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Rend. Mat. Acc. Lincei
5. 9, v. 5:129-140 (1994)

Teoria dei numeri. — An annibilator for the p-Selmer group by means of Heegner
points. Nota (*) di Massimo BertorLiNi, presentata dal Corrisp. C. Procesi.

AsstracT. — Let E/Q be a modular elliptic curve, and let K be an imaginary quadratic field. We show
that the p-Selmer group of E over certain finite anticyclotomic extensions of K, modulo the universal
norms, is annihilated by the «characteristic ideal» of the universal norms modulo the Heegner points. We
also extend this result to the anticyclotomic Z,-extension of K. This refines in the current contest a result
of [11.

Key worps: Elliptic; Curve; Annihilator; Heegner; Selmer.

Ruassunto. — Uz annullatore per il p-gruppo di Selmer per mezzo dei punti di Heegner. Sia E/Q una cut-
va ellittica e K un campo quadratico immaginario. Si dimostra che il p-gruppo di Selmer di E sopra certe
estensioni anticiclotomiche finite di K, modulo il gruppo delle norme universali, & annullato dall’«ideale
caratteristico» delle norme universali modulo i punti di Heegner. Inoltre, questo risultato viene esteso al caso
della Z,-estensione anticiclotomica di K. Esso costituisce, nella situazione considerata, un raffinamento di
un risultato di[1].

1. CONVENTIONS AND ASSUMPTIONS

References: [1-3].
We assume that the reader is familiar with Kolyvagin’s theory for elliptic curves.
Here we content ourselves with recalling a few facts, and fixing notations.

ASsSUMPTIONS.

1) E/Q is a modular elliptic curve of conductor N.

2) K is an imaginary quadratic field such that all primes dividing N split in K and
F={=x1}L

3) p 4 6N disc (K) # Pic (0g) # (E/E°), where E/E° denotes the group of con-
nected components of the Néron model of E.

4) The Galois representation ¢,: Gal(Q/Q) — Aut (E,) is surjective.

5) p is ordinary for E, ie a,% 0(modp).

6) p + #E(Fy) for all primes & of K above p.

7) a,%2(modp) if p splits in K; a,% —1(modp) if p is inert in K.

Let K., /K be the anticyclotomic Z,-extension of K, and let K, be the subextension

of degree p”. Write G, = Gal (K, /K), D, = Gal(K, /Q), R, :=Z/pZI[G,], R, :=
:= Z/pZ[D,]. Under our assumptions there is a family of Heegner points defined over

K., . Write a, for the standard Heegner point over K, and 8, = R, «, for the sub-mod-
ule of E(K,)/pE(K,) generated by a,. &, is an R,-module, as the p-Selmer group

(*) Pervenuta all’Accademia il 25 ottobre 1993.



130 M. BERTOLINI

Sel, (E/K,). Given a rational prime / we let
E((Kn)l)/p = @)\UE((Kn))\)/pE((Kn))\) )
H'((K,);,A) == @,,H' ((K,),,4),

where the sum is taken over the primes of K, dividing / and A denotes either E or E,,.
We also write res; := @, ;res,: H' (K,, A) - H'((K,);, A) for the natural restriction
map. We call Kolyvagin primes all rational primes / + 6pN such that Frob, (K(E,)/ Q) =
= [7], where 7 is a fixed complex conjugation. Let» = /; ... /, be a square-free product of
Kolyvagin primes. We denote by ¢(r, K,) e H' (K, , E,) and d(r, K,) e H' (K, , E), the
Kolyvagin cobomology classes. Thus c(r, K,)) corresponds to the point —D, «, (r), where
D, is the Kolyvagin derivative and a,, () is the Heegner point for K, of level r. d(r, K,,) is
the image of ¢(r, K,) under the natural map. Under the above assumptions the follow-
ing holds.

Facrs.

1) The norm mappings Ng . k. : &,+1—> 8, are surjective.

2) (7) For any rational prime / not dividing » res;d(r, K,) = 0.

