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Analisi numerica. — «Approximate approximations» and the cubature of po-
tentials. Nota di Viapimik Maz'va e GuNTHER ScHMIDT, presentata(*) dal Socio

G. Fichera.

Asstract. — The paper discusses new cubature formulas for classical integral operators of mathemat-
ical physics based on the «approximate approximation» of the density with Gaussian and related functions.
We derive formulas for the cubature of harmonic, elastic and diffraction potentials approximating with
high order in some range relevant for numerical computations. We prove error estimates and provide nu-
merical results for the Newton potential.

Key worps: Multivariate quasi-interpolation; Cubature formulas; Harmonic, elastic, diffraction
potentials.

RiassunTo. — «Approssimazione approssimata» e cubatura di potenziali. 1l lavoro presenta nuove formule
di cubatura per classici operatori integrali della fisica matematica basati sull’«approssimazione approssima-
ta» delle relative densita, mediante funzioni Gaussiane o funzioni a queste connesse. Vengono ottenute for-
mule per la cubatura del potenziale armonico, di quello elastico e di quello relativo alla diffrazione. Queste
hanno un alto grado di approssimazione in determinati contesti del calcolo numero. Vengono date stime
dell’errore e forniti risultati numerici per il potenziale newtoniano.

1. INTRODUCTION

The paper is devoted to the foundation of new cubature formulas for certain inte-
gral operators of mathematical physics. It is well known that the numerical treatment of
potentials and other integral operators with singularities is an essential part of different
methods for the solution of many practical problems. However, the cubature of such
integrals is usually very time-consuming, especially in the multidimensional case, such
that it is of great importance to derive effective approximations. In this paper we pro-
pose formulas which are very simple and provide in numerical computations very accu-
rate approximations. They are based on «approximate approximations», recently pro-
posed by the first author (see [4] and the survey paper [5]). This approximation proce-
dure is mainly directed to the numerical solution of partial integro-differential equa-
tions. The method provides simple formulas for quasi-interpolants, which approximate
functions up to a prescribed precision very accurately, but in general the approximants
do not converge. The lack of convergence, which is not perceptible in numerical com-
putations, is offset by a greater flexibility in the choice of approximating functions. So it
is possible to construct multivariate approximation formulas, which are easy to imple-
ment and have additionally the property that pseudodifferential operations can be ef-
fectively performed. This allows to create effective numerical algorithms for solving
boundary value problems for differential and integral equations.

(*) Nella seduta dell’11 marzo 1995.
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Here we apply the approximation method to the cubature of harmonic, elastic and
diffraction potentials, where the obtained cubature formulas result from the approxi-
mate approximation of the densities. Based on error estimates for the quasi-interpola-
tion in Sobolev norms we can show that they keep a high approximation rate in a cer-
tain range relevant for numerical computations. And in addition, the smoothing propet-
ties of the potentials ensure that the cubature formulas converge. For example, the har-
monic potential

I'n/2-1) u
(1.1) £,u(x):= / J ) —dy, n=3,
4nl? 3 e =yl
can be approximated by the cubature formula
2
12) )= —22 S ubm)-
Aa@Y? mez
I7 12 M—2 T (/2-1) 2
1 nf2-2,—t |2 L (|71 )
—_— ¢ etdt+ e Iml 1,
|rm|”_2 I ¢ jg:o j+1

where @ > 0 is a fixed parameter, M is an integer =2

7, = x—hm and Lj(a) (y) = jl'eyy -a (i)j(e—yyﬁa)

Vaoh dy
are the generalized Laguerre polynomials. The following estimate of the cubature error
holds.
Let 1 <p <n/2,q=np/(n — 2p) and suppose that u € WM *2(R"), M > n/24.
There exist positive constants not depending on #, b and @ such that

(1.3) ||£”u - £,,);,u”Lq(Rn) S ((,'1 (W‘Sb)ZM + Czbze —7[2(9) ||u||WPZM+2(Rn) .

Thus, in general £, , gives a second order approximation of .€,. But if the parameter @
is appropriately chosen, then in view of exp(—a?) = 0.51723...+10* the cubature
£, » behaves in numerical computations like an approximation of the order 2M.

The underlying idea in obtaining cubature formulas of the form (1.2) consists in the
approximation of the density # by certain quasi-interpolants

.= (/2 x—hm

(1.4) uy(x):= D m§2" u(hm) 17( \/6/9 )
with fixed @ > 0 and the generating function 7 is chosen such that the corresponding
potential with density » can be effectively determined. Then the cubature formula for
the integral operator is obtained by replacing the density # by its quasi-interpolant #, .
The cubature error can be estimated by using mapping properties of the corresponding
integral operator and error estimations of the quasi-interpolation (1.4).

The outline of the paper is as follows. In sect. 2 we estimate the approximation er-
ror # — uy, of the density in L, and in weaker norms for general % satisfying certain de-
cay and moment conditions. In particular we derive the remarkable fact that approxi-
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mate approximations, which in general do not converge in L,, become converging in
weaker norms. In sect. 3 we describe in detail, for the example of the harmonic poten-
tials, how to obtain the cubature formula (1.2) and to prove the estimate (1.3). The last
section concerns high order explicit cubature formulas for elastic and diffraction
potentials.

