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Geometria. — The existence of angular derivatives of holomorphic maps of Siegel do­
mains in a generalization of C*-algebras. Nota di KAZIMIERZ WHODARCZYK, presentata (*) 
dal Socio E. Vesentini. 

ABSTRACT. — The aim of this paper is to start a systematic investigation of the existence of angular lim­
its and angular derivatives of holomorphic maps of infinite dimensional Siegel domains in /*-algebras. 
Since /'"-algebras are natural generalizations of C"'-algebras, 5*-algebras, /C*-algebras, ternary algebras 
and complex Hilbert spaces, various significant results follow. Examples are given. 

KEY WORDS: Holomorphic maps; Angular limits; Angular derivatives; Infinite dimensional Siegel do­
mains; Generalizations of C *-algebras. 

RIASSUNTO. — L'esistenza di derivate angolari di mappe olomorfe di domini di Siegel in una generalizzazio­
ne di algebre C*. Questo articolo ha lo scopo di avviare uno studio sistematico dell'esistenza di limiti e deri­
vate angolari di mappe olomorfe di domini di Siegel di dimensione infinita in algebre /*. Poiché le algebre 
/ * sono generalizzazioni naturali di algebre C*, algebre B*, algebre JC*t algebre ternarie e spazi di Hilbert 
complessi, ne seguono diversi risultati significativi. Vengono esaminati alcuni esempi. 

1. INTRODUCTION 

The basic fact of classical complex analysis, of importance to the theory of automor­
phic functions and hyperbolic geometry, is the biholomorphic equivalence between the 
open unit disk A = {x e C: \x\ < 1} and the right half-plane 11= {x e C: Rex > 0} via 
the Cayley transformation x —» ( 1 + x)( 1 — x)~l (often the upper half-plane is used in­
stead). Recently, Pjatetskij-Shapiro has used multivariable «half-planes» in C, the so-
called tube domains and Siegel domains, in the theory of automorphic maps in several 
variables [33]. The associated Cayley transformations can be described either Lie theo­
retically [25] or, somewhat more directly, by using Jordan algebras and triple 
systems [29]. 

For k > 0, let Sk = {xeC: \lmx\ <kRex}. 
The following theorem is well known in complex analysis: 

THEOREM 1.1. Let f be a map holomorphic on U} such that fill) c77. If a = 
= inf {[Re/(x)]/[Rex]:x e 77} then, for any k > 0, we have 

lim [/(*)]/* = lim [Re/(x)]/[Rex] = lim Df(x) = a 

asx-+<x>,xeUk. 

This result and its version when/: Zl —> zl, concerning the existence of angular limits 
and angular derivatives of holomorphic maps, discovered by Carathéodory and develo­
ped particularly by Julia, Landau, Nevanlinna, Valiron, Warschawski, Wolff, Eke, Gol­
dberg, Kin, Sarason, Pommerenke and Cowen, are important tools in the study of the 
boundary behaviour of holomorphic maps in C (in particular, they are a nice way to de-

(*) Nella seduta del 16 giugno 1994. 
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scribe approximative Denjoy-Wolff boundary fixed points [2,7,8,10,41,46]) and have 
drawn interest for a long time. A survey appears in [2-5, 9, 13, 23, 27, 32, 34, 36, 37, 40, 
42]. From a number of theoretical points of view, it is desirable to possess analogues of 
Carathéodory results in higher dimensions. The case of holomorphic maps of the Eucli­
dean unit balls into themselves in Cn was studied by Rudin [35] and MacCluer and Sha­
piro [30]. Carathéodory's work was extended by Ky Fan [11] who proved the following 
elegant result: 

THEOREM 1.2. Let H denote a complex Hilbert space and let f be an operator-valued ho­
lomorphic map on the open half-plane 27, such that, for each x G IIyf(x) is an operator on H 
with Re/U) > 0. Suppose there is a Hermitian operator A on H satisfying 
[Re/(x)]/[Rex] > A for all xell and, for any e > 0, there is zeli such that 
| |[Re/(z)]/[Rez] — A\\ < e. Then, for any k > 0, we have 

lim || [/(*)]/* - . 41 | = lim ||[Re/(x)]/[Rex] - ^ | | = lim \\Df(x) - A\\ = 0 

as x-> <x>, x eUfe. 

However, generally, the above-mentioned settings of investigations, concerning the 
existence of angular limits and derivatives of holomorphic maps of Siegel domains, 
exclude infinite dimensional situations. One of our goals here is to use the ideas of fun­
ctional analysis, operator theory and infinite dimensional holomorphy in order to initia­
te those omitting the settings of investigations. For information about infinite dimen­
sional holomorphy, the reader is referred to [8,12,31]. 

The history of the classifying of homogeneous domains begins with E. Cartan's fa­
mous paper [6] in Cn, n > 1, and continues with numerous contributions culminating in 
the works by L. Harris [14-18]. He introduced/"-algebras and discovered a setting in 
which a large number of bounded and unbounded convex homogeneous domains in 
various finite and infinite dimensional complex Banach spaces can be studied 
simultaneously. 

For complex Hilbert spaces H and K, let J£(H, K) be the Banach space of all boun­
ded linear operators from H to K with the operator norm. A closed complex linear sub-
space 33 of £(HyK) is a /*-algebra if XX* X e 33 whenever X G 93. 

Let 33 Cc£(H, K) be a /"-algebra. For a partial isometry V e 33, let 

mv = {X G 33: 2 Re V*X - X* (IK - W* )X + IH - V* V > 0} . 

If V ^ 0, the unbounded convex domains Tly are identical, by a simple rotation X^> 
—» iX, with operator Siegel domains [14-18]. If V = 0, this set reduces to the open unit 
ball 330 = {X G 33: ||X|| < 1}. As is known, the open unit balls 330 are bounded symme­
tric homogeneous domains [14-18]. For an isometry V G 3 3 , let 3lv={Xe^8: 
Re V*X - X* (IK - W* )X > 0}. 

Finite and infinite dimensional Siegel-Harris domains Wlv and 3ly a n d Cartan-Har-
ris bounded symmetric homogeneous domains 330 were treated of by several authors 
(see e.g. [1,6,14-22,24-26,28,29,38,39]). 

