 —» 93 holomorphic in U0, such that g(Uo ) c 230. °f the 
form 

«(5) = (ryo/v-1oFo/ t7oT^1)(5), 5 e U 0 . 

Since TjJ^O) = 1/ by (5.2) and TY(V) = 0, we get g(0) = 0. Thus (see[14]) 

(5.8) ||Dg(0)(P)||=£||P||, P e l l . 

For S e U0 and P e U, by the chain rule, we get 

L f e t f X P ) = D T V [ ( / V - 1 o P o / u o T l 7 1 ) ( 5 ) ] { D / y - 1 [ ( F o / „ o T { 7 1 ) ( 5 ) ] { D F [ ( / u O V ) ( 5 ) ] • 

•{DfulTûHSiiiDTûHSKP)}}}} 

and, in particular, 

(5.9) Dg(0)(P) =DTv(V){Dfv1(W){DF(X){Dfu(U){DTû1(0)(P)}}}} = 

= D7V(V){2yv' (W){DP(X){[D/U-1 (X)]"1 {[DTpd/)]"1 (P)}}}} 

Let us observe that if P e li, then also R e It where 

(5.10) R = DTu(U){DflJ
1(X)(P)}. 
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From (5.8), where we replace P by R, using (5.9), we get 

(5.11) \\DTv(V){Dfv 1(W){DF(X)(P)}}|| ^ |R|| 

where R is of form (5.10) and P e II. 
We have 

\DTV(S)(P) = -B^(iK-SU*rlP(IH-Ui-S)-lA^, SeU0, Pett, 

[DTr(SKP)= -Bv
l2{IN-SV*)-lP{Iu-V*SriAy12 , 5e93 0 , P e 93, 

and, in particular, 

(5.13) DTV(U)(P) = -BjV2PA£1/2, P e l l , 

(5.14) DTy(V)(P) = -BymPAy112, P e 93 . 

Moreover, for S e 1I0, P e 11, 

(5.15) D/u1(5)(P)=Bè/2(JK + 5U*)-1Pa„+U* lS)-Mè / 2 when U*U * 7H , 

(5.16) DflJ
1(S)(P) = (IK + SU*r1P(lH+U*S)-1 when U*U = 7H, 

and, for 5 e 93y, P e 93, 

(5.17) Dfv-
l(S)(P)=Bv*(IN + SV*r1P(IM + V*S)-1AY* when ' V* V * IM , 

(5.18) D/f1(5)(P) = (7N + 5y*)-1P(7M+ V*.?)-1 whenV*V = 7M. 
Thus, by (5.11), using (5.10) and (5.12)-(5.18), for P e l l , we get 

(5.19) \\By mBv*UN + WVk)~1DF(X)(P)(IM + V* Wr'A^Ay 1/2|| *= 

^ \\BlJ
1,2Bl,/2(IK + XU*)-1P(IH + \J-"X)-lAlJ2Avm\\ 

when U*U*IH and V* V * IM; 

(5.20) ||Bf1/2(i"N + WV*YlDF{X)(P){IM + V*W)~lAf 1/2|| ^ 

^ K-1/2Bè/2aK + XU*)-1P(/H + u**)-1^2^172!! 
when U*U*IH and F* 7 = 7M; 

(5.21) ||7V,/2£y/2(7N + WV*yxDF{X){P){IM + V * w r M v
/ 2 , V / 2 | | < 

< \\Bv1/2(IK + XU*r1P(IH+ U*Xr1AlJ
V2\\ 

when U*U = IH and Y* V * 7M; 

(5.22) \\By-1,2(IN + WV*rlDF(X){P){IM + V* WV'Ay m\\ ^ 

^ \\Bï1/2(IK + XU*r1P(IH+ u*xriAvm\\ 
when U*U = IH and V*V = IM. Consequently, for P e 11, in virtue of (5.6) and 
(5.7), by using notations (5.1) and (2.7)-(2.32), inequalities (5.19)-(5.22) imply asser­
tions (2.38)-(2.41), respectively. 

6. PROOF OF THEOREM 2.4 

(a) Using (2.38) for the map 77-1 and the point X — Z and, next, replacing P by 
DF(Z)aK + ZU*)BjJ1/2[5z(Uu)]1/2PWz(Uu)]1/2At71/2(7H+ U*Z), we immediate-
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ly obtain (2.43). Inequality (2.44) is a consequence of (2.41) by an analogous 
argument. 

(b) Let Az = IH - Z* Z and Bz = IK - ZZ*. Using inequality (2.43) for U = 0 
and P = Z, we get ||Z|| ^ \\Bzi/2DF(Z)B^/2Z\\ which is identical with (2.45) since 
BPZ = ZAP. 

Estimate (2.45) is precise for Fw defined by (2.46) and their fixed points (2.47) de­
termined in[31,Theorem 2.1 (c)]. Indeed, we have DFW(Z)(Z) = —Byf2(IK — 
- ZW*)-1 Z(IH - W*Z)~lA$, and (2.45) is then of the form 

(6.1) ||Z|| ^ \\Bz-
l/2Btt2(IK-ZW*rlZ(IH- W*Z)-lAiï2A£/2\\. 

Now, let us observe that, by (2.47), 

(6.2) (IH- W*Z)~l = (1H + A$){AW + A&rl =Awm . 

Moreover, since A$W* = W*B&, we get W(IH + A&2)~1W* = WW* (IK + 
+ B$)~\ and thus, 

(6.3) (IK - ZW*)'1 = (IK + B#)(BW + B&r1 = B^12 . 

Consequently, inequality (6.1) (by (6.2) and (6.3)) is, in fact, the equality 

Hz||< \\BZ^2ZM>2\\ = \\ZAZ-V2M>2\\ = \\z\\. 
(c) Identifying H with the /'''-algebra £(C,H), from (b) we get (c). 
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