2. QUASLINTERPOLATION ERROR IN L, AND WEAK NORMS

We consider the quasi-interpolant (1.4) with some generating function » satisfying
the decay condition

(2.1) [n(e)|< AQ + |t])*-""°, teR”,

for some natural number K and positive constants A and ¢, and the moment
conditions

2.2) In(t)dt=1, It“n(t)dt=0, forala, 1<|a|<N<K.
Rn R’l
Here and henceforth we use the notations: Let x = (x, ...,x,) e R” and a=
=(ay, ..., a,) € Z% jbeamultiindex. Wedenote |@| = a; + ... + a,,x* =x{'...x’",
a=a;!...a,l,
glel
Ox{t... Oxf

The usual scalar product in R” is denoted by (x, y) and |x| = (x, x)/2. With the
abbreviation

u(x) =

- u(x).

e (x):= eZm'(x, A)

the Fourier transform of an L;-function is defined by
Fg(1) = [plx)es(—x)dx.
i
In the following we will use an expansion of the error # — %, which follows immedi-
ately form the Taylor expansion of the function #, the Poisson summation formula

(see [10]) and the moment conditions (2.2). Let # be a sufficiently smooth function and
denote

1
(2.3) Ug(x, y):= |a| Js"’l‘la"u(xx+ (1—=s)y)ds.
0

LemmMa 2.1, Let v satisfy (2.1) and (2.2). Suppose that for given @ > O the Fourier
transform of v is such that

(2.4) {*Fn(V®-)} el (Z2"), O0<|a|<N.
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Then for any u e Cy° (R”) and L <K there holds a.e.

\/_b)"" ux) g

27 al ve Z\{0}

_ la) & #AX) ol ”(x) "2 x—hm
2( Vab) mgzn(\/éb) (\/_b

wy(x) —u(x) = II ( TV v)e, (b 1x) +
al=0

)+RL,,(x)

where

@—n/Z _
25  Riy= 3 2 S m—x) EE2\ U (x, hm).
lel=L @& nez" \/5/9
This expansion is obtained for continuous generating functions in[8], a more spe-

cial result is also given in[3]. Next we estimate the norm of Ry ,(x) in the function
space L, = L,(R").

Lemma 2.2. Suppose that the function u is such that 3® u € L, for all multiindeces a
with |a| =L, where 1 <p < ® and np <L < K. Then the function Ry j defined in
(2.5) admits the estimate
lo%lls,

a!

IRz, 2 llz, < e, (Vahb)* l IE—
with some constant c, not depending on u, b and ®.

Proor. Let us define the functions
@;(s):= max s~ S (A+|s'm—x))7""%, j=o0,

meZ”

which continuously depend on s e (0, ©) and for s — © we have
2072 I(n)I(j+0)
In/2) Tn+;+6) "

6, (s) > j(1 +x|) 70 dx =
R'l
Hence for any # e (0, ©) there exist constants @;(¢) such that

Further, the functions s” ¢, (s) are increasing, thus
(2.7) ¢;(s) < /sy ®;(¢), for 0<s<t.

Note that the decay condition (2.1) implies in particular
Vo™ 3 |2 7= <A ox L (VO),
‘ Ve Vas | | Vas o

meZ"
for any se€ (0, 1] and |a| =
To estimate |Ry , || 1, we introduce the functions

s, = 2 x—bhbm\® [x—bhm U, (x, bm),
) ,Ezn( var ) "\ Vas )"

(2.8)
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such that
1
R < (Voh)- = IS, )
IR sl < VB 3 Ll

If 1 <p< o we apply Hélder’s inequality to
- —bm\* (x—bm
52k, < (2 (2l (<o)
’ R! Vb Vh

meZ”
(x—bm )an(x—bm ) ’ |U, (%, bm) |Pdx,

1/p+1/p'

|U,,(x,bm)|)Pa'x <

meZ”

Vaoh Voh

where 1/p + 1/p' = 1 and we used (2.8) with s = 1. We choose a number 6 satisfying
0<6<L—n/p and apply once more the Hélder inequality to get

< (Adx L (V) p/* JCD‘"/Z >

1

|U, (%, bm)|? = L? ISL_IG”u(sx + (1 —s5)hm)ds|? <
0

0 0

1 1 »/p
SLPJ'X(L"I"I/”’"O)P |0%u(sx + (1 —s5)bm)|? ds Js_”o”'dx =

1
= —(.ZO;L’—;;/? Js”‘“o)p“‘ |0%u(sx + (1 —s)hm)|P ds .
0

Hence it remains the estimate

1 ‘
(x—bm )"”(x—bm)l IJ(L_G)P*1|8"u(sx+ (1 =s5)hm)|? dsdx =

Vaoh Vah

sC=02-1 152,512 (Vs) t—bm\® (t—hm Idtd\
Oj [iuo (Vo9 Mzn(\@x |2 ) |
APy (VB) L(\/_)

(L—-06)p

J(D—n/z S

meZ”

1
$A¢K_L(V5)I:‘L‘9’P‘l‘”drJl@"u(i)l"dt~ — ol
0 R”

where we changed several times the order of integrations and summation, which is jus-
tified since the integrands are nonnegative, substituted ¢ =sx + (1 —s)bm and ap-
plied (2.8). Thus we arrive at

»  A® (\/_ ) e
ISa,5 I, < (A _ L (V@))/?’ Gy T X OL) = [E
for arbitrary 6 € (0,L — n/p). But

min 1 S
0<0<L-n/p (Gp" )2 ((L — 0)p — n)'/? Lp —n

>
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therefore we obtain

L
152, < AP (VD) 2 6%l

Using (2.8) with s = 1 and the inequality |U,(x, y)| < [|6%4||;_ we obtain for p =
that

ISa,5llz. < APk 1 (Vo) 3%, .
If p =1 then clearly

1
Sa 1$L L-1 (g« (f)( (D)_" E t—bhm \® t—bm Idtd <
ealh, < Lo flovunl (VB 3, (L2 Vo £ )| v
AchK L<\/—

SALPg - L\/——)I b=t ”dfﬂaa )| dt <

R”

lo*aly,

Thus the assertion is proved for 1 < p < % and we see that the constant ¢, is bounded

by
Lp
Lp—n"

Cy $A(DK_L (\/5)

For the following we introduce the semi-norm
,_ k! e
|”|W,f-—la‘2=k ;!‘”a u“zw 1
equip the Sobolev space W, = W, (R"), [ € N, with the norm ||ullyy = X |#|ws and
denote k=0

(7, ®):= max

orn. = g [ 3, (=2 (=2)
(2.9) i mez| Vo &
ex(n, ®):=max > |®F(Vav)|.

lel =k yez"\{0}

>

Lo

Due to (2.6) there holds o4 (7, @) < AP _; (\/®). Now Lemmas 2.1 and 2.2 lead to
the following L,-estimate of approximate approximations.