The main objective of this paper is to define and characterize in Ttv (V-a partial iso-
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metry) and in 3lv (V-an isometry) infinite dimensional angular sets and solve the gene­
ral problems concerning the existence of angular limits and angular derivatives for ho-
lomorphic maps F: SDÎy—» Wly and F: 3lv —» 3lv

 m s u c h angular sets, respectively. Sin­
ce /"-algebras are natural generalizations of C*-algebras, B "-algebras, JC*-algebras, 
ternary algebras, complex Hilbert spaces and others, therefore, in particular, various 
important results follow from this fact. Examples are given. The principal tool we use 
are general results of the Pick-Julia type for Siegel domains in /*-algebras. This paper is 
a continuation of the studies in [44,47,49,50]. 

2. MAIN RESULTS FOR F: 3iJlv ^> Wlv 

Before formulating our main results in 3Ky in detail, we briefly review some bac­
kground material. 

For a partial isometry V G 93, let 

(2.1) mv={Xe%:'REV*X>0} 

where 

(2.2) RE V*X = 2 Re V* X - X* (IK -W*)X + IH-V*V. 

For X, ZeTly, V - a non-zero partial isometry in 93, let 

(2.3) PVtXtZ = V*X + Z*V-Z*(IH- W*)X + IH-V*V. 

It is evident that PVyX>z = Py,z,x and Pv,x,x = RE V*X. 
Further, set 

(2.4) P = {Xe £(H, H): ReX > 0} . 

Our first result of Pick-Julia type is 

THEOREM 2.1. Let 93 c £(H, K) be a ]*-algebra containing a non-zero partial isometry 
V. If F: Wv-^ p is a holomorphic map such that F(Z) = IH for some Z G Xfty, then 

(2.5) | |F(X) | |^4- | | (REy , v Z)- 1 / 2 Py ) X > z (REy*X)- 1 / 2 | | 2 

for all X G 3Ky. Here MVi RE V*X, p and Pv,x,z*re defined by (2.1), (2.2), (2.4) and 

(2.3), respectively. 

If a /*-algebra 93 c £(H, K) contains an isometry U and a non-zero partial isometry 
7, let, for XeMv, 

(2.6) AUiV{X) = (IH + U* V)Ay1/2 + (V* - U* )By l'2X 

and 

(2.7) BUyV(X) = (IH-U*V)Av1/2 + (V* + U*)BÇ 1/2X, 

where 

(2.8) AV = IH+ V* V and Bv = IK + W* . 

Moreover, for a > 1, let 

(2.9) Da(Uy V) = { X G 93: C(U\ V;X) < (a/2)-C(V;X)} 
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where 

(2.10) C(U, V;X) = \\[AV,V(X)](IH + V^X)-XA^2\\ 

and 

(2.1.1) C( V; X) = \\Ay 1 /2 (IH + V*X)(RE V^X)"1 (IH + X* V) Af1 / 2 H"1. 

We require an easy fact. 

PROPOSITION 2.1. If a > 1, fl&<?» D a(U, V) cSKy. Moreover, if X e D a ( U , V), 

(2.12) | | E f 1 / 2 ( X - V X I H + ^ X ) " 1 ^ 2 II->1 or, equivalently, C ( V ; X ) ^ 0 

(2.13) (X - y)(IH + VX)'1 ->Bj/2UAvl/2. 

I / a ^ 1, jfta* Da(U, V) = 0. 

For a > 1, we call the sets Da(U, V) cWiv angular sets determined by U. 
For XeSKy, let 

(2.14) MU>V(X) = [B^vWilAu.vW1 • 

The next proposition will be most useful. 

PROPOSITION 2.2. For all XeSfîy, the operator 3\LuV{X) is invertihle, i.e. 
[3ZUt y (X)] "1 exists, 3KlUt v (X) e p for all XeWlv and 

(2.15) Re3JlU}V(X) = W u > v ( X ) * ] - 1 { X * B v 1 / 2 ( W * - UU*)BjH2X + 

+2ReX* Bv1/HV+UU*V)Av1/2+Ay1/HlH-V*UU*V)A^ 

Moreover, for X e 9Ky and P e 93, 

(2.16) D( [^ u ? y (X) ] - 1 ) (P ) = -2A y - 1 / 2 ( I H + ^vX)[ JBU ) y(X)]-1-

• u ^ y 2 [ i i C - x ( i H + y^x)- 1y*]?[BU ; y (X)]- 1 

(2.17) D(^U5y(X))(P) = 24y-1 / 2( /H+^vX)Wu ,y(X)]-1-

•u*JBy 2 [ i x -x( i H + y^x ) - 1 y*]PW U ) y (x ) ] - 1 . 

Let us observe that, in particular, from (2.6)-(2.11) and (2.14)-(2.17) we get 

(2.18) DJU,U) = {Xe 93: \\(IH + U*X)-1\\ < 

< ( « / 2 ) | | ( 7 „ + U * X ) ( R E [ / * X ) - 1 ( I „ + X*U) | | - 1 } 

for a > 1, and that, for X e SKy and P E 33, 

(2.19) 3KD>l7(X) = U*X, Re3R;u>u = ReU*X, 

(2.20) D([3KU,U(X)]-1)(P) = 

= - ( J H + U * X ) ( U * X ) - 1 ( / H + U * X ) - 1 U * P ( U * X ) - 1 = - ( U * X ) " 1 U * P ( U * X ) - 1 
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and 

(2.21) D(3ilUfU(X))(P)=U*P 

since U*By2=Atf2U* and U* (IK + XU* ) _ 1 = (IH + U*X)~1U*. Moreover, 
(2.13) may be replaced by (X - U)(IH + U * X ) - 1 ^ U. 

We are now able to formulate our main result. 

THEOREM 2.2. Let 23 c £(H, K) be a ]*-algehra containing an isometry U and a non­
zero partial isometry V, and let F: Wv—>%RV be a map holomorphic in Wy 

(a) Suppose there is a Hermitian operator A e £(H,H) satisfying 

(2.22) Re(3KD>voF)(X) > A1/2[Re9ilUrV(X)]A1/2 

for all X e %Jlv. If Dp ( U, V), fi > \, stands for an angular set such that, for any s > 0, there 
exists a point Z eDp(U, V) for which the inequality 

(2.23) \\[ReMUtV(Z)rï/2-

•A-1/2[Re(3Zu>voF)(Z)]A-^2lReMu>v(Z)r1/2 ~ IH\\< e 

holds, then, for any a > 1, we have 

(2.24) \im\\[3KU}V(X)r1/2' 

•A-V'lWu^oFXXKA-V'lSKjj.viX)]-1'2 - IH\\ = 0, 

(2.25) ]kn\\[ReMUtV(X)r1/2-

•^ - 1 / 2 [ReOl l u , y oF) (X)]^ - 1 / 2 [Re3I ( ; u . v (X) ] - 1 / 2 - / „ | | = 0 , 

(2.26) ]im\\D{(3KvtVoF)(X) - Axl2lfKv.v(X)iAll2}{U)\\ = 0 

and 

(2.27) lim WDiA'^im^voF^Xir'A^2 - [ ^u .^ (X)]" 1 }(U)|| = 0 

as C ( V ; X ) ^ 0 , XeDJU,V). 

