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Geometrìa. — On fixed points of holomorphic maps of simply connected proper do­
mains in C. Nota di ROBERTO TAURASO, presentata (*) dal Socio E. Vesentini. 

ABSTRACT. — A criterion for the existence of fixed point of one-dimensional holomorphic maps is 
established. 
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RIASSUNTO. — Punti fissi di funzioni olomorfe. Si stabilisce un criterio di esistenza di punto fisso per fun­
zioni olomorfe di un dominio proprio, semplicemente connesso di C. 

Let D be a simply connected, proper domain in C, and let / b e a holomorphic map 
of D into D, different from the identity map. According to the Denjoy-Wolff theorem, 
unless F is an elliptic automorphism of D, the iterates fk = fof... of of /converge as 
k —> oo, for the topology of uniform convergence on compact sets, to a constant func­
tion, mapping D onto a point e e D (the closure of D). If c E D then/(c) = c and c is the 
unique fixed point of/ In the present Note, a sufficient condition for the existence of a 
fixed point c e D of / will be established, together with a localization of c. 

After collecting some known facts in § 1, §2 will be devoted to investigating the 
case of the open unit disc and § 3 to the general case. 

1. Let A = {z G C: \z\ < 1} be the open unit disk of C. For a e A the Mòbius 
transformation 

Ma(z)=j—^ VZEZI 
1 - az 

is a holomorphic automorphism of A, which can be extended continuously to a homeo-
morphism of Â onto itself. This extension will be denoted by the same symbol Ma. 

On A we introduce the Poincaré distance p(z, w) = tanh - 1 |M^(z) | , \fe, we. A 
and define the open p-ball of center w e A and radius R > 0: Bp{w, R) = {z e A: 
p(z> w) < R] cc4 , and the horocycle of center r e dA and radius R > 0: £ ( T , R) = 
= {zeA: | T - Z | 2 / ( 1 - \z\2) < R} c A. Then E ( T , R) D3A = {T} and the open sets 
Bp(w,R) and E(T,R) are euclidean disks contained in A such that 

U BJw,R)= U E(T,R)=A. 
R>0 p R > 0 

For any/ e Hol( i , A), i.e. a holomorphic m a p / from A to A, let F i x / b e the set of 

fixed points of/: F ix / = {z e A: f(z) =z}. We collect here some known facts (cf. 

e.g. [1]): 

(*) Nella seduta dell'8 gennaio 1994. 
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1) / is a contraction for the distance p 

(1) p(f(z),f(w))^p(z,w) Vz,weA; 

moreover, equality holds for some z^weA iff it holds for every z, weA iff 

feAut(A). 

2) {Julia's Lemma). Let cr e dA and 

. i - i / ( Z ) i *. .. 
liminf — r-;— = A/(o-). 

^-*» 1 - | z | 
If A/(œ) < oo then there exists a unique r e dA such that/(£(o-, R)) c £ ( r , A/(cr)R), 
VR > 0; moreover 

lim_/(m) = T and lim_ | / ' (m)| = Ay(o-). 
r—?• 1 r-»l 

3) (Wolff's Lemma). If F ix /= 0 then there exists a unique point r = r ( / ) € dA> 

Wolff point of / , such that 

(2) / ( E ( T , R ) ) C E ( T , R ) V R > 0 . 

4) As a consequence of 1), i f /has two different fixed points in A then/ i s the 

identity map in A. 

5) I f / i s not an elliptic automorphism then the sequence of iterates { / ^ } N con­

verges, uniformly on compact sets of A, to a point c of A . If Fix/ ^ 0 then e e A and 

/(c) = c; if F ix /= 0 then c = T ( / ) e 3Ay the Wolff point o f / 

The next result was established by Goebel [6] in a more general context and will be 

useful in the following. 

For «, fie A, let * t f = { z e l : | 1 - ^ | 2 / ( 1 - |/3|2) *= | l - « | 2 / ( l - | a | 2 ) } , 

and let 

(3) K = n K £ W . 
If F i x / * 0 then K = F ix / otherwise K = r ( / ) . 

Now, we conclude this first part with some classical results on bounded holomor-

phic function theory (see [8,5,7]). Consider a family {ctj}j of points in A (not neces­

sarily all different), indexed by a set / of consecutive positive integers starting from 1. 

With # / we will mean the cardinality of the set / . 