(@) For [|r, there is a G,-equivariant and t-antiequivariant isomorphism
¢;: H' ((K,);, E), > E((K,);)/p such that ¢,(res;d(r, K,)) = res;(D,al(r/1)).

3) Let § be a finite set (possibly empty) of primes of K, and let Sel;f (E,K,) be
the set of classes of H' (K, , E,) satisfying the local conditions outside S. Let S be the
extension of § to K, ; ;. Then Selg (E/K,) = Sellf’ (E/K, )G &K +1/K) vig the restric-
tion map.

4) (Local Tate duality). For any [, the cup product induces a Galois-equivariant
duality (, ): E((K,);)/p X H*((K,);, E), = Z/pZ.

5) (Global duality). Let 8&: GB;HI((K,,);,E)p—>Selp(E/K,¢)d“"‘I be the map in-
duced by the local Tate pairing and let res = @,res;: H'(K,,, E), — @®,H' ((K,);, E),
be the restriction map. Then for all c e H'(K,, E), we have dres(c) = 0.

2. ALGEBRAIC PRELIMINARIES

In this section, let D denote a dihedral group of order 2p” where p = 3 is a rational
prime. (For instance, the Galois group Gal (K, /Q) introduced in the previous section).
D is the semidirect product of its cyclic subgroup G of order p” and of any subgroup of
order 2. Fix an involution 7 of D and a generator y for G. Then, for all g € G we have
g7 =g . We write R, resp. R for the group ring Z/pZ[G], resp. Z/pZ[D],

Prorosition 1. Let M be a finitely generated R-module. Then M=V, ® ...®V,,
where the V; are R-modules which are cyclic R-modules. Moreover, the decomposition is
unigue up to isomorphisms.

Proposition 1 is a consequence of the following Lemmas.
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Lemma 2. Let M be a fg R-module. Then M=V, ® ... ®V,, where the V,
are cyclic R-modules. Moreover, the decomposition is unique up to isomorphisms.

Proor. We can identify (non-canonically) R with the quotient of the polynomial
ring F, [X] F,[X1/ (X?" — 1), by means of the assignement y+> X. The thesis follows
from the structure theorem for a PID.

Lemwma 3. If V is a cyclic R-module such that dimg, (V) = ¢, then V =R/ (y — 1) =
=(y—1y"""

Proor. It follows easily from the fact that the ideals of R are the powers of y — 1
(y—1), 0Ss<p”.

_ Lemma 4. Let V be a cyclic R-submodule of a fg. R-module M. Then there exists an
R-submodule V of M such that V is isomorphic to V as an R-module.

Proor. Let v be a generator of V. Define the R-modules V(*) := Ry * | wherev * :=
= (v + w)/2. Since Vc V*) + V=) either V) or V™) must have the same dimen-
sion as V.

LemMa 5. Let M be a fg. R-module, and M, an _R—submodule. Assume there exists an R-
decomposition M = M, ® M,. Then there is an R-decomposition M = M; @ M,.

Proor. Write 7: M — M, for the projection associated with the given decomposi-
tion. Define 7: M — My, m > (n(m) + tr(wm))/ 2. One checks easily that 7 is a mor-
phism of R-modules, and that 7(#2,) = m, ¥, € M, . Hence we have the R-decomposi-
tion M = M; @ ker .

Proor orF Prop. 1. By Lemma 2 we may write M = V; @ ... @ V,, where the V; are
cyclic R-modules. We perform an induction on the number r = dime (M) of the
cyclic summands of M, the case = 1 being trivial. Assume that dimg, V; is maximal. By
Lemma 4 combined with the theory of elementary divisors, we may assume in addition
that V, is an R-module. The thesis follows from Lemma 5 and the inductive
hypothesis.

_ Given a non-zero cyclic R-module V, we have V¢ = Z/pZ. If, in addition, V is an
R-module, 7 acts on V¢ via ¢ = . Note that ¢ does not depend on the choice of the
involution 7. For, if 7' is another involution, we have ' = 7g for some ge G.

DerinrioN 6. The sign of 'V sign (V) s the sign ¢ = * defined above.