Tueorem 2.1. Suppose that v satisfies (2.1) and (2.2) and that for given @ > 0 the re-
lations (2.4) hold. Then for any b > 0 and any function ue W}, 1 <p < o, L =N and
n/p <L <K we have

_1(\/—/9) g, (n, @)
E=0

&

25 _“”l?\ || +

_1 \/_]) ak(n, +C”(\/0—9/?)L

futes + 2

/e N k!
Now we are going to estimate the error of # — #, in negative norms.
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Lemma 23. Letu e VVPZ’, 1<p< o,reN,and {a,} €l,(Z"). Then there exists a
constant ¢ depending only on n, r and p such that

|a, |
<ch? Y ——— ||y .
o verngor (472 [v]2Y %

u 2 aye, (b1

veZ"\{0}

Proor. Obviously it suffices to estimate the norm of the multiplier
€v(b —1,): ‘szr_) ‘Vp—Zr .

Because of |v| # 0 we get

Jeuts 1 0at) 9T di | =

lev (s all> = sup
I &

2r =
”"WP,' 1

bZr o
j Ye, (b~ x)u(x) o(x) dx | <

sup ‘
lollwzr =11 (4% | v]?)

R

bZr -
€ —— 5 A" (u(x) v(x) )| dx .
(47 |v]?Y ||v||v;§}) - 1RI | )|
Since
_ 7! _ ! (2a)! g
r — I 8241 = AN 7 B 2a — B
Aw) = 2 G = 2 o 2, Faa— g O

it is clear that there exists a constant depending only on #, r and p such that

[147 (u(x) 2] | die < el |

R"

””WPZ,’ .

We note that in the special case » = 1 this constant is bounded by
¢c<max(2,#'7), p=min(p,p'). ™

By simple interpolation arguments Lemma 2.3 can be generalized for arbitrary
negative norms in Besov and Bessel potential spaces. This leads to the following error
estimation for the quasi-interpolation formula (1.4), which we formulate for the
example of the Bessel potential space H, = H,(R") equipped with the norm

ol =l (1 + 4a? | - |y 2 Ful| L, = (T = AV 4],

TueEOREM 2.2. Suppose that v satisfies (2.1), (2.2) and for given @ > 0 the relations
(2.4) hold. Then for any ue H-, 1 <p < ®, L2 N with n/p <L <K and positive
s S L there exist constants ¢, and c, , not depending on u and b such that

= w3l < ey (V@B Jadlligz +
min(N—l,[L»:])( Vahb )lal “3“”‘}1; 5 'aam?(\/@ ol

+c, ,b° >
P la|=0 2 a ve Z"\{0} (2.7[' VI)J
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Proor. Since ||||H5 < || |[H: for s <t the estimate

(\/_b) ok (1, @)
”u_”b”H’ ”RLIJ”LP =N k!k |u|W{,‘
N-1 \/(_Db |al 1 : .
+|a|§;0(——2ﬂ ) ;!”8 ue (b ')”H,,“

follows from Lemma 2.1 and Theorem 2.1, where we denote
gax)= 2 FFVDV)e,(x).
ve Z\{0}
Obviously the first two summands can be bounded by c(\V@h )N |4 pE with some con-
stant not depending on #, b and @. To estimate the last sum we use for |a@| + 5 < L the
interpolated result of Lemma 2.3 to get

L2 Fn(V D v)
[%ue b < ppolorullyy 3 AZTLVON]
veZA\{0} (2z|v])

If |a| +5s>L we use Lemma 2.3 for » e HF 7 1% and obtain
|8°Fn(Va )|

e (b g < e P2l LU | P e
" a ”Hp L~ |al|,p ” ”Hp ve {0} (ZNlVI)L_‘al

b

showing that
Nat (Vok lal 1 fing .
= )||g-s N .oom
|a|>ZL :< Py ) P 0%ue 4 ( )"H,, C(\/ab) ”””HPL
l[#llwz ,
Since ”u”H—z\ B, "u"W—z with the constant B, = sup we obtain

I-4
for the special case s =2 ve W} i Jv ”I1p

ProposrTioN 2.1. Suppose that v) satisfies (2.1), (2.2) and for given @ > 0 the relations
(2.4) bold. Then for any u € Wy, L = N = 2 with n/p < L < K there exists a constant c
not depending on u, b and B such that

e = w3 || g2 < C(@E)N””"WL + o
' (VB Gl

27 al vezngop  4a?|v|?

(Vah) (,aa) 2
oV bl 8" 3, 0 S S e

where ¢, = B, max (2, 77 and e (n, M) are defined in (2.9).