(b) Suppose there is a Hermitian operator A e £(H, H) satisfying 

(2.28) Re(3Zv>voF)(X) = A1/2[Re3Zu>v(X)]A1/2 

for all Xefflv. Then, for any a > 1, assertion (2.24)-(2.27) holds as C(V;X) -»0 , 
XeDJU, V). Here Wv, 9ZUiV, DJU, V) and C(V;X) are defined by (2.1), (2.14), 
(2.9) and (2.11), respectively. 

3. MAIN RESULTS FOR F: 3lv—> ïïtv 

The statement of the results for 3tv requires some definitions. 
For an isometry Ve 23, let 

(3.1) 9lv = {X G 93: Re V"X - X* (IK - W* )X > 0} . 
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For X, Ze9lv, let 

(3.2) Pv^z = 2V*X + 2Z* V - Z* (IK -W*)X. 

It is evident that PVf x, z
 = Py, z, x • 

We can show 

THEOREM 3.1. Let 9 3 C J £ ( H , K) be a ]*-algebra containing an isometry V. If 
F: $ly^> p is a holomorphic map such that F(Z) = IH for some Z e 3lv, then 

(3.3) I T O | | =5 4-| |(Pv,z,z)-1 /2Py,x,z(Py,x,x)-1 /2 | |2 

for all Xe.yiv. Here 9ty, p and Py,x,z we defined by (3.1), (2.4) and (3.2), 
respectively. 

If a /*-algebra 3 3 C J £ ( H , K) contains isometries U and V, let, for X e 9?^, 

(3.4) AUyV(X) = IH + 17* V + ( 7 * - 17* )X 

and 

(3.5) BUf y(X) = IH - 17* V + ( 7 * + 17* )X. 

Moreover, for a > 1, let 

(3.6) D a(U, V) = { X E 93: C(U, V; X) < (a/2)-C(V;X)} 

where 

(3.7) C(U, V;X) = ||Wt7,v(X)](lH + V * ^ ) - 1 ! 

and 

(3.8) C(y;X) = | | ( I H +y*X)(P y j X > x ) - 1 (7„ + X*V) | | - 1 . 

We shall need the following 

PROPOSITION 3.1. If a > 1, /*ew Da(U, V ) c 9 V Moreover, if X e D a ( U , V), 

(3.9) | | ( X - V ) ( J H + ^ X ^ l ^ l or, equivalente, C(V-yX)-*0 

if and only if 

(3.10) (X - V)(IH + v ^ x r 1 -> 17 . 

7 / a ^ 1, jfte* Da(U, V) = 0. 

For a > 1, we call the sets Da(U, V) C$ly angular sets determined by U. 
For X e ^ y , let 

(3.11) ^ v ( X ) = [B^yiXmAu^iX)]-1. 

We then have 

PROPOSITION 3.2. For all Xe$lv, the operator 3ZU}V(X) is invertihle, i.e. 
[3lUy y (X)]"1 eròft, 3ZUtV(X) e p /or *// X G $lv and 

(3.12) Re^U j V (X) = [Au.viWl'HX*^* ~ UU*)X + 

+ 2 ReX* (V + 1717* 7) + 7H - V* UU* V)}[AUt v(X)]"1. 
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Moreover, for X e %lv and P e 93, 

(3.i3) DmU}V(x)r1)(P) = 

= - 2 ( I „ + V*X)[BU ; V(X)]- 1LJ*B y[ /K-X(IH + y * X ) - 1 y * ] P [ B u > v ( X ) ] - 1 

and 

(3.14) D(3lU:V(X))(P) = 

= 2(IH + V*X)[AUiV(X)]-1U*BvUK-X(IH+V*X)-1V*iP[AUiV(X)r1. 

Let us observe that, in particular, from (3.4)-(3.8) and (3.11)-(3.14) we get 

(3.15) Da(U,U) = {XE%:2\\(IH+U*X)-1\\< 

<(a /2 ) | | ( I H +U*X)(P U ; X ) X ) - 1 ( I H + ^ * U ) | | - 1 } 

for a > 1, and that, for X e $lv and P e 93, 

(3.16) 3lUil7(X) = U*X, Re3lU;U = ReU*X, 

(3.17) D([5lU ) U(X)]- 1)(P)= - ( U * X ) " 1 U * P ( U * X ) - 1 

and 

(3.18) D(5CUiU(X))(P) = U * P . 

The basic result of this section is 

THEOREM 3.2. Let 83 c JS(H, K) be a }*-algebra containing isometries U and V, and let 
F: yiy—» yiy be a map holomorphic in $lv. 

(a) Suppose there is a Hermitian operator A e £(H, H) satisfying 

(3.19) Re(3lU;7oF)(X) >^ 1 / 2 [Re3 l U j y(X)M 1 / 2 

for all X e 3tv. If Dp ( U, V), /3 > 1, stands for an angular set such that, for any e > 0, there 
exists a point Z eDp(U, V) for which the inequality 

(3.20) \\[Re3lUtV(Z)r1/2-

•A-^2mc(9lU:VoF)(Z)]A-^2[Rc3lUiV(Z)r^2 - IH\\ < s 
holds, then, for any a. > 1, we have 

(3.21) I im | | [OT u > v (X)] - 1 /M- 1 / 2 [ (^ O i V oF)(X)] i4 - 1 / i [ i% ) V (X)] - 1 / ' 2 - / „ | |=0 , 

(3.22) lim||[Re3lU;V(X)]-1 ' '2-

•^ - 1 / 2 [Re(5 l U ; V , oP) (X) ]^ - 1 / 2 [Re^ U ) V (X) ] - 1 / 2 -7„ | | = 0 , 

(3.23) lim \\D{(SHUyVoF)(X) - A^2[^UiV(X)]A^2}(U)\\ = 0 

and 

(3.24) l i n i | |D{^ 1 / 2 [Ol u ^oP) (X) ] -M 1 / 2 - [3 l U ) y(X) ] - 1 }(U) | | = 0 

as C(V;X)^0, XeDJU, V). 
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{h) Suppose there is a Hermitian operator A e J£(H, H) satisfying 

(3.25) Re(XUiVoF)(X)=A1/2[Re3lUyV(X)]A1/2 

for all X e $lv. Then, for any a > 1, assertion (3.21)-(3.24) holds as C(V;X)—>0, 
X e D JU, V). Here Wv?KUiV(X),Dx(U,V) and C(V;X) are defined by (3.1), (3.11), 
(3.6) and (3.8), respectively. 