Lemma 7. Let V be a non-zero R-cyclic R-module, having dimension over F, equal to
t = 1. Then, the sign of V is equal to ¢ if and only if we may find an R-module generator v of
V such that w=(—1) " 'ev.

Proor. Given an R-module generator v of V, write as before v * = (v + w)/2.
Then»?, 8 = + or — is also a generator. Let w := (y — 1) — (y — 1)°. Then w is a gen-
erator for the augmentation ideal (y — 1) R and tw = — wr. Thus w’ ™ '»°is a generator
for V¢ and t(w! " 10?%) = (—=1Y 7! 8(w’ " '0°). Hence ¢ = (— 1)~ ¢,
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Later we shall need the following technical result.

Proposrrion 8. Let V, and V, be R-cyclic R-submodules of an R-module M, neither of
which contained in the other. Assume that d := dimg (Vi N V) = 1. Then we may write
Vi+V,=V,®W, where W is a non-zero R- cyclzc R-submodule of M such that
sign (W) = (—1)* sign (V).

Proor. By the theory of elementary divisors, we may write V, + V, =V, ® W,
where W is a non-zero R-module. By Lemma 5, we may assume that W is an R-module.
Notice that W is R-cyclic, since V, projects onto (V; + V,)/ V= W. Thus, we are
reduced to prove that the sign of W is equal to (— 1) sign (V;). Write ¢ for the sign of
V, and ¢ for the sign of W. Let w denote a generator for W¢. Then w = v, + v,, with
v;eV;—(ViNV,)and (y = 1)v;e VN V,,i =1, 2. By Lemma 7, we may assume
that w; = (—1)?ev;. We deduce mw = &, + dv, = (—1)?ev; + ,. This is possible
only if 6= (—1)¢

3, THE MAIN THEOREM

We work with a fixed layer H:=K,. To ease notations we let G := Gal (H/K),
D:=Gal(H/Q), R:=Z/pZ[G], R:= Z/pZ[D], a:= a, and &:= §,. We may apply

to R-modules the results of the previous section.

Lemma 9. Assume that & is non-zero. Then there exists an R-submodule U of Sel, (E /H)
containing & such that U is a free R-module of rank 1.

Proor. Let H' be the sub-extension of K., /K having degree p over H. Let &' de-
note the module of Heegner points defined over H'. Let v, resp. v’ be a generator for
G,resp. G’ := Gal(H'/K).Letw:= (y — 1)and »’ := (y' — 1). Byfacts 1 and 3, §1 and
Lemma 3 we have 8§ ¢ 8' and & = (w)?, 8' = (')", where dimp 8 =p” — £ = 1.1t fol-
lows that U:= (w')”””‘” “hE = (e 12" =p" = R satisfies our requirements.

Note that the module U is a kind of mod p universal norm sub-module of
Sel, (E/H). Cleatly we have w®U = &.

Lemma 10. Assume that § # 0. Then there exists an R-decomposition Sel, (E/H) =

= UBV,D... DV, where the V; are R-cyclic.

Proor. By the theory of elementary divisors, we may find an R-module decomposi-
tion Sel,(E/H) =U® V. We conclude by applying Lemma 5 and Prop. 1.

Let £ = w™, with ¢, as above. By analogy with the terminology of Iwasawa theory
we give

Dermvition 11. We call £R the characteristic ideal of U/ 8.

THEOREM 12 (MAIN RESULT). Assume & # 0. Then £R annibilates Sel,(E/H)/U
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Remarks. 1) The ideal R depends only on Sel, (E/H).

2) £ is related, in view of a theorem of Gross-Zagier, to the Galois L-function
interpolating special values of the first derivatives of the complex L-functions corre-
sponding to the characters of the extension H/K.

3) The analogue of Th. 12 when & =0 is trivial.
Proor. Let sign (8) := ¢. Reorder, if necessary, the V; in the decomposition of Lem-
ma 10 in order to have
sign(V;) = —¢, 1sis<s,
sign(V;))=¢, s;+1<i<s,
where we do not exclude s; =0 or 5; =s5.