Ia|=0

3. HARMONIC POTENTIALS

Here we justify the cubature formula (1.2) for the harmonic potential .G, . It is well-
known that £, = (—4) ! and that for =3, 1 <p <n/2 and g = np/(n — 2p) the
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operator £, is a bounded mapping from L, into L, (cf.[9]). The norm of £,: L, — L,
we denote by 4, ,
Let us define

I(n/2-1
(3.1) Ly ptb(%) 1= L,y (%) = ol E )J T

R”

b

47 x—y|"?

where #; is given by (1.4). Hence for any x € R” we obtain the discrete formula

h? x —hm
hm) £ .
@21 Eznu( ™) ""( Vaoh )

The cubature error can be estimated by the following

(32) .E,,,bu(x) =

TueoreM 3.1. Let 1 <p <n/2,q =np/(n — 2p) and suppose that n satisfies (2.1),
(2.2) and for given @ > 0 the relations (2.4) hold. Then for any function u € W}, where
L =N+ 2uwithn/p <L <K, there exists a constant c, not depending on u, b and @ such
that

”‘Enu - ‘En,bu“Lq < C” (‘\/a):b)N”u”WpL +

s WD el @) 2
k=0 (231:)'e+2 k! /=

A (A, g6, lu|wpi + ¢y lulwit) .

Proor. The assertion follows immediately from Proposition 2.1 and the mapping
properties of £,. Since £, — £, yu = £,(u —u;) we obtain

le,a = &, pull, = I(=A)"1 (I = AT = 4) (= )|, <
< W= = A = )+ 1= 27 = ), <

< Ay gl = wyllmyz + Nl = wylle 2 -

Using the continuous embedding W} ¢ W} ~2 we have only to apply the estimate of

Proposition 2.1. =

Let us mention an interesting feature of the cubature formulas based on the ap-
proximate approximation of the density. As an example we consider the approximation
of the gradient V(£,%)(x) by the discrete formula

b x_ b
V(L,, u)(x) = @ 1/2 mgznu(bm)V(e@n’?)( \/517 )

THEOREM 3.2. Let 1 <p <n,q =np/(n — p) and suppose that v satisfies (2.1), (2.2)
and for given M > 0 the relations (2.4) hold. Then for any function u € WE, where
L =N+ 1with n/p <L <K, there exist constants c, and c, not depending on u, b and
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D such that
IV(L,u) = V(L, 2, < ¢ (VOB lull gz +

N2 (vaok |1 0%l |6° (VD v)
toh S oy 1ETNOY
|la|=0 2w a. ve Z"\{0} 2.717'V|

Proor. It is well-known that [[Va|, = [|(—4 )24 1, Acting as in the proof of the
previous theorem we get

=) (8u = &, pu)llL, < By, gl =yl + e = 23l

where B, , denotes the norm of the bounded mapping (—4)*/2: L, — L, (cf. [9]).
Hence by Theorem 2.2 the assertion follows immediately. ™

The previous theorems show, that if the generating function » and the parameter @
are chosen such that the values &, (7, @) are sufficiently small, then both the cubature
&£, »# and its gradient V(£, ,#) approximate with the order 5" up to the prescribed ac-
curacy. Moreover, due to the smoothing properties of the integral operators the corre-
sponding approximations converge with the rate 2 and b, respectively, as b tends to
zero. This property holds, in general, also for other pseudodifferential operators of
negative order, whereas for singular integral operators the corresponding cubatures ap-
proximate in some range of » with the order N, but do not converge.

After having estimated the cubature error we choose now a generating function 7
such that the assumptions of Theorem 3.1 are satisfied, the values €, (7, @) can be
made arbitrarily small by a proper choice of @ and the integral £,7(x) can be deter-
mined effectively.

An example of multivariate functions providing the desired properties is given by

(3.3) Now (%) := w"2LE3 (|x]2)e 1, M=1,2, ...,
having the Fourier transform

M=1 (52|2]2)/

(3.4) Fom(A) =e " W 3 wl
ji=0 J:

(see [5,7]). Obviously the function # ,y satisfies (2.1) and (2.4) for any K > 0 and the

moment conditions (2.2) with N = 2M. It will be shown that the cubature formula

(1.2) is based on this function. Consequently, to prove the validity of the estimate (1.3)

it remains to bound the error

M3 (Vb)Y ey (n,u, ®)
£=0 (2”)k+2 k! J

In view of (3.4) we have

3 Fpou () = pa - 241 (R e ™
with some polynominal of total degree 2M — 2 + | a|. Due to the rapid decay of the

b

;0 (Ap)qcp |u|W:+1 + o IulW;H) .
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Gaussian function there exist constants y, such that say for all @ = 1 we have

er(oy, ®) = max > | Fpy (VOV)| S ype ™2,

lal=# yez"\{0}
implying
2:1 03 (;/;kbjz £ ”ZM, 2, b g |l wpe + ¢ |u|wper) < C2€_”2@||u”WP2M+1
for any fixed @ = 1 and all » < D ~'/2. Now Theorem 3.1 yields the estimate of the cu-
bature etror
(3.5) e, — £,,,;,u“Lq <q (\/E)b)ZM"u”WI;'zMu + c,h%e _”ZQHuHWPzMH

with constants not depending on % b and @ = 1, where

x —hm
oy/2-1 mgz"u(bm)ve””ZM( Vb )

Remark. The estimate (3.5) indicates that asymptotically the optimal cubature er-
ror can be obtained if the parameter @ is coupled to the gridsize b such that
(V®h)M = b2 exp (—7*>®). A similar coupling of @ and b, depending of course on
the generating function », converts the quasi-interpolation (1.4) into a converging pro-
" cess. For example, if for given n we choose @ = () such that

o;“,eai‘N(\m) L0 - any,

2n

(3.6) £, pu(x) =

then Theorem 2.1 implies the convergence of the corresponding quasi-interpolant in

the norm of L, with the rate (b'\/ @(h))N . Some special results in this direction are ob-
tained in [3]. But we prefer to consider the case of fixed (@ which is advantageous in nu-
merical applications of the approximations (1.4) we are interested in. First of all one
can fix @ such that any prescribed accuracy can be reached with the approximation rate
hN. Further, the cubature of convolution operators @ requires similar to (3.2) the

evaluation of An((x — hm)/ \/5/9) On the grid points bk, k€ Z", one has to deter-

mine the values A7((£ — m)/\/®), which can be used for any gridsize 5. Therefore it
is very efficient to precompute and store these values if the cubature is a part of some
iterative or multiscale algorithm. ®

