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Magnetofluidodinamica. — On the solvability of some initial boundary value pro­
blems of magnetofluidmechanics with Hall and ion-slip effects. Nota di VSEVOLOD A. So-
LONNiKOV e GIUSEPPE MULONE, presentata (*) dal Corrisp. S. Rionero. 

ABSTRACT. — The solvability of three linear initial-boundary value problems for the system of equa­
tions obtained by linearization of MHD equations is established. The equations contain terms correspond­
ing to Hall and ion-slip currents. The solutions are found in the Sobolev spaces Wp

2' 1 (QT) with p > 5/2 
and in anisotropic Holder spaces. 

KEY WORDS: Magnetohydrodynamics; Anysotropic currents; Existence; Uniqueness. 

RIASSUNTO. — Sulla risolubilità di qualche problema ai valori iniziali e al contomo per la magnetofluido­
dinamica con effetto Hall e di ion-slip. Si stabilisce la risolubilità di tre problemi ai valori iniziali e al contorno 
per il sistema ottenuto linearizzando le equazioni della MHD. Le equazioni contengono termini corrispon­
denti alle correnti di Hall e di ion-slip. Le soluzioni sono trovate negli spazi di Sobolev Wp

2,1{QT) con 
p > 5/2 e negli spazi di Holder anisotropi. 

(ì.i) 

1. INTRODUCTION AND MAIN RESULTS 

The motion of an incompressible fluid in a magnetic field in the non-relativistic case 
is governed by the system of equations 

\Ut + I/- W = ixpô'HVH - Vlpipo"1 + (JiH2pôl/2) + vAU + F(x, / ) , 

Ht= - IJL^V XE, 

! V£7 = 0 , V-H = 0, 

| j = V x H , 

[J + P°PJ x H + PtfiH x (J x H) = <J(E + [xU X H), 

where H is the magnetic field, U is the velocity field, E is the electric field, J is the cur­
rent density vector, px is the pressure and F is the external force. The last equation of 
(1.1) represents a generalized Ohm's law including the Hall and ion-slip currents [1-4]. 
The constant coefficients p 0 , v, p, <J are the density, the kinematic viscosity, the mag­
netic permeability, the electrical conductivity. /3 and fix > 0 are the Hall and the ion-slip 
coefficients. As usually, we have neglected the dispacement current. 

Excluding E and J we can write the system (1.1) in the form 

Wt +U-VU = (xpò'HVH - Vip^ô1 + ixH2p^/2) + vAU + F(x, t), 

I Ht = V x (U x H) + risAH + ^ V x [ H x ( V x H)i + 

+/3xVx {HX[HX ( V x H ) ] } , 

V-C/ = 0, V-H = 0 

(1.2) 

(*) Nella seduta dell'11 febbraio 1995. 
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where rj0 = (/xa)-1 is the magnetic resistivity. We assume that the fluid is contained in a 
bounded domain QcR3. We denote by QT the cylinder Û X (0, D ( x e û , 
/ e (0, T)), S = dQy UT = S X (0, T) where T is a positive number. 

To the system (1.2) we add the initial conditions 

(1.3) U(x, 0) = 170 (*), H(x, 0) = H0 (x), 

and the boundary conditions 

(A) U = a\ HT = b' o n i ; r , 

(B) J7-» = 0 , D(U)-n-(n-D(U)-n)n = c', Hr = bf on i 7 T , 

(C) 
{>7oV x H - 0[H x (V x H)] - ^ H x [H x (V x H)]}T = rf1, 

on 27 ̂  , 

where a' ,bf ,cf, */' are given fields with #' • n = è' • n = cr *n = d* mn = 0, /z is the unit 
normal to $, and D{U) is the symmetric part of VU. 

Conditions (A), (B) and (C) are appropriate for a rigid non-conducting, free non­
conducting and rigid perfect-conducting boundary, respectively. Because of the impor­
tance of MHD problems both in mathematical and physical applications, many writ­
ers [4-10], have studied uniqueness, continuous dependence and stability of a basic mo­
tion of system (1.2) (with or without ion-slip currents) with initial conditions (1.3) and 
boundary conditions (A), (B), or (C). In the papers [11-14], the existence and unique­
ness problem in suitable Hilbert spaces have been studied in the absence of Hall and 
ion-slip currents. The papers [15,16] deal with existence theorems when the displace­
ment currents are not neglected. Finally in the papers of [7,8] existence theorems (in 
the linear and non-linear case) for a MHD flow with Hall current in a toroidal domain 
are proved in the Sobolev space W2

4'2(QT)
 a n d a l s o a linearization principle is 

established. 
In the present paper we consider eq. (1.2) linearized about certain given solenoidal 

vector fields f/0(x, /) and H0(x,t) i.e., 

(1.4) U (u,p, b)=f, V-* = 0, L2(u,b)=g, V-h = 0 

where 

(1.5) U(u,pyh) = 

= u, + UQ'VU + u-VU0 - wô1 [H0-Vh + t>-VH0] - vAu + pôlVp , 

(1.6) L2(u,b)=bt-r}0Ab-p\yx (HQx (V x h)) + V x (h x ( V x H 0 ) ) ] -

- i 8 i V x { H 0 x [ H 0 x (Vxb)]+H0x Ibx ( V x H 0 ) ] + A x [H0 x ( V x H 0 ) ] } -