Lemma 13. There exist infinitely many Kolyvagin primes I, satisfying the simultaneous
conditions

res (UBV)=UDYV;, 1<i/<ys,,
res, V=0, s +1<iss,

where res;,: Sel,(E/H)— E(H,)/p is the restriction map.
Proor.

Step 1. We may identify the elements of the Selmer group with homomorphisms in
Homg (Gal (K_/H(Ep)), E,),with G := Gal (H(E,)/H). For, under our assumptions § =
= GL,(F,). Then, the kernel H'(G,E,) of the restriction map H '(H,E,) -
— H'(H(E,), E,) is zero. Given an R-submodule T of Sel, (E/ H), let M7 denote the ex-
tension of H(E,) cut out by T. In our setting, Kummer theory gives Gal (M /H(E,)) =
=Hom (T, E,) as R-modules (see[1,§1.3] for more details). Let

T:=U°@Vi®..0ViDV,,,®..0V,.
Then
Gal (My /H(E,))=Hom(U®,E,) ® ( & 1Hom(VF, E))®(®;_, + 1 Hom(V;, E,)).

Note that U® = VF = Z/pZ, and that the complex conjugation 7 acts via ¢, resp.
—eon U®, resp. V€, 1 <i<s5,. Choose generators #,v; , ..., v, . Write E," for the
*-part of E, under the action of 7. Let e € E; — {0}, ¢;€ E,° — {0} for 1 <7 <y.
Define the homomorphisms

$: US>E,, uwe,
$:: VEE,, v+e, 1<7/<ys,
¢;:V,>E,, =0, s+1<j<s.
Identify (¢, ¢y, ... $s,» $s,+ 15 ---» $,) With an element g of Gal (Mr/H(E,)).
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Step 2. By the Chebotarev density theorem there exist infinitely many Kolyvagin
ptimes /; such that

Frob;, (M1 /Q) = [=¢].

Then
Frob, (M7 /K) = [(7g)’1=1[g"¢gl =
=[(erp + ¢, —etp1 + ¢4, ..., —e9,, + ¢, 0, ..., 0)].
It follows

res, (UCOVE)=U®VF, 1s<isy,
res; Vi_o, s1+H1siss.
Step 3. We claim that with the above choice of /; we have in fact
res, ( UBV)=UBV,, 1<i<gs.

For, if for some 7 there is a non-zero v € U @ V; such that res; v = 0, then the mod-
ule (Rv)€ is mapped to 0 by res;, . But (Rv)€ is non-zeto, in contradiction with step 2.
This concludes the proof of the Lemma.

Proposrmion 14. For 1 <7 <s;, we have £V;=0.

Proor. With the above choice of /; we have, by fact 2, §1,
res, (Rd(l,)) = res; 6 = Rw",  with sign (res, Rd(l;)) = —«.

Let XcH! (Hy, E), be an R-module free of rank 1 over R and containing
res;, (Rd(/;)). The existence of X follows from the results of §2. More precisely, note
that H' (H,,, E), is isomorphic to E(H,,)/p by local Tate duality (fact 4, § 1); moreover,
E(H,)/p = R @ R since, by definition of Kolyvagin prime, E(H, )/p = Z/pZ ® Z/pZ
for all primes A, dividing /; . Then the theory of elementary divisors guarantees the exis-
tence of a free rank 1 R-module X containing res;, (Rd(/)). Since res;, (Rd(/;)) is <-in-

variant, by Lemma 4 we may assume that X is an R-module. Clearly, sign (X) = —e.
Let Y be any R-submodule of E(H,)/p free of rank 1 over R and such that
sign(Y) = —e. Y exist because, if f; denotes the unique prime of K above /j,

we have Frob, (K/Q) =, and (E(K;)/p)* = Z/pZ; then we may let, for instance,
Y= R(E(K,)/p) . We claim that X and Y as above are dual of each other with respect
to the local Tate duality