4. PROOF OF THEOREM 2.1 

Let TY: 930^^V> YE S30, denote the Mòbius biholomorphic map of the form 
(see [15, Theorem 2, p. 20]) 

(4.1) TY(X)=BY1/2(X-Y)(IH-Y*X)-1A^2, Xe%, 

where 

(4.2) AY = IH-Y*Y and BY = IK - YY* for Y e 930 . 

The biholomorphic map/y of 930
 o n t o S^v is defined by the formula (see [43, Theorem 

5, p. 499]) 

(4.3) fv(X)=By^2(X+V)(IH-V"Xr1A^2, Xe930, 

and, moreover, 

(4.4) fv1(Y)=By1'2(Y-V)(IH+Vi'Yr1A^2, YeMv, 

where j4y = IH + V* V and Bv = IK + W * . 
Let $>0 = {^ e £(FJ, H): ||X|| < 1} and let / : ®0 ^ P be a Cayley biholomorphic 

map of the form f(X) = (IH + X)(IH - X)" 1 , X E ® 0 . 
Let R —fy1 (Z). Using the Schwarz lemma to the holomorphic map g: 930 —» ® 0 , 

*(0) = 0, defined by the formula g(Y) = ( / - 1 oFo/yoTjf M m , ^ e 930, we obtain 
| |g(Y)H| |Y| | , Ye330- In particular, for Y = (TR ofcl )(X), Xe9K v , we get 
| | ( / - 1 oF)(X) | |^ \\{TRofrl){X)\\, XeMv. Thus 

{ ( / - ^ F K X ) } * ^ / " 1 » ^ ) ^ ) } . ^ ! ? 2 ^ where , = ||(TR o /v 'KX)! , 

and, in particular, 

F{X)*F(X) - (1 + ij)(l - i j r T O ) * - (1 + TJ)(1 - ^ " ^ ( X ) + IH ^ 0 

or, equivalently, 

||F(X) - (1 + TJ)(1 - V?)"1 IH || ^ 2 J J 1 ' / 2 6 - r,)-1 

because 

( / - 1 oF)(X) = [F(X) - 7H][/ff + F(X)r'. 

In consequence, we have ||F(X) || ^ ( 1 + TJ.)( 1 — ï J ) - 1 . Hence it follows that ||F(X) || :£ 

$ 4 ( 1 - | | T R ( 5 ) | | 2 ) - 1 , XeWly, S=fv1(X). This, together with the identity[45, 

formula (18), p. 247] (l - H T K ^ I P ) - 1 = T(R,S) where 

(4.5) T(R, S) = \\AK1/2{IH ~ K*S)AfHlH - S*R)A£^2\\, 
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is equivalent to 

(4.6) | |F(X)H4-r(i?,5), S=fvHX), R=fvHZ), Xe$Rv. 

Moreover, by (4.2) and (4.4), 

AR =Ay 2 ( I„ + Z*y)- 1 (RE y*Z)(IH + V*Z)-1i4^2 , 

As = Al/2(IH + X*V)-1(KEV*X)(IH + V*Xr1Al/2, 

IH - R*S = Al/2(IH + Z* Vr'Pv^ziln + V*X)-1AV2 . 

Consequently, 

(4.7) T{R, S) = 

= ||irz-1(REy*z)-1/2Pv,x,z(REy*x)-1pyiZ;X(REy*z)-1/2(wz-1)*|| 

where Wz is a unitary operator of the form 

Wz = (KEV*Z)-1'2(IH + Z*V)Av1/2-

• {A^2(IH + Z* Vr1 (RE V*Z)(IH + V*ZYxAy2 } 1 / 2 , 

which, by (4.6) and (4.7), yields (2.5). 

5. PROOF OF PROPOSITION 2.1 

For a > 1, we let 

(5.1) DAU, V) = { X E 9 3 : \\lH-U*frHX)\\ < (a/2)(l - \\fvHX)f)}. 

Of course, DX(U, V) cWlv for all a > 1. When a ^ 1, this set is empty. 
Now, let us observe that 

(5.2) IH-U*fvHX) = 

= [(!„ + U* V)Av1/2 + (V* - U* )Bv 1/2X](IH + V*X)-lAi/2 ; 

using the spectrum <J, we show that 

(5.3) (1 - WfvHXiW2)-1 = sup v{UH-fï1(X)*fÇ1(X)]-1} = 

= \\Av1/2 (IH + V*X)(RE V*X)~l (IH + X* V)Ay1/21|. 

Consequently, (5.1) and (2.9) are identical. 
Now, note that if Xe Da{XJ,V) and ||/fl (X)|| -» 1 or, by (5.3), equivalently 

C(V;X) ->0, then, by (5.1), C(U, V;X)^0or, equivalently, \\lH - U*fÇ1 (X)|| -»0, 
which implies that S = /y 1 (X) -» U since U is an isometry. Consequendy, (2.12) im­
plies (2.13). 
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6. PROOF OF PROPOSITION 2.2 

We define a holomorphic map 3HlUt v : Wly —> J£(H, H) by the formula 

(6.1) 3ZU>V(X) = [ I H + U * / f ' ( X W E I H - U V v 1 ^ ) ] " 1 , X G 3 K V . 

Let us observe that 

(6.2) Re3KU)V(X) = 

= UH -fïHX)* U ] - 1 UH -fv1 (X)* UU*^1 (X)][I„ - U*/v * (X)]" 1 , 
XeWly. Obviously, the operator 9KUfV(X) is invertible, i.e. [3filv y(X)]"1 exists and 
DZUtV(X) G p for all X G Ttv. 