- V x (U0xh + u XH0), 

and / , g are given vector-valued functions of x and t. 
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For this system, we consider initial-boundary value problems consisting in the de­
termination of u, p, hy which satisfy (1.4), initial conditions 

(1.7) u\t = 0 = u0{x), t>\t = 0 = t>0(x) 

and one of the following conditions at the boundary S 

(A') u = a, hr = b on:2?T, 

(B') wn = 0, D(u)*n - (n*D(u)*n)n = c, hr = b on UT , 

u = a , h'n = 0, 

BT(b) = (y]0V x h -pih x (V x H0) + H0 x (V x b)i -

-p1 {h x [H0 x (V x H0)] + H0 x lh x (V x H0)] + 

+ H0 X [H0 x (V X A)]})T = dy on 2 r . 

(C) 

We establish the solvabiHty of problems (1.4), (1.7)-(A'), (1.4), (1.7)-(B'), (1.4), 
(1.7)-(C), in anisotropic Sobolev and Holder spaces W^HQT)> C2 + a> 1 + a / 2 ( Q r ) . 
We recall that the norm in the space W^ 1(QT), is given by the formula 

T 

where |HILP(QT) = \v(x, t) \p dxdt is a standard L^-norm. 
OD 

Functions u e W^2'1 (Qj) have traces on the cross-sections (x E 13, ^ = t0 e [0, T]) 
of the cylinder Q r and on the lateral surface S X (0, T) = UT. These traces belong to 
the fractional Sobolev spaces (or, which is the same, to the Besov spaces) Wp~2/p(Q) 
and Wi ~ 1/p>l ~ 1/2p (2T)> respectively. The norms in Wp (Q) and Wp>

r/2 (2T) with non-
integer r e (0, 2) are defined by the formulas 

1—~ = I. \\DJu \\1{Q) + 2y —; :TT3—T^T-dxdy, \\U\\W£(Q) 
0^1 t\<r ' 1/1 = rr", -

û Q 

T 

I W I V w = ll«IIW> + IIV^IIW» + \ \ \ I V5
W«(*. t) - Vs

w«(y, t) I 

0 5 5 

dSxdSydt ( Y e , , .v • , ,,„ J £ J / J T , , + „r rn + | « ( * , / ) - « ( * , T ) | ' - , . 

\x-y\2+#r-W) JJJ | / - T | 1 + ^ 2 

Here V^ is the surface gradient; in the case r < 1, V/ u should be replaced by u in this 
formula. We shall always assume that/) > 5/2. Under this conditions,p{2 — 2/p) > 3 
and the following estimate holds: 

(1.8) sup \u{xyt)\ ^ C sup ||«||w2-2/'(û) ^ Q| |« 11^2,1^) . 
QT t*T 

This estimate will be especially useful for the investigation of the nonlinear problems 
which will be the subject of subsequent publications. 
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Hie norms in the Holder spaces Ck + a(Q) and ck + a'{k + a)/2(QT) are defined by 
the formulas 

« c * + "(û)= 2J sup \DJu(x) + Z sup j ^ , 
os|y |s* x |y| = £ x,y F ~ y r 

|« I CA+ «,(* +a)/2(0T) = 2 SUp |D/DjJ#(#,/) | + 

^ v 1 D / D > ( X , / ) - D / D > ( X , T ) 1 
+ 2J SUp + 

2 / + I / I - * X , / , T | / ~ T | a / 2 

t v |D/Df'«(x,/)-D/Df'«(y,/) | 
+ 2i sup 

2* + M=* x,y,/ \x"y\ 

We make use of these spaces in the cases k = 0, 1, 2. 
Main results of the present paper are as follows. 

THEOREM 1. 1) Let SeC\ H0EW^(QT), UOEW^QT), P>5/2. For arbitrary 
/ G L P ( Q T ) , S G L , ( Q T ) , £ 0 é 1 F ^ ^ 

a*n = 0, be W2'1^' l~1^2p(ST)> which satisfy the compatibility conditions h0r \s — 
= b(x, 0), u0 \s = a(x, 0), V'h0 = 0, V*u0 = 0, V-g = 0, in a weak sense, b*n = 0, 

problem (1.4), (U)-(A') has a unique solution (u,p,h) such that ueW2,l{QT), 
Vp G Lp(QT), h G W2, l (QT)- For this solution the following estimate holds 

(1.9) \\"\\w}.HQr) + HfyllMQr) + M ^ C Q r ) * cl ^dl/lll,(Qr) + ll*Hl,(C2r) + 

+ ll*o 11̂ 2-2/p(û) + II«OIIT^-2^(û) + M k / - 1 / * 1 - 1 / * ^ ) + llèlk2-1/p.i-i/2P(i:r)). 

2) For ^ tó^ ry feLp(QT), geLp(QT), b0eWp
2~2/p(Q), u,eW2-2fp{Q\ 

beW2-l/p'l-l/2p{Er)y ceWl-l/p'1/2-l/2p(2T), such that V-A0 = 0, V-*0 = 0, 
V'g = 0, /» # *mz& jfwe^ A0T IS = b{x, 0), u0'n\s = 0, £•# = 0, £•» = 0, 

(1.10) D(u0)-n - (n-D(u0)-n)n = c{x, 0) if p ^ 3 

problem (1.4), (1.7)-(B') £#s # unique solution (u,pyh) such that ueWp^iQr), 
Vp G Lp (QT ), A G T̂ p2, * (Qr ), and for this solution the inequality 

( l . i i ) 11*11 .̂1(0,) + l|V/>||MQr) +11*11^.1(0,) ^ c2(T)(\\f\\Lp{QT) + IISIIMQT)
 + 

+ II^IIW^2-1/^1-1/2^(ì:T)
 + ll^llw^-1/ '̂ I/2-I/2?(-27T) ) 

holds. 