(,»: E(H))/p x H' (H,, E), > Z/pZ,

i.e. X maps onto the dual of Y, which is a rank 1 quotient of E(H},)/p. This follows from
the Galois-equivariance of the local Tate pairing. More precisely, the r-equivariance

implies that (E(K,)/p)* is dual of (H'(K,, E),)*. The thesis follows from the G-
equivariance. Recall the map

¢;: H'(Hy, E), — Sel, (E/L)*
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induced by the local Tate duality. Since for 1 <7 <35, sign(V;) = sign(X) = —e, the
above considerations imply that ¢; (X) projects onto V&l By the global duality theo-
rem (fact 5, § 1) combined with the local behaviour of the Kolyvagin cohomology class-
es (fact 2, §1) we find &y (res; Rd(/;)) = 0. Hence w*(V)¥! =0 and w®V,=0,
1<i<y.
Choose a Kolyvagin prime /; as in Lemma 13. Let
8 =Re(ly) = (o).

Note that #; <¢,, since the natural map H'(H, Ep)—>H1(HI;,E)p induces a
projection

8 »res; (Rd([})) = (w)° .
Case 1: sign(8;) = —e.
Note that in this case
sEN(V, . 1®D...0V,)=0.
Otherwise, there would be a non-zero element in & N (V, ,; @ ... @ V,). This is im-
possible, since sign(V,) = ¢ for s; + 1 <7 <.

ProrosiTion 15. In the «case 1», we have w"V;=0 for s; + 1 </ <s.

Proor. Choose a Kolyvagin prime /, satisfying the conditions
res, (8, ®V,)=68®V;, s +1<i<s.

The existence of /, follows from an argument similar to the proof of Lemma 13. By
fact 2, §1 we have

res, (Rd([,1;)) =res;, 8, = (w)",  with sign (res, Rd(/;)) = ¢.

Since res;, V; = 0, an argument similar to the proof of Prop. 14 shows

w'V,=0, s+1<i<s.
This concludes the proof of Th. 12 if there exists a Kolyvagin prime /; satisfying the
conditions of Lemma 13 and such that sign(§;) = —e.

Case 2: sign(8;) = ¢.
Recaﬂ that 81 = (O))tl, Wlth tl < fo.
Lemma 16. In the «case 2», we have t,#t, (mod2). In particular, t; < t,.

Proor. Recall that the class c(/;) is the image of the point —D; a(/;) (§1). We may
choose the Heegner points « and D;, a(/;) so that 7 acts on a, resp. ¢(/;) via o, resp. —a,
where & denotes the negative of the sign of the functional equation for L(E/Q, s). Since
sign (8) = sign (8;), Lemma 7 implies that dimp, (8) # dimg, (8,) (mod2). Hence by
Lemma 3 z,## (mod2).

The next Lemma adapts an idea of H. Darmon to our situation.
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Lemma 17. Let ce & N Sel,(E/H) be given. Then the image of ¢ under the
restriction map resy,: Sel,(E/H) — E(H,)/p i5 0.

Proor. Let H[/;] denote the maximal p-extension of H contained in the composi-
tum of H and the ring class field of conductor /;. Let 4, be a prime of H[/,] above /;,
and let A, be the prime of H below X, . The image of ¢ in H' (H[/,15,, E,) is zero, be-
cause Dy «(/;) is locally divisible at A by p, as it follows from the congruence axiom for
the Euler system of Heegner points [2]. Moreover, ¢ maps to an unramif.ed cocycle in
H'(H,,,E,), since it belongs to Sel,(E/H). Finally, the map H,,(H,,,E,) —
— H'(HI[l,]z,, E,) is injective, since H[/,]1/ H has trivial residue field extension at A, . We
deduce that ¢ maps to zero in H'(H,, E,), and this concludes the proof.

Let @ denote the module §; N (V, ;D ... B V)).
Prorosrrion 18. In the «case 2», the dimension of C is odd.