Set for 1 ^ n ^ # / 

Bn(z)=f\ ( - \aj\/aj)((z-*j)/(i-*jZ)) VzeA 
J = i 

with the convention that \aj \/ocj = 1 when aj = 0. If the family {a,}j is such that 

2 ( 1 ~ | ocy | ) <c oo then we can define the Blaschke product B associated to that fami-
Je} d 

ly: if/ is empty then B(z) = 1 for all z e A, if/ is finite then B is B„ with n = # / , while in 
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the infinite case we set 

B(z)= lim Bn(z) VzeA. 
n —*• oo 

REMARK. The definition of B is independent of the ordering of the elements ay. 
The principal properties of the Blaschke product are: 

1) when # J = oo then the partial products B„—>B uniformly on compact sets of A; 

2) BG Hoi (4, A); 

3) l-B(ra) | —> 1 when r —» 1~ for a.e. <J e dA with respect to the Lebesgue mea­
sure on dA (that is B is an inner map); 

4) the zeros of B in A are exactly {a/}/ and a zero in the family is repeated as 
many times as its multiplicity. 

The map / e Hoi {A, A) has a factorization of the form 

(4) f(z)=B(z)g(z) VzeA 

where JB is a Blaschke product with zeros the family {ocj }j that are exactly the zeros of/ 
with the same multiplicities and g e Hoi (A, A) is without zeros in A. 

2. It is easy to verify that if <J, r e dA, tQ > 0 and/(J5(a, R)) cE(r,t0R) for all R > 0 
then 0 < A/(<T) = min {/ > 0:/(E(<r, R)) c E (T , *R) VR > 0} ^ t0 < oo . For this reason 
Xf(<j) is called the boundary dilatation coefficient. 

Hence, by Wolff's lemma, i f / ha s not a fixed point in A then 

(5) A/(r( /))s2 1. 

The next proposition follows easily from some basic results due to Carathéodory 
(see [3, Sections 298-300] and cf. also [2]): 

PROPOSITION 2.1. Le t / g and h be maps e Hoi (A, A), such that / = g£ in A (g and & 
are divisors of / ) then 

(6) Xf(a)=Xg(a)+Xh(a) Ve e dA . 

Moreover let {/„ }N c Hoi (4, i ) , if/, is divisor of/ />. /=f„ gn with g„ e Hoi (4, 4), for 
every n and / , —»/ uniformly on compact sets of A, then 

(7) */,(*)-+Xf M Vo-ea i . 

Now, since the following relation holds 

(8) l - |M a ( Z ) | 2 = ( ( l - M 2 ) ( l - H 2 ) ) / | l - ^ | 2 Vz,weZ, 

it is easy to compute Ay when / is a Blaschke product: 

LEMMA 2.2. Let JB be the Blaschke product associated to the family {aj}j 
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then for all a e A 

AB(a) = X ( l - | « y | 2 ) / k - « y | 2 . 

PROOF. If the family {ay}; is empty then there is nothing to prove. 
Assume that # / ^ n > 0: we can write the partial product of order n, B„ as product 

of n Mòbius transformations 

B„ (z) = e»> ft M..(z) with e»> = ft ( - |«,1 /«,-) e 3d . 
^ = i y = i 

Hence (6) and (8) yield for a e dA 

A * > ) = Ì A M a (a )= Ì ( 1 - |ay | 2 ) / | o - - a y | 2 . 
y = l 7 y = l 

If # / = oo, since £„—>13 uniformly on compact set of Ay then by (7) 

AB(o-)= lim A B > ) = 2 ( 1 - | a y | 2 ) / | a - a y | 2 . D 

For a, ft G Zi the set Kf (defined in § 1) depends essentially on the distance function 
p. In fact by (8) it is easy to prove that K% D A = {z e A: p(z, /3) ^ p(z, a)}. Namely, in 
the case when /3 and a are different, the part of A that contains /3 and is delimited by the 
non-euclidean bisector of the non-euclidean segment with extreme points a and /3, 
while K? = Â: 

Fig. 1. - The set K% is the dotted part of the picture. 

3. If D c C is a domain we can define the Carathéodory pseudo-distance on D 
(see for example [4]) by pD (z, w) = sup {p(g(z), g{u>))\g G Hoi(D, A)}. This pseudo-
distance is contracted by holomorphic maps, in the sense that if D± and D2 are two do­
mains of C and F G Hoi (Dj, D2 ), then pDl (F(z), F(w)) ^ pDl (z, w)Vz,w G Dx . Since 
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pA = p, Riemann's mapping theorem implies that if D is a proper simply connected do­
main of C and F is any biholomorphic map from D onto A then pD is a distance in D 
and 

(9) pD(z,w) =p(F(z),F(w)) = tanh"1 |MF(,)(F(^))| VZ,WGD. 