3) Assume in addition that 

(1.12) Ho-*UT = 0 , 1 / 0 - » U T = 0 - . 

Then for arbitrary fy g, u0, a satisfying the hypotheses of n° 1) and arbitrary h0eW2~2/p(Q), 
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deW*-1,p'1,2-1,2*(2T), such that V-A0 = 0, d-n = 0, V * U = 0, [ r V x 
xd]-n\s = 0, 

(1.13) Br(h0)\s = d(x)0)) ifp^ò 

problem (1.4), (1.7)-(C) has a unique solution (u,p,h) such that u eWp,1(QT)y 

Vp E L p ( Q T ) , he Wp' 1(QT)> anà for this solution the inequality 

(1.14) ||«||w-.'(Qr) + llypll^Cft.) + Wh^MCr) ^ c3 (r)( | | / | |M Q T> + k||Lp(QT) + 

+ ll^ollw/-2/''(û) + ll«olll^-2/f(û) + ||« llw^-l/M-!/*(£,.) + || <̂  Hwp1 - !/J.. 1/2 - i/*(27T) ) 

holds. The positive constants Ci(T), C2(T), C}(T), are non-decreasing functions of T. 

THEOREM 2. 1) Let 5 e C 3 + a , H0eC2 + *>1 + «/2(QT), U0eC2 + «>1 + x/2(QT). 

/eCa,(a + £ ) / 2 ( Q r ) ) geC'-'lHQj), bo, u0eC2 + «(Q), a, b e C2 + °- 1 + */2(ZT), 
where a E (0, 1) and e is an arbitrarily small positive number. Assume further wn = 0 
and that the following compatibility conditions hold: V •# = (), V-j&0 = 0, V*#0 = 0, 
*o |s = <*(*, 0), h0r = b(x,0), b-n = 0, a«(x,0) = UWT\S, b,(x, 0) = hWr \s 

where #(u, h(D are found from (1.4)-(A') and initial conditions, i.e. 

(1.15) hw = jj04A0 + ;8[V x (H0 x (V x £0)) + V x ( i 0 x ( V x H0))] + JSJ V x 

x {H0 x [H0 x ( V x i „ ) ] + H „ x [b0 x(VxH0)] + b0x [H0 x (V x H0)]} + 

+ V x ( £ 7 0 x A 0 + *oXHo)+*(* . -0) . 

(1.16) ull)=-U0-Vu0-u0-VU0 + 

+IXPÔ1 [H0-Vb0 + b0-VH0]+ v4«0 + / ( * , 0) - pô'Vpoix), 

and po(x) is a solution of the Neumann problem 

| >o">o = V - { W o
_ 1 [H0-VA0 + V VH0] - t V V«o - «o- V[/0 + / } , 

(1.17) 3# 

= { ^ [Ho-VAo + W H 0 ] - I/0-V«o - «o-Vl/o + / - vV x V x * 0 l # . 

T£<?« problem (1.4), (U)-(A') A<w <? MI^K? solution u eC2 + ">1 + a/2(QT), Vp e 
eC a > a / 2 (Q r ) , A e C 2 + a>1 + a /2(QT) W 

(1.18) | * | C 2 + «,1 + «/2 ( Q T ) + |Vp|C«,«/2 (Qr) + |A|C2 + «, l + a/2 (Qr) ^ 

^ C 4 ( r ) ( | / | c - . ( - + «)/2(Qr) + | s | o « / 2 ( Q T ) + | « o | c 2 + a(G) + 

+ l̂ o |c2 + a(û) + k | c 2 + a'1 + a/2(i;r) + | ^ | c 2 + a-1 + a/2(27T)) • 

2) Assume that S, H 0 , l/0 <zre <w /* /fc awe 1). For arbitrary / e Ca , ( a + e)/2 (Q r ) , 
£ e C a ' a / 2 ( Q T ) , Ao, « 0 e C 2 + a (û ) , è G C2 + a' 1 + «/2(2T), ce C1 + «> ll2 + *'2(2T) 
such that 

V-# = 0, V-^o = 0 , V-*o = 0, »o-^U = 0, b0z = b(x,0), * •* = (>, 

*•* = <), [ D ( ^ ) - » - ( i f D ( * o ) ' » ) » ] U = ^ , 0) , *,(x, 0 ) = A i 1 ) U , 
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problem (1.4), (1.7)-(B') has a unique solution ueC2 + «>1 + a/2 (Q r ) , Vp e C a ' a / 2 (Q r ) , 
beC2 + *>1 + a/2(QT) and 

(1 .19) | « | C 2 + « , 1 + « / 2 ( Q T ) + |Vp|Ca,a/2 (Q r ) + | h \ Q2 + «, 1 + a/2 (Qr ) ^ 