Using (4.4) and (5.2), we get that (6.1) and (6.2) are identical with (2.14) and 
(2.15), respectively. 

Finally, let us notice that 

(6.3) D([MUiV(X)r1)(P) = 

= - 2 [ I H + U V v 1 ( X ) ] - 1 U * 2 y v 1 ( X ) ( P ) [ I H + U V v 1 ( X ) ] - 1 , 

(6.4) D(3lCUiV(X))(P) = 

= 2 [ J H -UVy 1 (X) ] - 1 U' v D/ y - 1 (X) (P ) [ J H -UVy" 1 (X) ] - 1 

and, by [43, p. 510], we get 

(6.5) Dfy1(X)(P)=Bl/2(IK + XV*r1P(lH+V*X)-1Al/2, XeMv, P G 93 . 

Consequently, using (4.4) and the fact that (IK + XV* )~1=IK- X(IH 4- V*X) _ 1 V* , 
we obtain (2.16) and (2.17). 

7. PROOF OF THEOREM 2.2 

(a) Let e > 0 be arbitrary and fixed. By (2.23), there exists Z G Dg( 17, V) such 
that 

l l t R e ^ y t Z ) ] - 1 ^ - 1 / 2 ^ 

We define maps E and G, holomorphic in Wlv> by the formulae 

E(X) =A-i/2[(Dïlu,voF)(X)]A-1/2 - 31lu>v(X) 

and 

(7.1) G(X) = [ReE(Z)]~1/2[E(X) - i^lmE(Z)][RcE(Z)]-^2, 

respectively. Let us observe that, by (2.22), ReE(X) > 0 and ReG(X) > 0 for all 
X G Wly, and G{Z) = IH. Applying Theorem 2.1 to the map G, we get, by (4.5) and 
(4.6), 

(7.2) | |G(X) | |^4-T(R,J) = 4 | | ^ X E 2 R V , 

where R =/vT1(Z), S =fyl{X). Now, from (7.1) we obtain 

|| mUt v (X)] -l'2 [£(x)] mUt v (x)] -1/21| = 

H l L ^ y t x ) ] - 1 / 2 ^ - ^ 
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s£ ||[3HU)y(X)]-1 |l | |[ReE(Z)]1/2G(X)[Re£(Z)]1/2 + /-ImE(Z)| | s= 

*£ ||[3Hu,y(X)]-1 | |{l|ReÊ(Z)|H|G(X)|| + ||lm£(Z)||} ^ 

^| |[9Eu > v(X)]-1 | | | | [Re9Eu > v(Z)]-1/2[ReE(Z)][Re3rcU ) V(Z)]-1/2 | | -

•||Re5T(:u>v(Z)||||G(X)|| + | |[3^u > v(X)]-1 | | | | lmÊ(Z)| | . 

Let a > 1 be arbitrary and fixed. Since 

l|[^u>v(x)ri ^ ||/H - u*s||||(/„ + u*sri , 
by (6.2), 

| |Re3 ï l u , y (X)H | | ( J „ -R*U) - 1 ( I „ -R*UU*R)aH-U*R) - 1 H 

^ \\(IH - R* U)-1 \\2\\IH -R*U + R* U(IH - U*R)\\ ^ 

^ (1 - ||R||)-2\\IH - R* U||(l + \\R* U\\) < 2(1 - ||R||)-2||J„ - R* U\\, 

\\IH- U*S\\(1 - \\S\f)-1 < a /2 , \\IH- U*R\\(1 - \\R\l2)-1 <P/2 

and, by (4.5) and (7.2), 

\\G(X)\\^4-T(R,S)^4\\lH-S*R\\2[(l-\\S\\2)(l-\\R\\2)rl, 

it follows that 

(7.3) | | [9Ku ,y(X)]-1 /2[£(X)][3Ilu > v(X)]-1 /2H2£«/3 | | ( I„+U*5)-1 | | -

^\lH-S*Rf{l-\\Rf)-l + \\ltì-U*S\\\\{lH+lJ*S)-l\\\\ìmE{Z)\\. 

Consequently, since the right-hand side of inequality (7.3), by (2.12) and (2.13) (or see 
section 5), tends to 

z«fi\\lH-U*Rf{\-\\Rf)-'< 

< s«p\\lH - U*R||2(1 - | |R| |2)-2(1 - ||R||)2 < ( l / 2 ) £ a £ 3 

and £ > 0 can be arbitrarily small, therefore 

lim | | [3KU, v{X)r"2A-1 '2 [Old,,voF)(X)]A-^2»U; y (X)]" l '2 - I„ || = 0 

as C(V; X) -» 0, X e D.(U, V), i.e. (2.24) holds. 
Now, let us observe that 

| |[Re5HU;V(X)]-1/2[Re£(X)][Re5Ku>v(X)]-1/2 | | = 

= | | [Re3I(;U ; V(X)]- I /2^-1 /2[Re(^u ,yo JF)(X)]^-1 /2[Re3I(;U ; V , (X)]-1 /2-7H | |$ 

^ l lEWll l lEReatu .vfX)] - 1 !^ 

^| |[^u > y(X)]-1/2[E(X)][3]lU ; y(X)]-1/2 | | | |3I(: [; ,y(X)| | | | [Re31lU ) y(X)]- I | | . 

But 

||[9Cu,v(X)]|| =£ \\IH+ U*S\\(1 - WSW)-1 < 2(1 - HSU)-1 

and 

H t R e a i ^ X ) ] - 1 1 | =S \\IH- U*S||2(l - II5H2)-1 < (« 2 /4 ) ( l - ||5||2). 
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Thus 

|| [Re SKUy v (X)] " l ' 2 [Re E(X)1 [Re 91LV, v (X)] ~^2\\< 

<a2 | |[3KU;V(X)]-1/2[£(X)][^U;V(X)]-1/2 | |. 

Since, by (2.24), the right-hand side of the above inequality tends to zero, we 
have 

l i m l l C R e ^ ^ X ) ] - 1 / ^ 

as C(V;X)^0, XeD a(U, V)y i.e. (2.25) holds. 
Let 1 < y < oc. We shall need the following relation between Da(U, V) and 

Dr(U, V). Assume that 

(7.4) 1<Y<OC and $ = ( l/3)( 1/y - 1/a) 

and 

(7.5) XeD r (U,V) , ,>. Ifc - U*/v *(X)|| < ( r /2)(l - H/^1 (X)||2). 
If 

(7.6) \X\^4lH-U*fvHX)\\, 
then 

(7.7) fvUv 1 (X) + AU] eDJU,V), 

i.e. \\IH- J3*\JvHX) + AU]|| < (a/2)(l - H/y^X) + AU||2). 