Proor. Let C:= §, N Sel, (E/H). Cleatly @> C. Cis the kernel of the surjection
8 »res; (Rd(1})),
induced by the natural map H'(H, E,) > H'(H,,, E),. Hence Lemma 3 gives

C=R/(w)o ™"

and dimp, (@) =t,—t,. By Lemma 16 ¢, — ¢, is odd. Since C is cyclic, we have € =
= 3. Inview of Lemma 3, we are reduced to show that  is even. Let €= R¢, where 7
acts on ¢ by + or —. Given our fixed decomposition of Sel,(E/H), write

c=(u,vy,...,0,),

with u € U, v; € V;. Since res; ¢ = 0 by Lemma 17 and res;, U = U by our choice of /;,
we get # = 0. Consider the projection

. C-))RZ/Z s Z‘Vl% v; .
We claim that for 1 <7 <3, we have dimg, (Rv;) = 2, 11, = 0. Equivalently,
Anng (Ro,) = ()™ .

This follows from Lemma 7, since either Rv; = 0 or sign (Ry;) = —sign (€) and ©
acts on ¢ and v; in the same way. If we let u:= max {u;}, we find p = 2u. This con-
cludes the proof of Prop. 18. tsiss

It is possible to assume that the R-decomposition of the module V31D ...0V,is
such that

@CVH+1 and dim(Vlerl)Sp"—l‘l.

For, it is possible to treat the other cases with similar techniques, this being
the most difficult. Let V, ,;>C be an R-module. By Lemma 4 and the -in-
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variance of €, we may assume that V, , is an R-module. In view of the theory of ele-
mentary divisors, we conclude by applying Lemma 5 and Prop. 1.

Case 2.1: Assume that V, ,; ¢ 8;.

Le,e#V, ,,.Cleatly 8 ¢V, ., becauseres, (Rd(/;)) = (@) # 0, hence &; can-
not be contained in the Selmer group. Then, by Prop. 8 and Prop. 18, we may
write

& + V:,+1 =5OW,
with sign (W) = (—1)%5© sign (&) = —e¢.

Lemma 19. In the «case 2.1», there exist infinitely many Kolyvagin primes [, satisfying
the stmultaneous conditions

res, (& + Vi, 1) =(8+V, .1,
res,(V))=V,, s +2s<iss,
res;, (&) Nres, (V;) = (res,8,)°, s +2<i<s.

Proor. Since sign (&) = —sign (W), the argument in the proof of Lemma 13 shows

that the first condition is equivalent to
res;, & =¢gf, res;, We=w¢

and it is satisfied by infinitely many Kolyvagin primes. At any rate, consider the
module

T=®dWOV, .,d..DV,.
If My denotes the extension of H(E,) cut out by T, we have
Gal (Mr/H(E,)) = Hom(§,, E,) ® Hom(W, E,) ®
©Hom(V, ,,,E,) @ ... ®Hom(V,, E,).
Choose embeddings of R-modules
8 ->RW
W R® |
V, oRE-n+D 5 4 2</<5,

where the R” are free of rank one over R. This is possible by Lemmas 3 and 7. Note
“that sign (R?) = —¢, and sign(R") = ¢ for j # 2. We get an embedding

Te @29 7'RY.
By applying Hom(, E,) we obtain a projection of R-modules
7 @29 " 'Hom(R"”, E,) » Gal (M1 /H(E,)) .

By Lemma 7, we may choose R-module generators &; for R/ such that &5 = —e&,,
£f=¢t;,j#2 FixeeE; — {0}, ¢’ € E; ¢ — {0}. Write y for a fixed generator of G.
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We define homomorphisms ¢;: Hom(R'”, E,) by letting
$1(&)=e,  $1(v&)i=e€,  $:(E)=0, geG, g#lg,v;
$2(8)=¢",  ¢,(88)=0, geG, g#lg;
¢, (&) =e, ¢;(&)=0, geG, g=#lg, 3<j<s—s5;+1.

By the Chebotarev density theorem there exist infinitely many primes /, such
that

Fl‘Ob[Z (MT/Q) = [777(¢1 > ¢21 () ¢s—s1 +2)] .
We leave to the reader the task of checking, also keeping in mind the proof of Lem-
ma 13, that these primes satisfy the above conditions.

ProrosrTion 20. In the «case 2.1», we have "V 1= 0.