^ ^ ( r ) ( | / l c a > ( « + £V2(Qr)+ |^|c«'a/2(QT)+ K | c 2 + a(£) + 

+ |*o lc2 + a(G) + |&|c2 + a>1 + */2(i;T) + k | c 1 + a'1/2 + a/2(i;T)) • 

3) Assume that S, HQ, t/0 tfft? ̂  /» /fe c^e 1). For arbitrary fy g,a,u0, satisfying the 
hypotheses of n° 1 ) and arbitrary b0eC2 + a (Û), deC1 + «>1/2 + a / 2 t £ T ) , wd& that 

V-*o = 0, V * U = 0, *(1)-/z|s = 0, 

B T O M U = <*(*><»> d-n = 0, \g-Vxd]-n\s = 0, 

problem (1.4), (1.7)-(C) has a unique solution u e C2 + a' 1 + a / 2 ( Q r ) , Vp G C a ' a / 2 (Q T ) , 
A G C2 + a ' 1 + a/2 (Q r ) J « J ybr this solution the estimate 

(1.20) M c 2 + «'1 + «/2(ôr) + |V£|c«,«/2(Qr) + |* | c 2 + «'1 + «/2(QT) ^ 

^C6(T)(\f\c«M + s)/2{QT)+ \g\c«>«/2(QT)+ | » O | C 2 + - ( û ) + 

+ |*o |c2 + a(£) + k l c 2 + a'1 + a/2(i;T) + | ^ | c 1 + a'1/2 + «/2(i;T)) 
holds. 

The following remarks can be made concerning these two theorems. Under the 
appropriate hypotheses on U0 and H 0 , all three assertions of Theorem 1 hold 
for arbitrary p > 1. This can be easily deduced from the results of the 
papers [17,18]. In the compatibility conditions (1.10), (1.13), the traces of the 
functions D(u0)*n — (n*D{u0)'n)n and BT(u0) G Wp

l ~2^p{Q) at the boundary 
S are defined for £ > 3. In the limiting casep = 3 the condition fx (x) \$ —fi (x, 0) with 
f1GWp

1-2/p(Q)}f2EWp
1-i/p'1/2-1/{2p)(ST) should be understood in a generaUzed 

sense as the conditions of the boundeness of the integral 
T 

\dt\dSx\\fl{y)-f2{xj)\>-lt+\x-y\2Y5'2dyi 

o s o 
(see [19]). In particular, w h e n / ^ j ) = 0 or/2(x, 0) = 0 it is reduced to 

5 0 Q -" 

respectively. Condition [g — V X d]*n\s = 0 should be understood in a weak sense as 

\(g ~ V X d* )*V<pdx = 0, V / G ( 0 , T), for arbitrary smooth 9 (where d* is an 
Q 

extension of */into Q). In Theorem 2 the norm | / | c a ( a + £)/2(QT) is defined by an obvious 
relation 

|/|c«,<« + t)/2(Qr ) = sup | / ( x , / ) | + sup + sup —• . 

The number £ can be taken zero if/(x, t) satisfies the conditions V - / = 0, »'f\sT = 0 
(see [17]). 



O N T H E SOLVABILITY O F SOME INITIAL BOUNDARY VALUE PROBLEMS 123 

(2.1) 

(i) 

(«) 

2. AUXILIARY LINEAR PROBLEMS 

First of all we consider auxiliary linear problems for the magnetic field h. 

[Lh = bt- rj0Ah-p{V X [H0 X ( V x A ) ] + V x [ i x ( V x H0)]} -

- ] 8 1 V x { H 0 x [ H 0 x ( V x i ) ] + 

+ H0 x [b x (V x H0)] + h x [H0 x (V x H0)]} = G, 

V-A = 0, 

b(x, 0) =h0(x) i n û , 

hz = b on Uj , 

(b-n = 0, 

\Br(b) = rj0[Vx h\ - p[H0 X (V X h)\ -

-p[b X (V x H0)]T - px{H0 X [H0 x (V x £)]}T -

—j8x{H0 x [h x (V x H0)]}T - ^ { A x [H0 x (V x H0)]}T = rf. 

The system (2.1) is an overdetermined parabolic system (see [20]). The following two 
lemmata show that problems (2.1)-(/), (2.1)-(«) can be reduced to parabolic initial-
boundary value problems 

(2.2) Lb = G, b\t = 0 = h0, V-A|5 = 0 , blT\s = b, 

(2.3) Lb = G, b\t = 0 = h0y h-n\s = 0y Br{h)\s = d. 

LEMMA l.IfV*h0 = 0 in Q, V • G = 0 in Q j , then the solution of problem (2.2) satis­
fies the equation V • h = 0 /« Qj-. 

PROOF. Setting r = V*h, we easily obtain from (2.2) the Dirichlet problem 

(dr/dt = r]0Ar in Q r , 

(2.4) Jr = 0 o n i ; T , 

[r(x, 0) = 0 i n Û , 

which has the unique solution V 'h = 0. The lemma is proved. 

LEMMA 2. IfV-h0 = 0 in Q, V-G = 0 in QT , G-w - n-V X d- 0onUT,then the 
solution of problem (2.3) satisfies the equation V *h = 0 /« Qj\ [8]. 