Indeed, from (7.4) we have 

(7.8) |A | 2 <|A| , 2 / a < 2 , (5S + 2/a)<2/r 

whenever |A| is sufficiently small. From (7.5) we get 

(7-9) ||A-1(X)||2 + (2 / r ) | | / H -U* / f 1 (^ ) l l< 1. 

Thus, using (7.8), (7.6) and (7.9), we obtain 

Wfv1 (X) + AU||2 + (2/«)||lH - U* ifvHX) + AU] || ^ 

^ \\fvl(X)\\2 + 3|A| + (2/«) | | /„- U^fvHXiW + (2/a)|A| ^ 

^ \\fvl(X)\\2 + 5|A| + (2/«) | | /„- I7*/v_1(X)|| =? 

=S ll/v'Wll2 + (2/ r) | | /H - U*/v_1(X)|| < 1 • 
This immediately yields (7.7). 

Now, we prove (2.26) and (2.27). By Proposition 2.2 and the Cauchy integral for­
mula [31, Proposition 2, p. 21], 

(7.10) D{^1/2[(9Eu>voF)(X)]-1W1/23?i;u,y(X)-

-(^u ,yoF)(X)^-1/2][3Eu ,y(X)]-1}(U) = 

= D { ^ / 2 [OKu, v oFKX)]-1^1/2 - [3TCU> V(X)]"1 }(U) = 

= ^ ~ f [ ( ^ u y % ) ( ^ + AU)]-1/2{[(3î(;Uyo/y)(5 + AU)]1/2^1/2-
2m J 

|A|=> 
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•[(3îiu>voFofv)(S + AU)]-U1/2[(3Ku>v°/v)(.S + ^U)] 1 / 2 - / „ } • 

•l(3fliv,v°fv)(S + W)T1/2l~2dX 

where S = / f 1 (X), A = r-e V = r(X) = *||/H - U*S\\, t e [0; 2TT] and/y is defined by 
(4.3). But 

||[Orcu,v°/v)(.S + AU)]- 1 | | |A | - 1 ^ [ | | ì H - LT*5|| + |A | ] -

• | | [ I H + U * ( 5 + AU)]-1 | | |A|-1 = ((J-1 + 1 ) | | [ J „ + U * ( 5 + AU)]-1 | | . 
Since the right-hand side of the above inequality tends to 2~i(S~1 + 1), from (7.10) 
we get (2.26) and (2.27) by using (2.24), (7.4)-(7.7), (6.3)-(6.5), (2.16) and 
(2.17). 

(b) If (2.28) holds for all X e Wv, let s > 0 be arbitrary and fixed and let rj be 
such that 0 < Y] < s. Then 

A-1/2[Re(91iu,voF)(X)]A~1/2 + r1[ReSfïlUiV(X)~i > ReSf!lUtV(X) 

for all X e Wly- Moreover, obviously, then there exists some Z e Dp(U, V) for which 
the inequality 

| | [Re^ u > v (Z ) ] - 1 / 2 ^ - 1 / 2 [Re (3 rc u , y oF) (Z) ]^ J l / 2 [Re3Ku , v (Z ) ] - 1 / 2 - J „ + 77IH|| = 

= 7] < £ 

holds. Now, we define maps Ev and Gv, holomorphic in Wv, by the formulae 

E,(X) = E(X) + 7j[9ïlUiV(X)], E(X) =A'll2l{MVtVoF){X)]A-xl2 - 3ilUrV(X) 

and 

G„(X) = [ReE^ZH-^CE^X) -i'lmE„(ZmBeEv(Z)r1/2 , 
respectively. Let us note that Re Ev (X) > 0 and Re Gv (X) > 0 for all X e Wy, and that 
GyiZ) = IH. Using analogous considerations as in part (a), we have, respectively, for 
R=fvHZ) andS=fvHX), 

\\[9ilu>v(X)r1/2E(X)[SlïCUiV(X)i-^2\\ = 

= \\mu,v{x)rll2A-li2i{3ïiX]tVoF)(x)-\A-li2mv,v(x)rl>2 - iH\\< 

$ ||[3HU)V(X)]-1||{l|ReE),(Z)||||G1,(X)|| + ||lmE,(Z)||} + r,. 
Thus, for any a > 1, using analogous arguments as in part (a), we obtain 

Urn \\[Dìlu>v(X)rl/2[E(XmDZUìV(X)r^2\\ ^ (1/2) eafi3 + T? 
as C(V; X) —» 0, X s Da (U, V). This implies (2.24). Using arguments similar to those 
given in part (a) we prove that also (2.25), (2.26) and (2.27) hold as C{V; X) —» 0 in all 
angular sets D^iU, V), a > 1. 

8. PROOF OF THEOREM 3.1 

The biholomorphic map fv of 930
 o n t o ^v is defined by the formula 

(8.1) fv(X) = (X+V)(IH-V*Xr\ Xe950, 
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and, moreover, 

(8.2) fy1(Y) = (Y-V)(IH + V"Y)-1, Y<=Vlv. 

Thus, for R =fvHZ) and S =fvl(X), Z, Xe9lv, we obtain 

AR = IH-R*R = (IH + Z* W-iPv.z.zdH + V*Z)~l, 

As = IH -r S*S = (IH + X* V ) - 1 P V > X , X ( I H + V*X)~1 -

IH-R*S = (IH + Z*V)-1PV,XMIH + V*X)-1 

where Py,x,z is defined by (3.2) and, using analogous considerations as in section 4 
where the maps/y a n d / y 1 are defined by (8.1) and (8.2), respectively, we get 

T(R,S) = \\A£1'2{IH-R*S)AS-
1(IH-S*R)A£1'-2\\ = 

= I IW£'(P v , z ,z)-1 / 2Pv,x,z(Pv,x,x)-APv,z ,x(Pv,z ,z)"1 / 2(W)* II 

where Wz is a unitary operator of the form 

wz = (pv,z,zr1/2(iH + z*v){(iH + z*v)-ipv,Zyz(iH + v*zrly/2. 