So, it is possible to define, likewise the case of D = 4, 

(10) Kl{D,pD)±{zeD:pD{z,p)^pD(z,a)} Va , /3eD. 

Let D be a proper simply connected domain of C a n d / e Hoi (D,D). Assume that / 
is neither constant nor the identity map. Then, for Ç E D , / " 1 (£) is a deserete subset of 
D. Fixing arbitrarly an ordering and repeating each element with its multiplicity, we 
construct from this set the family {ay}/ of the counterimages of C The following theo­
rem yields a sufficient condition about the geometrical behaviour of the counterimages 
of C for the existence and uniquess of a fixed point of / in D. 

THEOREM 3.1. If there exists R ^ 0 such that 

(11) # { > £ / : ajsBPD(Z,R) U {?}} = C(Z,R) £ (1 + tanhR)/( l - tanhR) 

then / has one fixed point in D. Furthermore, this fixed point belongs to the set 

riKi.(D,pD). 
PROOF. By (9) and (10), is is sufficient to prove the theorem in the case 

D = A. 
Uniqueness follows from § 1. Since the case R = 0 is trivial, assume that R > 0. The 

map/has a fixed point in A iff the same happens t o / = MK o/oMc
_1. Moreover, by (4) 

/ can be written a s / = Bg, where JB is the Blaschke product associated to the family of 
the zeros of/, that is to {Mc(ay)}j. By the previous lemma, and by (6), for every 
cr E dA 

(12) A / ( œ ) £ à B = E ( I " | M ç ( a y ) | 2 ) / | Œ - M ç ( a y ) | 2 . 
JeJ 

Since by the hypothesis there exist C{Ç,R) elements of the family {<XJ}J such that 
p(C, ay) < R, that is |M c(a y) | < tanhR, we have by (12) and (11) 

y • y6; l + | M ç ( a y ) | 1 + tanhR 

By (5), this means that there does not exist the Wolff point of/. Hence / h a s a fixed 
point in A. 

The second part of the theorem follows immediately from (3). • 

For example, any m a p / E Hoi(4, A) that has at least three zeros or a zero with 
multiplicity^ 3 in the set {z e A: \z\ < 1/2} satisfies the hypothesis and then has a 
fixed point in A. 

Note that, if we want to construct a m a p / = et9B e. Hoi (A, A), with <p eR and £ a 
Blaschke product having a pre-assigned Wolff point T E 34, it is sufficient that the zeros 
of B go to T «fast» and «tangentially». 
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A possible choice is the following: for every integer/ ^ 1 take ocj e A\E(r, 2j ) such 
that lim oLj = T. In fact 

/ - * oo 

A / ( T ) = A B ( T ) = 2 ( 1 - | « y | 2 ) / | T - a / | 2 < Ì 2 ~ ' ' = 1 , 
/ = i j = i 

and by Wolffs lemma, we can take e~t? = lim B(rr) € dZl. 
r->l~ 

REFERENCES 

[1] M. ABATE, Iteration Theory of Holomorphic Maps on Taut Manifolds. Mediterranean Press, Commenda 
di Rende 1989. 

[2] P. R. AHERN - D. N. CLARK, On inner functions with Hp-derivative. Michigan Math. J., vol. 21, 1974, 
115-127. 

[3] C. CARATHéODORY, Theory of functions of a Complex Variable. Vol. H, Chelsea Pubi. Co., New York 
1954. 

[4] T. FRANZONI - E. VESENTINI, Holomorphic Maps and Invariant Distances. North-Holland, Amsterdam 
1980. 

[5] J. B. GARNETT, Rounded Analytic Functions. Academic Press, New York 1981. 
[6] K. GOEBEL, Fixed points and invariant domains of holomorphic mappings of the Hilbert ball. Nonlinear 

Analysis, vol. 12, 1982, 1327-1334. 
[7] K. HOFFMAN, Banach Spaces of Analytic Functions. Prentice-Hall, Inc., Englewood Cliffs, NJ. 1962. 
[8] W. RUDIN, Real and Complex Analysis. McGraw-Hill, New York 1966. 

Scuola Normale Superiore 
Piazza dei Cavalieri, 7 - 56126 PISA 