PROOF. We have already seen that r = V'u satisfies the heat equation dr/dt — 
— rjoAr = 0 and a homogeneous initial condition r(x, 0) = 0. Let us show that relations 
(2.3) yield a homogeneous Neumann condition dr/dn\s = 0. We have 

0 = db/9û-n\s= Y)0Ab-n\s + n-(p{V x [H0 X (V X h)] + V x [ A x ( V x H 0 ) ] } + 

H-jMV x {H0 x [H0 x (V x h)1 + H0 x [A x (V x H0)] + 

+ A . x [ H o X ( V x H o ) ] } ) ) | 5 + » - G | 5 . 

From the identity 

(2.5) 4// = - V x V x u + V(V-«) 
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and the condition V X d-n = G-n it follows that r]0(dr/dn)\$ = — G:n + V X 
X d- n = 0, hence, r is a solution of a homogeneous Neumann problem for the heat equa­
tion which has a unique solution r = 0. The lemma is proved. 

We observe at the conclusion that relation (2.4)i and analogous relation in Lemma 
2 should be understood in a weak sense, since the derivatives (dV*h)/dt and 
(d2V-b)/(dxidxj) are not defined as elements of Lp(QT). Therefore the above argu­
ments have a formal character but it is not difficult to make them rigorous. The idea of 
elemination of equation V • h = 0 was used in the papers [21-23] and in [8] where it had 
been applied to problem (2.3). 

We turn our attention to problems (2.2), (2.3) and show that they are parabolic, i.e. 
that the system Lh = G is parabolic and that the complementing condition is satisfied. 
We write the operator L in the form 

(2.6) Lh = dh/dt + ah 

and consider the principal part &Q of the operator d with coefficients «frozen» at arbit­
rary point (x0,t0)eQT. Clearly, 

O0(x0,t0,d/dx)b= - rjoAb - p{V X [H0(x0, t0) X (V X h)]} -

- 0 i V x {H0(x0,/o) x W>(*o>'o) X ( V x i ) ] } . 

Hence, a0(x0y t0y tf) = ij0 \ç\2I + pR(Ç)R(H0)R(Z) + p1R(Ç)R(H0)R(H0)R(S)9 

where f £ R3, I is 3 X 3 identity matrix and 

0 - É 3 *2 

For arbitrary ï ] é C 3 we consider the quadratic form 

(2.7) (a 0 ( f ) i ? , i j )= E < v ^ = >?ol?l2M2 + 
/, y = l 

+^(f)i?(Ho)R(f)7? ,7?)+01(R(f)R(Ho) JR(Ho)R(f)y7 ,>7) 

where â is the complex conjugate of a G C. Since (R(Ç)Ç1, Ç2)
 = ~ (Ci > £(?) £2)? 

we have Re (R(£) Ç, Ç) = 0, V Ç E C 3 and Re ( O o ( « ^ i?) = >?o l?|2 M 2 + 
+ px \R(H0)R(5)r)\2 ^ r)0\ç\2 \r)\2. This shows that the operator Cl0 is strongly ellip­
tic [24], hence, the operator L is strongly parabolic which implies the parabolicity in the 
sense of Petrovskii. 

To verify the complementing conditions for problem (2.2), (2.3), we have to prove 
the solvability of model problems for a homogeneous system of ordinary differential 
equations arising after «freezing» the coefficients of the operator d/dt + GLQ at an arbit­
rary point xQ G S, t0 G (0, T) and making (formally) the Laplace transform with respect 
to / and the Fourier transform with respect to the tangential space variables at the point 
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x0. Consider first problem (2.2), Since the translation and the rotation of coordinate 
axes leaves the system dh/dt + £Lo(x0, t0, d/dx) h = 0 invariant, the model problem 
mentioned above has a form 

(2.8) 

ph + r]0(ei + ^-dydz2)h-m^u^J/dz)R(H0)R(^u^2J/dz)h-

-p1R{iSuiÇ2J/dz)R{H0)R{H0)R{i5l,i!;2J/dz)h = 0 f o r z > 0 , 

ha \z = o = b*, a = 1, 2 , 

[dh3/dz + /fi^i + iÇ2h2]\z = 0 = ? > £ —> 0 . 

The complementing condition is equivalent to the assertion that problem (2.8) has 
a unique solution for arbitrary complex-valued ba, e, arbitrary f E R2 and p e C with 
Rep ^ 0 (or more generally, Rep ^ - £f2, £ e ( 0, r]0 )), |p | + J2 ^ 0. In fact, it suffices 
to prove the uniqueness of the solution, i.e. to show that the homogeneous problem has 
only a trivial solution h = 0. This can be deduced from «energy estimate» for our 
model problem (see [23] in this connection). Let h be a solution ofji homogeneous 
problem (2.8) {i.e. with ba = 0, e — 0). Multiplying scalarly (2.8)i by h and integrating 
from 0 to oo y w e obtain 

00 00 

(2.9) Rclp + 7jo(?i + fi)] J | £ | 2 Jz + vjo/ \db/dz\2<k -
0 0 

00 

-j8Re J (£(/?!, /Ç2, d/dz)R(H0 ) R(i^, iç2, d/dz)b, h) dz -
o 

00 

- f t Re J (R(^liiS29d/dz)R(H0)R(H0)R{iSl9iÇ2>d/dz)b9 l)dz = 0 . 
o 

Now we observe that the operator R possesses the properties Ry = —Rji 
W , / = l , 2 , 3 , 