Since {WzlYWzl = IH we obtain T(R, S) = J|(Pv>z,z)"1/2Pv,x,z(Pv,x,x)" I /2ll2-
This yields the desired requirement (3.3). 

9. PROOFS OF PROPOSITIONS 3.1 AND 3.2 

For fy1 defined by (8.2) and for a > 1, let 

(9.1) Da(U, V) = {Xe93: \\lH - U*fr HX)\\ < ( « / 2 ) ( l - H / v ' W l P ) } . 

Then 

iH - u*fyHx) = uH + u* V:+ (V* - u*)xi(iH + y^x)-1 

and, using the spectrum a-, we show that 

(i - WfvHx)]]2)-1 = \\{iH + v * x ) ( P w ) - 1 (i„ + x*y) ||. 
Thus, (9.1) and (3.6) are identical. 

Now, if X E D a(U, V) and ||/v x (X)||-> 1, then, by (9.1), \\lH - UVv^UOll ->0 , 
which implies that S =fy1 (X) —» U since U is an isometry. Thus (3.9) implies (3.10). 
The converse is obvious. 

Moreover, if we define a holomorphic map 3Zu,v' 9̂ y—> J£(H, H) by the 
formula 

(9.2) ^U 5y(X) = [ I H +t7Vy" 1 (X) ] [ I H -UYy" 1 ( ^ ) ]~ 1 , X e 9 ? y , 

where/y1 is defined by (8.2), then 

(9.3) Re3l u > v (X)=. 

= [iH -fïHxy* u]-1 [jH -/y-1 (X)* uu*/v ' (X)][IH - u*fy~l(X)]-1, 
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X e $lv, the operator 3dUtV(X) is invertible, i.e. [Sflv y(X)]"1 exists, 3ZV V{X) G p for 

(9.4) D([^U ,V(X)]- 1)(P) = 

= -2[iH+ u*/v1(x)]-1u*ryv1(X)(P)[i„ + u* / f ' (x ) ] - 1 , 

(9.5) D(3lU;V(X))(P) = 2[IH - [ / ^ ( X r ^ D / f M X X P H l H - U*/f MX)]"1 

and 

(9.6) Dfvl(X)(P)=Bv(IK + XV*r1P(lH+V*X)-1 iorXe$lv and ? E 93 . 

Formulae (9.2)-(9.6) imply (3.11)-(3.14) and, in particular, (3.15H3.18). 

10. PROOF OF THEOREM 3.2 

Applying (9.2)-(9.4), (8.1), (8.2), the notations R=fy1(Z) and S =fv MX), 
Z, X e 9 î y , conditions (3.19), (3.20) and (3.25) and using analogous argumentation 
as in section 7, we prove (3.21)-(3.24). 

11. EXAMPLES 

1. Let 93Cc£(H, K) be a /*-algebra containing an isometry U; let 

mv = {X e 93: 2 Re U*X - X* (Ix - UU* )X > 0} 

and let F=fuofofjj1:Wu-^fflu be a map holomofphic in Sfty, where /(X) = 
= (X + U)/2, X e $ 0 , and/u and /y 1 are defined by (4.3) and (4.4), respectively. 
Then, for A = 2IH, we have (when X G 93?U ) 

Re 31^,u(X) = UH - / u * (X)* U ] " 1 [f„ - / û 1 (X)* UU*/u l (X)].[IH ~ U V u 1 (X)]"1 > 

^ - ^ [ R e ^ u o F X X ) ] ^ " 1 / 2 ^ ^ 

+ ( 1 / 2 ) [ I H - / û ^ X ) * U ] [ I H - U V û M X ) ] } [ I H - U * / û 1 ( X ) ] - 1 

and, consequently, 

[Re5H U j U (X) ] - 1 / 2 ^ - 1 / 2 [Re (3E U ; U oF) (X) ]^ - 1 / 2 tRe^ u > u (X) ] - 1 / 2 - I H = 

= ( l /2) tRe3E u > u (X)] - 1 = 

= - ( l/2){7„ - UH ~ U V u 1 (X)]"1 - UH -fû1 (X)* U ] " 1 j " 1 . 

Thus (2.24)-(2.27) holds in all angular sets DX(U, 17), a > 1, defined by (2.18), for 

A = 2IH and when fóx (X) ^U.XeDJU, U). 

2. Let 95 c £(H, K) be a J*-algebra containing an isometry 17; let a e 4 \ { 0 } be 
arbitrary and fixed, let Ui = a \a |_117 and U2 = —a |<? | _ 1 U and let F( = /{/. o TaU ofy.1 

be biholomorphic maps of WVj onto 2Ru,. where (see (4.1), (4.2) and [48, Theo-
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rem 2.1(c), p. 203]) 

WVi = {Xe 93: 2 Re U?X - X* (IK -UiUf)X>0}, 

TM(X) = (IK-\a\2UU*)-1/2(X-aU)(IH-âU*X)-1(l-\a\2)1/2
i X e 2 3 0 , 

and/u, and fû/ are defined by (4.3) and (4.4) for i= 1, 2, respectively. 
Let 

^ = (1 - |«|)(1 + k l ) - 1 ^ and A2 = (l + \a\){\ - \a\rlIH. 

Since, for X e 9Ku, > 

Re3Ku.,U((X) = 

= [/„ -/„/ (xy< u,]-1 [/„ - / ^ (X)* ì W / U ; 1 (x)][i„ - u*/^1 (X)r1, 
therefore 

A-'^l^^^^oF^X^A-^2 = ^MlJi^i{X). 

Moreover, for X G 930, 

^ D T j H f f l U , = 

= U * ( / i C - | t f | 2 U U * ) 1 / 2 ( J K - ^ X U * ) - 1 U , ( 7 H - ^ * X ) - 1 ( l - k | 2 ) 1 / 2 . 

Consequently, F, satisfies all the assumptions and assertions of Theorem 2.2(b) for A; in 
all angular sets Da(U/, 17/) , /= 1, 2, respectively. 