In order to derive an analytic expression for £,7,(x) we use the representa-
tion
M=1 (—1)/
3.7 L2 (|x]?)e 5 =
6.7 B ()= B
(see [7]), which together with the summation formula

(3.8) Li* V() = L") - L% ()

— 2
Ae 5" xeR”,
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[1, 22.7.30] leads to the equality
(-1)/
7147

Now we arc in the position to determine the integral

(n/2-1) Lij’/_zi(lylz)e_b"z

(3.9) LD (|x]?)e = = Ae™ 1’ xeR”.

6100 & LA 1) ) = — = FErE
Rll y
Since £,4 = —1I the representations (3.7) and (3.9) lead to
2 2 Mt (_l)j : 2
3.11)  L,LEA( P e M) =L, M) - 2 Sy il L
i=1 jl4/
M-1 —1)/-1 )
—ee M + 5 LT i

i=1 4 (j—1)4/"1

, M-2 L(n/z—l)(lxl )
— —1-1? x| =~
£, (e ) (%) +e” /go T D

Thus it remains to determine £, (e™1"1*)(x). We use that
F(n/2 Iyl a2 []?
-1 = e =gz (€ =
8w = = j P L b b e
RVI
© |x|2
2nn/2+1 I e—.’i‘tzr2 1 _ _
= a1 ar|x|) P dr = —— | 1727 2¢ 774,
len/z_lo 4.7'[27'2]/2 1( | |) 4|xl"_2 I
(see[10, Th.IV.3.3], [2, 8.6.11]).
In particular,
| 1 e bl 1 1l
g Pl e

and

x|
2 = ly1? 2
(3.12)  L5(e "l )(x)=zlj—_[—j e dy = 1 Oje" dr = \/f erf (| x|)
R}

with the error function erf.
Noting the relation to Hermite polynomials

L/ (y) = (-1) (1t [ A -2
()= ——H, (), Hp)i=( 1)6(5)3 ,

j!22f+1'\/; 2 +1

from (3.11) we obtain in the special case # = 3

(3.13)  Lypa(x) = —— [Vrerf(|x]) + e = 3

M=2 (=1)/Hy o (|x])
4n3/2|x| i=0 (j+ 1)12¥+1
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Beror of Ls(A((1 - |- )2))(0) Brror of La((1 — | [FJ4)(0)
T T —— o e ———— T
0.01 - - -
1e.06 |- - 1e-06 -
M=1 -— o M=1 -~—
M=2 -o- - . M=2 :o0- -
| M=3 -e-- | . M=3 e--
le10 - o =o lel0F Mg - 7
M___5 L@ M=5'°"‘
lel2b L% le12 & e e
0.1 0.01 0.1 0.01
meshwidth A meshwidth A
Fig. 1. — Cubature error for the Newton potential using different generating functions 7,y and the fixed

parameter () = 3.

The described and related cubature formulas were tested in a large number of ex-
amples and partly included in numerical algorithms for solving partial integro-differen-
tial equations (see [6]). Let us provide the results of two tests with the three-dimen-
sional cubature formula (3.6), (3.13). In fig. 1 we have plotted the relative cubature er-
ror for different generating functions 7, and sufficiently smooth densities. The corre-
sponding values of the approximation rate

(log| £5%(0) — £5, 2,#(0)| — log| L32(0) — £5 ,#(0)])/log2

are contained in tab. I. It shows that pointwise the approximation rate can even be
higher than theoretically predicted. For example, in all numerical tests we obtained an
approximation rate near 6 for the density (1 — |x|?)% having discontinuous fourth
derivatives.

TasLe L. — Approximation rate of the cubature at the point x =0 for the densities A((1— |x|?)%) and
(1= |%|®)%, resp., using different functions 1,y and M = 3.

b1 LA —1-1%%) L(1=1-1%)
M1 2 3 4 5 1 2 3 4 5
8 0.975 2.117 3.383 4.780 6.338 1.525 3.088 4,817 6.830 9.227
16 1.619 3.354 5.176 7.087 9.098 1.857 3.750 5.722 7.764 8.282
32 1.893 3.826 5.787 7.775 9.810 1.963 3,937 5.933 7.819 6.344
64 1.973 3.956 5.947 7.946 9.033 1.991 3,984 5.983 7.639 7.024
128 1.993 3.989 5.986 7.851 2.124 1.998 3,996 6.009 3,727 0.715
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In the case #» = 2 we have

(3.14) Loulx) = == JIOg Ixiyl u(y)dy,

and one easily obtains

Jxl2
-1-1? :_l 2 _l =l -
G.15)  &y(e (%) = = 2B (|x|*) = 5 log|x| = - |y J

1—e”"

dr|,

where E, is the exponential integral and y is the Euler constant y = 0.577215 ... . Thus
from formula (3.11) we derive the analytic expression

=L 1 2y 4 oot L)
(3.16) L7 (x) yp (210g M E (]x]?) +e /_;0 G+

with the Laguerre polynomials L; = L!”, leading to the cubature formula

- 1 )
£2,bu(x)=b2m§22u(bm)(£2n2M(x\/b_sz)_ ng\ft_ )

4. ELASTIC AND DIFFRACTION POTENTIALS

In this section we derive analytic formulas of elastic and diffraction potentials ap-
plied to the generating functions 7, defined in (3.3). It is clear that analogously to the
preceding section these formulas can be used to construct high order cubature formu-
las for the corresponding potentials. Based on the mapping properties of the integral
operators estimates of the cubature error can be obtained similar to those of Theorems
3.1 and 3.2.