00 00 

{Ru, v)dz = {u, Rv)dz, when ua \z = 0 = 0, and ua—» 0 for z—» oo . 
0 0 

Hence, after integration by parts in (2.9) we obtain 

00 00 

Re[p + notti + m J \h\2dz + ijoj \dh/dz\2dz + 
0 0 

00 

+/3iRe[ | R ( H 0 ) ^ ( « i » « 2 ^ M ) * | 2 & = 0. 
o 

This implies that A = 0 for z > 0 and hence the complementing condition is 
verified. 
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By similar arguments it can be shown that the complementing condition holds also 
for problem (2.3). In this case it is necessary to show that the problem 

'pi + rio{?x + ï2
2-d

2/dz2)h-pRVh,ih,d/dz)R(H0)R(g,,ih,d/dz)h -

-^1R(^1,th,d/dz)R(H0)R{H0)R(ih>ih,d/dz)h = 0 for z > 0 , 

(2.10) \b3U-0 = 0, 

[r,0R% - pR(H0)RÏ - ^R(H0)R(H0)RÌ]a \z = 0 = 0, a = 1, 2 , 

h - » 0 , 

has only a trivial solution. (2.10)i can be written in the form 

ph - r)0tâi, #2> d/dzìd^hx + tf2*2 + ̂ 3 M ) + 

+R(iÇ1,iÇ2,d/<k)[r)oR(iÇl9iÇ2,d/z) -pR(H0)R(iÇl9%29d/dz)b-

-p1R(H0)R(H0)R(iÇuiS2,d/dz)b]=0. 

Multiplying this equation by h and integrating from 0 to o°, we obtain after integration 

by parts 
00 

\ b\h\2 + i?o KtfiAi + #2*2 + dh3/dz)\2 + >}o |K(tfi, iÇ2,d/dz)b\2 -
0 

- i 8 ( l t ( H o ) ^ , J ^ 
Taking the real part of the last expression we easily obtain as before h = 0 for z > 0 
which is equivalent to the complementing condition for problem (2.3). 

Now we are able to apply to (2.2), (2.3) the theory of general parabolic initial-
boundary value problems. The following propositions are particular cases of Theorems 
1.2 in [18] and 4.9 in [25]. 

THEOREM 3. 1) Let SeC\ H0BW2A{QT)9 p > 5/2. For arbitrary GeLp(QT)y 

h0eW?-2/p(Q)y é G l ^ - i / p , i - i / 2 p ( i ; r ) j satisfying the conditions h0T\s = b(x, 0)y 

b'n = 0)V'h0\s=
:0, problem (2.2) has a unique solution h e W2, 1{QT) satisfying the 

inequality 

(2.11) ||A||^,i(QT) ^ C-,{T)(\\G\\Lp{Qr) + \\h0\\W2-2,Pm + 11*11^2-i/p,i-I/2P(ì:T)). 

2) For arbitrary GeLp(QT),h0e W2 '2/p (Q),de W* " 1/p>1/2 "1 / 2 p (ET), satis­
fying conditions h0'n\s = 0, d*n = 0, #W BT(h0)\s = d(x, 0), / /p ^ 3, problem (2.3) 
A*w # unique solution h E W^2'1 (Qr) satisfying the inequality 

(2.12) ||A||^,i(Qr) ^ C8(T)(||G||Lp(QT) + ||A0||^
2-2^(û) + lkllwp

1-1/p.i/2-i/2p(i:r)). 

THEOREM 4. 1) Ltf ,SeC 3 + a , H0 e C2 + a ' 1 + a / 2 ( Q r ) , with a E (0 ,1) . For 
arbitrary G e C a ' a / 2 (Q T ) , A0EC2 + a (û ) , è E C2 + a ' 1 + a / 2 ( i : r ) , j*tó#»ig J*<? a»wi-
#b«y A0T Is = b(x, 0), b*n = 0, V'h0\s = 0> hil)z \s = bt{xy 0) z ^ r e ^(1)(x) = 
= &(#, 0, d/dx) h0problem (2.2) &w # unique solution h EC2 + CC,1 + ^2(QT) and for this 
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solution the inequality 

(2.13) \b\c2 + «'1 + «/2(QT) ^ C9(T)(|G|c«.«/2(Qr) 4- \h0 \C2 + «{Q) + \b\c2 + «>i + «/2(2T)) 

holds. 

2) For arbitrary G e Ca^/2(QT), ho^C2 + a(Q)y de C1 + a'1/2 +^H^T), satisfy­
ing the conditions h0'n\s = b{x, 0),d9n = Q,BT(h0)\s — d{x, 0 ) , h ^ y n \ s = 0,problem 
(2.3) has a unique solution h e C2 + a '*+ a / 2 (Q T ) tf«i 

(2.14) |^|C2 + aJl + a/2(QT) ^ C10 ( T) ( | G | C«, «/2 (QT) + | AQ |c2 + a(G) + I ̂ | C1 + a' ̂  + a/2 (27T) ) • 

Tfe constants C7, C8, C9, C10 ^re non-decreasing functions of T. 

Taking account of Lemmata 1 and 2 we arrive at the following existence theorems 
for problems (2.1)-(/) and (2.1)-(/V). 