Proor. We have res;, (Rd(/,1,)) = res;, 8, = ()", with sign (res;, (Rd(/, L)) = —e.
Note that V, . /C=& + V, /8 = W. Since res;, V;, ,; = 0, global duality and the
Galois-equivariance of the local Tate pairing give w’ (V. ;/C) = 0 (cf. the proof of
Prop. 14). Moreover, w™ ‘1€ = 0, since this holds for @. The thesis follows.

Prorosition 21. In the «case 2.1», o™V, =0 for sy + 2 <7 S5,

Proor. Our choice of /, and the fact that res;, V; = 0, combined with a global duali-
ty argument similar to the one above, gives w”?*'V; = 0. Since #; < #) by Lemma 16,
we obtain w®V;=0.

Case 2.2: Assume that C=V, ..

We already observed that w” ™" € = 0. Thus the following concludes the Proof of
Th. 12.

ProrosiTioN 22. In the «case 2.2», o™V, =0 for s; + 2<j <.

Proor. Choose a Kolyvagin prime /, such that
res;, (&) = (&),

res;, (V) =V, si+2<is<s,

resy, (8;) N res;, (V;) = (res;, &;)° .

It is clear that the choice we made in the proof of Lemma 19 will work, since these
conditions are weaker than those of Lemma 19. As in the proof of Prop. 21, we deduce
w1t 1V, =0, hence the thesis.

3. IwasaAwa THEORY

Let y be a topological generator of Gal (K, /K), and let @ := y — 1. The mod p Iwa-
sawa algebra A := Z/pZ[Gal (K,, /K)] is a DVR. Under our assumptions, &, embeds in
&, + 1 under the restriction map. Let &, := Lgn_ &, , where the limit is taken with respect

to the norm mappings. Write y . for the Pontryagin dual of Sel,(E/K.).
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Lemma 23. Assume that &, # 0. Then there is an isomorphism of A-modules
Yo =ADA (@)D ... DA (),
where the a; = 1. In particular, the A-rank of xo #s 1.

Proor. By assumption, there exists # such that §, # 0. Let §, = R, w®. By fact 1, §1
we get 8, =R, w"#0 for all # =#x. Then, for all » =2#» Th. 12 gives

Sel,(E/K,,) =R, ®R, /()@ ... BR, [ (w)*,
with the «; > 1. Lemma 3 implies that Sel, (E/K,,)** is isomorphic to Sel, (E/K,) as
an R,-module. The thesis follows from the isomorphism
Xo/(¥?" = 1) % = (Sel, (E/K,,))
consequence of fact 3, §1.

Given a decomposition as in Lemma 22 we let

(X hons 1= A/ (@) D ... B A/ ()™

(%  )tors 18 Well defined up to isomorphisms. It is the analogue of the torsion over the
Iwasawa algebra of the dual of Sel,=(E/K.), which one considers in characteristic
zero. Moreover if U, denotes the sub-module of Sel, (E/K,) defined in Lemma 9, let
U l1m U,, where the limit is with respect to the norm mappings. Then U, = A.

We call
char (U, /8.) = Anny (U, /8)
the characteristic ideal of U, /8. . Thus char (U, /8.) = Aw® if §, =R, " # 0 for

some 7.

We reformulate in the present situation Th. 12.
Tueorem 24. char (U, /8.) annibilates () = )iors -

ReEMARKs.

1) Th. 24 provides evidence (mod p) for a conjecture of B. Perrin-Riou [4],
which is the analogue in the current setting of the Main Conjecture of Iwasawa theory
for cyclotomic fields.

2) Th. 24 can be viewed as a refinement in the mod p case of the main result
of [1], relative to the characteristic zero situation, where a similar statement is proved
with an extra-factor appearing in the annihilator. Can the methods of this paper be ex-
tended to the characteristic zero case in order to improve the result of [1]?

3) The same techniques of this paper can be used inductively to show that the

characteristic ideal of (3 « )iors Char (( « )iors) = ( IT w“') A divides a certain power of
char (U, /8,). =1
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