4.1. 2d-elastic potential.

A solution of the two-dimensional Lamé system pAdz + (A 4+ pu)Vdive =f is
given by

w (x) = jrkl(x,ym(y)dy,
RZ

where for &£, [ =1, 2

1 (% — ¥ 0, — 91)
|x =y |x = y|?

Iy(x,y)= log ,

_ Atu A+ 3u
4u(A + 2u) o A+u
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is the Boussinesq fundamental matrix. In the following we determine
Jrzez(x,y)LM’—l(lylz)f”'zdy~
R2

Note that

Oy 1 Atu * 2 1 1
- — + =1].
F/el(x) y) 271:,“ IOg Ix——yl + 8.7'[/4(},"’2/4) ax,é axl lx yl (log |x—J/| 2 )

From (3.14) and (3.16) it is clear that it remains to determine the integrals

= P (12 1 1\ 2y -3 gy =
L= gy [l ol (los oty + 5 L yl)e o dy =
RZ

P 2 1 1\ -pe
= 3 5 J|x 9yl (log = + 2)6 dy +
RZ

M~-1 (_‘1)/ & 5 1 1 ) )
+ - — 1 — Jo— 1yl A
=1 147 axkalejlx q (og lx =yl * Z)A o

First we remark that
8 2 1 1 —|y|?
1 e - log ——— + = bl® gy =
(4.1) 3 zflx 9| (og P 2)6 ly
R

d 1 _1y2
=(2x,+ — | |lo W12 gy
[2 ax)J R TR

such that for the case M =1 we derive

) &

Iy
- 4+ —
ax,e ax/e axl

K= 28,8, )(x) + (le

> )£2<e*"'2)<x>,

leading together with (3.15) to the formula

A+3u )
———————&w(l 20 04 (E; (|x]?) + 2log |x|) +

L Atu X O \1—e I
AmuA+ 2 \\ =2 2] |x]? |12 ]

For the case M = 2 we use the relation

4.2) jrkz(x,y)nz<y>dy=

R?

A|x — y|*|log =] -2

1
+ = | =4log
|x —y| 2)
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e"”'zdy) +

1 ~ sl
e dy| +
-l )

and Green’s second formula to get

- 12 1 1), -vr gy — 1
Iy B, O ( jlx 9| (log = + z)e dy Jlog e
R? R?

82 M—l(_l)f
+8xk8x, ,'gz 147 J(“o‘g

1 = 1,- 11 gy =
=214’ e W dy =
ER )

R2

- & ot 1 L) o-vr gy —
3%, 5 ( le ¥l (log x =] + 2)6’ dy Ilog |
R? R

az M 1 (_1)/ i
+ A7~ =l* gy
3xk Gx, j= 2 ] 4/ 1 J g ¢ 4
Now relation (4.1) helps to simplify
& 2 1 1), -bi2gy — L bty =
3%, 5% (Jlx 7| (log w7 + 2)6 dy leog e e dy|=
_, 0 1 gy = 9 - lyl?
2 axkleIOg e e dy =20y +x B, Jlog e e dy.
R? R?

Since for j = 2 there holds

jlogs_—_lm o= dy = — 2g A7 215"

|x—y

we derive by using (3.9)

I, = (5Iel+xla )Ilg

where of course the sum disappears if M = 2. Thus

0 2
=28 e 1 e ) +

3 Mz LO(|x]2)e
O 3 <o 2+ 1) +2)

e~ ? dy—-x

[rute, L (y12)e b0 dy =
RZ
M-3 & L,-(O)(lez)e_h“z

Atu 2 —1?
+ 2u(A + 2u) ((6H M Iy )£2 (e ) ;zo Oxp 0% 8(7+ 1)/ +2)

Now we use that
(4.3) (%)M(Lf(“) (e™?) = (=1L (y)e ™,
which follows from the formula

(1—z) ¢ te/U-2 = 20 L9(y)e™7 [1,229.15],
=
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to derive
82 —|x]? x|2
ij(o)ﬂxlz)e "= — 26, LV (|x|?) e~ =2 +4xkx, D(|x]?)e Il

which leads to the equality

frlez(x}' L1 (|y]2)e P dy = 5k1(_ﬁ£2(L L2 e 1 ) () +

RZ
, 5 L I=?
Aty (-fz(e 1y ¢S o E e ))+

2u(A + 2u) =0 4+ 1)+ 2)
l+/4 _2_ g ~ M-3 Lj(Z)(|x|2)e-|x|z
2u(A + 2u) (x; O Ll ) xkxl,go 2(7+ 1)+ 2)

Next we simplify the expressions enclosed in the brackets. Using (3.8) one easily
transforms

» ME—:B Lj(”(|x|2) M52 Lj((’)(lxlz) LiP ,(|x]?)
44 <o 4G+ DG +2) S 4G+1) 4M-1) ~’
such that from (3.11) we get
M-3 L“)(|x| x|
-2 A D
£, (e () ,20 4(5 +1)(]+2)
2 M52 L(O)(lxlz) (1) |xl ) 2
= -1+ = x| J _ *|x[ —
L)) +e /go 4G+ 1) 4(M— 1
L, (|%[?)

- |=1?

=& (L1 (|- 1)e ™)) - me ’

implying for the first term

& &L (| [2)e ) +

A+u e M3 L (|x|?) e+
ALY o I [+ +
2u(A + 2u) 2(e )(x) i=o 47 + 1)(] + 2)

(l)
_ /1+3,u (LI(MI)_I(l'lz)e_I.lZ)(x)— l+,u (lxl ) ,lez.