THEOREM 5. 1) Let S, HQ, G, h0y b,p, satisfy the hypotheses of Theorem ò,n° 1) and 
of Lemma 1. Then problem (2.1)-(/) has a unique solution h G Wp 1 {Qr) and this solution 
satisfies inequality (2.11). 

2) IfG,h0,d, satisfy the hypotheses of theorem, 3, n° 2) and of Lemma 2, then prob­
lem {2.1)-(ii) has a unique solution be W2,1{Qr) satisfying inequality (2.12). 

THEOREM 6. 1) Let S, H0, G, h0, byp, satisfy the hypotheses of Theorem 4,n° 1) and 
of Lemma 1. Then problem (2.1 )-(/') has a unique solution h e C2 + a,l + ̂ 2{Qr) and for 
this solution inequality (2.13) holds. 

2) IfG,h0>d, satisfy the hypotheses of Theorem 4, n° 2) and of Lemma 2, then prob­
lem (2.1)-(ii) has a unique solution h sC2 + a,1 + <x^2{QT) satisfying inequality 
(2.14). 

3. PROOF OF THEOREMS 1 AND 2 

In this section we prove n° 1) of Theorem 1 and n° 3) of Theorem 2. We start with 
Theorem 1. To establish the solvability of problem (1.4), (1.7)-(A'), we use the method 
of successive approximations. We set u{0) = 0, p{0) = 0, h{0) = 0 and define u{m +1}, 
p{m + 1), him + 1 \ m ^ 0, as the solutions of linear problems 

[LQI (u{m + 1\p{m + 1))=f-l1 (uim), him) ) , V -u{m + 1] = 0 , 
(3,1) U M l ) U o = «oM, «°" + 1 , U T = * > 

(3.2) 
'LQ2{b{m + 1))=g-l2(u

im),bim)), V-u{m + 1) = 0, 
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where 

L01(u,p) = ut - vAu + po-1V/>, 

/ i (», h) = U0'Vu + U-WQ + (xpo^Ho-Vh + h-VH0], 

L02(A) = ^ - ^ o ^ - / 3 [ V x ( H 0 x ( V X W + V X ( â X ( V x H o ) ) ] -

—i»i V x {H0 x [H0 x (V x A)] + H0 x [£ x (V x H0)] + A x [H0 x (V x H0)]}, 

l2(u,b) = - V x(U0xh + uXH0). 

Making use of the assumptions U0 e Wp
2'1 (Q r) , H0 s Wp

2>1 (QT), it is not hard to 
prove that 

(3.3) ||/ i(«,A)||MÛ , + | | /2 («,A)| |V Û )^ 

^ e(| |«| |^.i(û) + \\h\\wlHQ,)) + c(e)(||*||i,(û) + \\HLP{Q,) 

where s is an arbitrarily small positive number and te. (0, T]. For instance, 

/ ' \UP 

J I ( | l / 0 -V« | ? + \u-VU0 \p)dxdr\ 

\i/p / ,' yip 
s= C sup ||t/0IL(O) | l l V « l l t (û )^ T + C sup IIVl/01^(0, J | | « | | Î . ( û ) ^ 

From inequality (1.8) and from interpolation inequalities 

l | V ^ L ( û ) ^ s i N k ; ( û ) + c(si)ll«llMû) > V j i £ ( ° > D . 

Il»llu(û) ^ £2ll»llw/(û)+c(£2)||»lli,,(fi) , V £ 2 e ( 0 , 1), 

we easily deduce the estimate 

/ / V/p / / \l/p I r V/P 

|||t/0-V« + »-VC/0|^T ^e J l l * ! ^ , ^ +f(e) J||«||i,(û)^ . 

Other terms in lx and l2 can be evaluated in a similar way. Estimates (3.3) show that l\, 
12SLP{QT) and consequently problems (3.1), (3.2) are uniquely solvable. Let us show 
that the sequences {u{m)}, {p{m)}, {h{m)} are convergent. The differences 

w 
,(m + 1) _ u(m + l) _ u(m) s(m + l) - p(m + I) _ p(m) £m + 1) _ fo(m + 1) _ fo(m) 

are solutions of the problems 

L01(w
{m + 1\s{m + 1)) = -lMm\z{m)), 

V^ ( w + 1] = 0 , w{m +1) |/ = 0 = 0 , u>{m + 1)\s = 0, 

L02(z(w + 1 ) ) = -l2(w
{m\z{m)), 

V-z(w + 1) = 0 , z(w + 1)|/ = o = 0 , 4 " + 1)|/ = o = 0 . 
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Taking into account the results of [17], Theorem 5 n° 1) and (3.3) we obtain for arbit­
rary t ^ T 

(3.4) lkOT + 1)||^Mft) + ll^(œ+1)||z,(Q>) + lk<m + 1) | | f f?.1,a,^ 

*s s(lk(OT)lk>(&) + ll*Mlk.'(a)) + cU)(Wx\iQt) + \\^\lQt)). 
For the norms in Lp{Qt) we have 

(3.5) | | ^ | L ( Q ^ m a x | | ^ ^ % T ) | | ^ 
[0,/] 

(û) \\\z^{T)\\Lp{Q)dT 
UP 

<tU(pp')\\zM\\Up\ 
^t \\z Wwf'HQ,) \Vm)^)\\LpmdT 

<fUP\\M\\Up' 