3. Let 3 3 C J £ ( H , X) be a /"-algebra containing a unitary operator U; let 

S R u = { X e 9 3 : R e U * X > 0 } 
and let F =fu ofofjj1 be a biholomorphic map of 9 ^ into 3̂ y where/y and/u * are de­
fined by formulae (8.1) and (8.2), respectively, and (see [48, p. 206]) 

f(X) = {all + (2 - a)X][{2 +a)IH- all* XT1, XG 930 , 

a ell is arbitrary and fixed. Then, by (9.3), we have 

ReKUiU(X) = uH-fijHx)*u]-niH-tiHxy^uHx)]u^ 
and 

Rc(xU}UoF)(X) = uH-fûHxru]-1{iH-fùHxruu-fùHx) + 
+ (Re<z)[/u"

1(X)* - U * ] ^ 1 ^ ) " U]} [Z H - U V u 1 ^ ) ] " 1 . 

Consequently, (3.19)-(3.24) holds in all angular sets Da(U,U), a > 1, defined by 

(3.15), f o r ^ = I H w h e n / ^ X ^ U , XeDJU,U). 

12. REMARKS 

1. Let K = C and t; = 1, i.e. Tix = II. 

(a) Then, for u = eifl * 1, p G JR, by (2.9)-(2.11), we obtain 

D a U , l ) = { x £ C : |1 + « + (1 + « ) x | <2a (Rex) | l + x | - 1 } . 
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Thus the condition 

xeDa(uyl) and (x - l)(x + l ) - 1 —>« 

implies 

xeDa(u, 1) and x - » ( l + «)(1 - a ) - 1 G (3/7) H (9Da(«, 1)). 

(b) If « = 1, then, by (2.18), 

D a ( l , 1 ) = { X G C : 11 - (x - l ) (x+ l ) " 1 ! < ( a / 2 ) [ l - | (x - l)(x + 1 ) _ 1 | 2 ] } -

Thus 

x e D a ( l , 1) and (x - l)(x + 1)_1—> 1 implies X G D 8 ( 1 , 1) and \x\ -> oo . 

2. The following relations between D a ( l , 1) and Ek hold: 

U) If x 6 D a ( l , 1), then xeUk for * = (a2 - 1)1 / 2 . Indeed, then | l + x | < 
< a (Rex) and, consequently, 

( 1 + Rex)2 + (Imx)2 < (k2 + l)(Rex)2 < [k2 + ( 1 + Rex)2(Rex)"2](Rex)2 , 

which implies that x G 2 ^ . 

(b) If x G Sk and Rex > 1, then x G Da ( 1, 1) for a = (k2 + 4) 1 / 2 . Indeed, then 
(Imx)2 < £2(Rex)2 and, consequently, 

( 1 + Rex)2 + (Imx)2 < (k2 + 4)(Rex)2. 

3. If K = C = £(C, C), then sets (2.18) and (3.15) are identical and inequalities 
(2.5) and (3.3) are identical with the original Pick-Julia inequalities (see e.g. [1]). 

13. SPECIAL CASE P: 930 —> 930 

We conclude this section with some other consequences of the arguments in sec­
tions 4-7 when V = 0. 

Let 9 3 C J £ ( H , K) be a /*-algebra containing an isometry U. 
For a > 1, let 

(13.1) DJU) = {Xe93: \\IH-U*X\\ < (a /2)( l - | |X| |2)}. 

Of course, Da(U) C 930 for all a > 1. When a =S 1, this set is empty. We call DJU), 
a > 1, angular sets. 

For Y e 3230, we define a holomorphic map ffîY '• 93o —* £(H, H) by the formu­
la 

(13.2) 3ny(X) = (iH+y*x)a„-y*x)-1 , Xe930. 
Let us observe that 

Re3tty(X) = (IH - * * ^ ) _ 1
 UH - X* 1 T * X ) ( J H - Y*X)"1, X e 230 • 

Obviously, the operator 3?ly(X) is invertible, i.e. [3Hy(X)]_1 exists and 9Ky(X) e p for 
all X e 930 and Ye 3%. Moreover, for X e 930, Pe 93 and 7 e 3930, 

D([3Hy(X)]-1 )(P) = - 2 ( I H + Y*X)- 'Y*P(7H + y * x ) _ 1 
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and 

D(3KY(X))(P) = 2{IH - y x r 1 Y*P(IH - Y*X)~l. 

Using arguments similar to those given in sections 4-7 and in [50], one obtains the 
following result. 

THEOREM 13.1. Let S8c£(HyK) he a J'"-algebra containing an isometry U, let 
F: 930—» 930 he a map holomorphic in 930 and let We. 3930. 

(a) Suppose there is a Hermitian operator A e. £(H,H) satisfying 

Al/2[Ke{9lCwoF)(X)lA1/2 >Re31Cu(Xy 

for all X G 930 • IfDp(U), fi > 1, stands for an angular set such that, for any z > 0, there 
exists a point Z sDp(U) for which the inequality 

| | [ R e ^ ( Z ) ] - 1 / M 1 / 2 [ R e ( ^ ^ o F ) ( Z ) ] ^ 1 / 2 [ R e ^ u ( Z ) ] - 1 / 2 - / H | | < £ 

holds, then, for any a > 1, we have 

(13.3) l i m | | [ ^ u ( X ) ] 1 / 2 ^ - 1 / 2 [ ( ^ ^ o F ) ( X ) ] - M - 1 / 2 [ ^ L 7 ( X ) ] 1 / 2 - I H | | = 0 , 

(13.4) l im| | [Re^:u(X)]1 / 2-

• ^ - 1 / 2 [ R e ( ^ ^ o F ) ( X ) ] - M - 1 / 2 [ R e ^ u ( X ) ] - 1 / 2 - I H | h O , 

(13.5) Urn | | D { ^ - 1 / 2 [ ( ^ ^ o F ) ( X ) ] - U - 1 / 2 - [^(X)]-1}^] = 0 

and 

(13.6) Urn | |D{(^^oF)(X) - ^ - 1 / 2 [ ^ [ 7 ( X ) ] ^ - 1 / 2 } ( U ) | | = 0 

as X-+U, XeDa(U). 

(b) Suppose there is a Hermitian operator A e £(H, H) satisfying 

A1/2[Re(3ICwoF)(X)]A1/2 = R e ^ M X ) 

forallXe.%0. Then, for any a > 1,assertion (13.3)-(13.6) holds as X^ U, X G Da{U). 
Here D1LY

 and Da(U) are defined by (13.2) and (13.1), respectively. 

REMARK 13.1. Examples which satisfy the assumptions of Theorem 13.1 are given 
in [50, section 3]. 
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