2u(i + 2u) 2u( +21) 4AM-1) ¢
Now we consider the second expression. From the relation
(4.5) LetVy) =5 LG+a+ DL G) - G+ DL )

(see[1, 22.7.31]) we get
L2 (|x|?) =

(G+2 LM (|%?) = G+ LY (|x]?))

Il2
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and therefore

M-3 L,(Z)(|x|2) X %) Mi; (+2) L(l) (|%|?) L,(l) (|%|?)
Xp X, . s = =
S 2+ DG +2) T [x]? 50 2(/+1)( 2)
_ s Mj’ LV (=) L\ (lx]?) _ N (1_ Lz‘u”_z(lxlz))
|x]? /=0 \ 2(/+1) 2(7+2) 2|x|? M-1 ’
Furthermore, (3.15) shows that
|%]?
9 1 y(py = 2O _I 1—e™® | o X% a2 _

0

hence we derive

— |x|?
M3 L (|xff)e _ %% ( Lip 5 (|x[*) |x|2—1)
i=o 2+1)(j+2)  2|«x|? M-1 .
Consequently, the integration of the generating function 7, results in

A+ 3u
2u(A + 2u)

x; 9 £ (e"'lz)(x) — X3 X;
Bx,e

(4.6) j Ty, )7 (3)dy = — 010 L1 20g (%) +

R?

'1+,u Xk X1 _% 772M~2(~"7) XX
4ud+2u) \\ x> 2] M-1 m|x|? |

We note that by simple differentiation of the expressions (4.2) and (4.6) it is possi-
ble to obtain effective approximations of the stress tensor

Ouy,  Ou, Ou ( Ouy . Ou, )
T1 2~ + .

"k”(axl g R “\ o * o

4.2, 3d-elastic potential.

A solution of the Lamé system uAdu + (A +u)Vdive =f can be obtained
from

u(x) = J-Fk/(x,y)ﬁ(y)dy,
R3
where the elements of the Kelvin-Somigliana fundamental matrix {I'y }3 ;- are given

by

0 = )% — 1)
Ty(x,y)=— Atu ('1'*'3/1 H +(x/e Yo ) (% — v,

Sruu(A+2u) \ A+pu |x—y| |x —y]?
The integrals

Jr/el(xdf)’?zM(y)dy=7£—5/2J1"H(xyL’Z ly]?)e lylzdy

R’ R’
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can be determined quite similar to the preceding subsection. First we note that

1 Ou Atu i |x
dmu |x —y| = 8mu(Ad + 2u) Ox, O

Ty(x,y)=— -]

Hence it remains to determine the integrals

> 2
= — LB/ ([y]2) e -1 gy =
Iy B, v, ;“x YLyt (|y]?)e dy
R

2 5 1)/’
= aog [lx-ale P ay+ s jlx—ywe o dy
R}

i1 j147 axk Ox;

Since for 7 = 2 there holds

. . = 1yl?
J|x—y|A’e‘|’lzdy=2A’_1J ’ dy=—8mA/ "% 1"
R

%=yl

R3
the desired integral equals

& —yl? 1 (e bl
I, = -2 — 1° gy — = -
4= S B }flx yle -5 !Ix—yl dy
R R

P L Gk VP RPN
8 Ox Ox; j=2 ;147 4
Similar to (4.1) we have
9 ~ly? 1 3\ (et
. = (|x - =[x+ L ) [
(4.7) ale;“x yle dy =[x, 2 3 R}J x=y] ly

implying for M = 1 the expression
A+3u  erf(|x])

@8 [rulv ymab)dy = = 5o e duk
R3
At (o9 & el
Amu(A + 2u) P ox, T ox ox 4|x|

_ G+ mwnxn (3 —2|x|?)erf(|x]) e sl
16u(A + 2u) |x|’ Vo |x|*

Ou ((H )( JRENE _erf(|x|))_2(“3m erf(|x|)).

+_—
16mu(A + 2u) V| x| || [ 2|
If M =2 then (4.7) yields

2 M3 Lj(l/Z)(|x|2)6‘|“|z
aX/e axl 7=0 16(]+ 1)(]+2) ’

~1y?
(6k]+xl W ) J d dy"‘&ﬂ

|x —
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such that

Isz(x VLA (|y|*)e " dy = _%-ﬁs@ A1) eI 1)) +

R?
Mo g2 LY ([x|?)e

_Atpw 0 1) (x) —
+2/4(/1+2ﬂ)((6k1+x’ ax,e)£’(" &)= 2 3 ST DG D

From (4.3) we see that

& ———LY?(|x|?)e" I*1* = —Z(SML}’/Z)(|x|2)e_""2+4x,éx1Lj(5/2’(lez)»e_l"l2
Oxy Ox;

which leads to

Fk,(x L32 )6 lylzdy CS/e[ —'—£3(L(3/2 | I —||2)(x)+
y) (ly

R3
A+p BE MG LP (|x)?) e 7
T2+ 20) ("e’(e Ja0) +,§0 aGrngr2 )T

, M-3 [(5/2) 2) —|x|2
.f._i-l-L(xl—é--£3(¢s’_|'1 )(x )—-x;ex; 2 ! (le ¢ )

2u(A + 2u) O =0 2+ 1)(j+2)
Again we consider the separate terms. Similar to (4.4) we derive
Mos LOD(|x|2) M=z LYD(|x]2)  LE/A(|x]?)
woy S LD gt LA L (s)
=0 4G+1)G+2) <o 4+ 1) 4M-1)
such that from (3.11) we have
L(3/2)(|x|
“1Py(x) +
Sle go G+ 1)(; +2)
M—2 L-“/Z)(lez) LYY (|x|? )
= o le=1"Y(x) + o152 J 2 N
Sl D) +e M 2 =0y 4M-1)

L3 (|x]?) e

=& LB e e - ZEr=ime ™™,

which implies
— 2 & (LA 1D)e™ M) +

L(s/z)(lxl )e |x|?