UP 

\\\zM(T)\\W2,HQr)dr 
UP 

where/? ' is the conjugate of p. By applying the Young inequality, we easily obtain from 
(3.5) 

N„ . + 1(t)^e3Nm(t)+ciei)JNm(T)dr, meN, m>\, e}&0, 

where NJt) = W^w»iQt)^Vs{m\iQi)^z{m\2,l{Qi). Setting SN(t)= ^NJt), 
and making the summation with respect to m e[l,N] we obtain 

N 

2 

2N(t) <ZN+1(t) ** e32N(t) + c(e3) l2N(r)dT + Nx(t). 
0 

Assuming s3 < 1 we have EN (t) ^ cx (e3 ) S^(T) dz + Ni (*)/( 1 — £3 ). By the Gron-
o 

wall's lemma there exists a positive constant C(/) such that 

(3.6) EN(t) *£ CUmit) ^ C(/)(||«<1>||w?.i(a).+ ||Vp(1) | |I j i (a) + \\*>w\\wr(Ql)) *Z 

=S C1(r)(||/||JrT(QT) + WgW^Qr) + \\!>O\\Wì-VP{Q) + 

+ \\u0\\wp
2-2'p(Q) + Ikllwf-'/p.i-i/^P^j.) + ||^||ir/-'/p.i-i/2p(i;T)). 

oo 

The last inequality implies the convergence of the series 2 Nm + i{t) and the existence 
m = 1 

of the solution of the problem (1.4), (1.7)-(A') u = lim uim + 1\ s = lim s{m + 1\ 

£ = lim h{m + 1). Estimate (2.11) follows from (3.6). Uniqueness of the solution can 
m —» oo 

also be established by the same kind of arguments. Let {tv,p, h) be a solution of homo­
geneous problem (1.4), (1.7)-(A') Then 

IMIW^Q, ) + IIV/>IIMQ,) +11*11 .̂ i(û) ^ cdl/i i^^) + ||/2||LP(Q,)) 
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and, as a consequence, N(t) = I M I I ^ Q , ) + IIVPIILP(Q,) + N I T ^ Q , )
 satisfy t n e in­

equality N(t) ^ e3N(t) + c(e3) | N ( T ) < / T , which implies w = 0, Vp = 0, h = 0. The 
o 

first part of theorem is proved. 
Other two statements of Theorem 1 are proved in the same way. All the necessary 

estimates for uim + 1}, p{m + 1], b{m + 1) follow from Theorem 5 and from the results 
of [26,27]. 

Let us turn our attention to Theorem 2, n° 3. We define again iterations u{m) ,p{m), 
b(m) b y ^ ( 0 ) = 0 ) p ( 0 ) = 0 ) A ( 0 ) = 0 > 

(3.7) 
\L01(u

{m>+1\pim + 1))=f-l1(u
{m\b{m)), V-u{m + 1) = 0y 

u 
{m + 1) 

^ o = « o W , u{m + 1)\s = a, 

(3.8) 
L02(b

{m + 1))=g-l2(u
{m\him)), V-#* + 1) = 0 , 

bim + 1)\t = 0 = b0(x), h{m + 1)-n\s = 0, BT{h{m + l))=d. 

For li(Uyh) and l2{u,h) we have the estimate 

(3.9) \li(u,h)\c«,(« + e)/2{Qt) + \l2(u,h)\c«,«/2{Qt) ^ 

^C2(\u\c«,(« + s)/2{Qt)+ \b\c«,(« + S)/2iQt)+ |D» | c « . ( - + « ) / 2 ( û ) + |DA|c«,(- + «) /2 ( û ) ) ^ 

^ s4( |« |C2 + «,i + «/2(Qf) + |A | C 2 + «,I + «/2(Q^) + c(e4)\ sup | # | + sup |A| ) , e4 > 0 
Qr QT 

and we observe also that in virtue of boundary conditions (3.7)2, (3.8)2 and (1.12), 
(U0 X h + u X H0)T 15 = 0 and, as a consequence, l2(ù'h)'n\s = 0. This makes it 
possible to apply Theorem 6, n° 2) to problem (3.8). From this theorem and from re­
sults of papers[17,25] it follows that (u{m\p{m\h{m)) are well defined. The 
differences 

w(m + i) _ u(f» + l) _ u(m) s(m + l) - p(m + 1) _ p(m) £m + 1) _ ftm + 1) _ j^m) 

are solutions to the problems 

Lo2(z(- + 1 ) ) = -l2(w
{m\z{m)), V-z(w + 1) = 0 , 

z(" + 1 ) | , = o = 0, z(* + 1 ) -« | / = 0 = 0 , BT(z(w + 1))U = 0 . 
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Making use of Theorems of [17,25], of theorem 6, n° 2) and of the inequality (3.9) and 
taking into account that 

t 

max|z(w)(x, T ) | ^ f \z{m)(x, r)\C2 + . , i + x/2{Qv)dr 
o t 

we easily arrive at the estimate Qm + x (/) ^ e5Qm(t) + c(e5) | Qm(r) dr, e5>0 
where o 

Qœ + 1(/)=k(w + 1 ) | c— . i + 42lQl)-+\*S<>" + 1)\c*4HQl) + \Jm + 1)\c* + - ."•»&)• 

Further arguments are absolutely the same as in the proof of Theorem 1 and they can 
be omitted. 
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