Atu -1
L +
+2pt(/'l+2,u) & le () ,go 47+ 1)/ +2)
, L3/ (|x]2)e 1=
Ao () e P — i ta L)

2u(d + 2u) 2u(d + 2u) 4M—-1)
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To handle the second term we use (4.5) to write

(1) = L [+ 2 )L s - g+ ,<i/f><|x|2>),

||

hence we get

Mo LD (|x)?)

o 2+ DG +2)
o (MG LP2(x?) LR (1x]?) S LP/2(|x]?) |
T x2S\ 26+ D 2(7+2) =0 4 + 1) +2)

XpX]

| |?

m (1 L@B(=?) Mg L2 (1))
2aM-1) S 4G+ DG +2)

From (3.12) we have

%] %]

d _1.p2 J 1 2 Xp X1 g2 XpXl 12
x—-.ﬁ?(e”)(x=x————je’d’r=— Je’a’t+———e =%
Pox, ) ' ox 2]x] | 2|x° 2|x|

therefore the second term transforms to

Mz3 LO/2 (|x|?)e” |%|?
xzaa,:"@(e"l'lz)(x)—xkxz =

=0 2+ 1) +2)

%]

_ "le’cl3 J’e—zszJr "/«xlze—lxlz_
2|x|’ 2] x|
_mew (1 L3 (x]?) M LR (xl®) ) e
[%[2 \ 2 2(M—-1) =0 4+ 1)/ +2)
ETRE j' drtomts? LU LA |
|x]? 2|x| ; i=o 4 +1) 4M—-1)

(3/2) 2
= ’I‘/;’Iz (BL:ZMZ(_I’;') )e—lxlz_£3(L1(M;/zl)(l,Iz)e_l.lz)(x))’

where we have used (3.11), (3.12) and (4.9). So we come finally to the expres-
sion

(410) [T, ) nou(y)dy =

A+u ( XpXg )772M—2(x)
— 5| JaM-2 X
R}

8uld +2u) |7 |2 M-1

_ A+ 3/1 A+ U XpX]
2u+2p) F 7 2u(h+ 2p) |x|?

)£3772M(x)>

which is valid for M = 2 and even simpler than the corresponding formula (4.8) for the
cubature of second order.
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4.3. Diffraction potential.

Consider the potential

1 eklx =yl

(4.11) Su(x) = groms =l
R3

u(y)dy, Imk=20, xeR’,

providing the solution of the Helmholtz equation —(Av + £%v) = u, which satisfies

Sommerfeld’s radiation condition
—K—,Vv(x)>—z'kv(x)=o(L), |x| = .
| %] | %]

From the equality
=1

(A+ED) 1A= (=1VEY (A + k> + Z (—1yk#pgi-1-r

we derive

SR 120 (x) = (4 +/ez>-1( 3 I)JA’ - v) -

2 2(_1)rk2rAj—l—r€—|x|2__._

5 M-1 2\; M-1 (—1y/z1
= S(e )0 3 .l,(k—) S
j=0 J.

4 j=1 jl4 r=o
(e 1" )(x) 21 L IIME_:2 i ( )j_’L“/Z)” ?)
_S - X ’ —

¢ %) j=0 j12% ¢ i=o 4(j+1 r=0 *|

-1

17 L

(e (x ]20 _/'22]

telxl? Z (-1y Hy o1 (|%]) M5~ k¥

2|x| F=0 (FAr4 )220

Let Imk > 0. Using the Fourier transform

1 Iei/dx] 1
— | e(—x)dx = —————
4 ) x| 47? |A]7 — k2
R
the convolution equals to
1 eiklx—y] - —n?|A|?
4.12 — Wy =g?/? | —4——— ¢, (x)dA
(412) 4n.[|x—y| ¥ = J4Z|1|2 g2t

R?

—x20?

2732 3 oe
lx| ) 4x?0? — k2
= _ﬂe—kz/4 ez'k|x| erfc( ’xl_ é)_e—iklﬂ el'fC(le— i) ’
8 x| 2
[2,2.4.26], where the complementary error function is defined as erfc (z) = 1 — erf(z).

sin (27o|x|)do =
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Thus we obtain

l x — —k2
J k| ‘|J’|2dy= e k%/4
4n5/2 |x — yl 47| x|

(zsln (k|x|) + Re

etlx| erf(|x| L ik )))

For k > 0 the Fourier transform of the fundamental solution is the distribu-
tion
1
S S Al - —).
47?|A)? — k2 2/€ (‘ |

Hence the convolution (4.12) is the sum of the principal value integral
-a2 4|2 )
J——e I o2 2 ) = | Re (e””’" erf(|x| + = L4 )),

] 4n? |A|? - k2 4n
where one has to apply the Sochotzkij-Plemelj formula, and of

m 6(|' __/e_) o P p2aite, )| = L ___Sm(“xl -k /4
2k 2n ) dr x|

Hence we derive also for £ >0

47| x|

n28 (e ) (w) = e K/ (zsm (k|x|) +Re(e”‘|"I erf(|x| + 12'% )))
Summing up we get the analytic formula

~ M-1 2 7
Sn2m (%) = s e*1xl erf(lx] + = % ))) > —-——(k ./4) +

e
4| x| =0 J!

(zsm (k]x]) + Re

- x| M2 (_l)jH2j+l(|x') M3 (k%/4y
VPR 2%+ | x| =0 (H+r+1)°
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