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Matematica. — On iterations of Green type integrals for matrix factorizations of
the Laplace operator. Nota di ALExanDRE A. SHLAPUNOV, presentata(*) dal Socio
E. Vesentini.

Asstract. — Convergence of special Green integrals for matrix factorization of the Laplace operator
in R” is proved. Explicit formulae for solutions of 9-equation in strictly pseudo-convex domains in C” are
obtained.

Key worps: Green integral; Differential operator with injective symbol; Dolbeault complex.

RiassunTo. — lterazioni di integrali di Green per fattorizzazioni matriciali dell’operatore di Laplace. Si di-
mostra la convergenza di integrali di Green per fattorizzazione dell’operatore di Laplace. Si stabiliscono
formule esplicite per soluzioni di equazioni di Cauchy-Riemann in domini strettamente pseudoconvessi
di ¢”.

In 1978 two papers of A.V. Romanov devoted to the iterations of the Martinelli-
Bochner integral were published (see[14, 15]). In particular, in[15] the following re-
sult was obtained.

Tueorem 0.1 (A.V. Romanov [15]). Let D be a bounded domain in C” with a con-
nected boundary dD of class C*, and let M be the Martinelli-Bochner integral (on D) de-
fined on the Sobolev space W * (D). Then, in the strong operator topology in W ? (D),
vli)ngo M"Y = IT where II is a projection from W' 2 (D) onto the closed subspace of holomor-

phic W 2(D)-functions.

Using this theorem Romanov (see [15]) obtained a multi-dimensional analogue of
the Cauchy-Green formula in the plane (see, for example [8,9]), and, as consequence,
an explicit formula for a solution f € W 2(D) of the equation 3f = # where D is a pseu-
do-convex domain with a smooth (infinitely differentiable) boundary, and # is a
d-closed (0,1)-form with coefficients in W 2(D).

A. M. Kytmanov [11] used Theorem 0.1 to study the 3-Neumann problem for func-
tions, and to prove a criterion for the holomorphic extension from 3D to the domain D.

The Green integrals (see, for example, [18]) associated to systems of linear differ-
ential equations with injective symbols are natural analogues of the Martinelli-Bochner
integral.

Within this more general context in the present paper the possibilities to
prove a similar result to the theorem of Romanov is discussed. In particular,
an answer to this question is provided for matrix factorizations of the Laplace
operator in R” and the Green integrals (associated to these systems), which are

(*) Nella seduta dell’11 dicembre 1993.
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constructed (like the Martinelli-Bochner integral) by means of the standard fun-
damental solution of the Laplace operator.

1. Let X c R” be an open set, E = X X C* and F = X X C’ be (trivial) vector bun-
dles over X, and do,(E — F) be the vector space of all differential operators of type
(E — F) and order p = 1. Sections of E and F of a class € on an open set ¢ ¢ X can be
interpreted as columns of functions from @(o-) that is, €(E|,) = [€(s)]*, and similarly
for F. Then for P € do, (E — F): P(x, D) 2 P, (x) D* where P, (x) are (/ X &) ma-
trices of smooth functions on X. lel <2

Let E* be the conjugate bundle of E, and let (-, ), be a hermitian metric on E.
Then *g: E— E* is defined by (5 g,f), = (f, g), (where £ g are sections of E and
(*, *), is the natural pairing of E and E*). Let A7 be the bundle of all complex valued ex-
terior forms of degree ¢ (¢ = 1, 2, ...) over X, and let dx be the volume form on X.

As usual, P’ e do, (F* — E*) is the transposed operator, and P* = (g 1P'«p) e
€ do,(F—E) is the (formal) adjoint operator for P e do,(E — F).

Dermnrrion 1.1, A bidifferential operator Gp (v, +) edo, - ((F*,E) > A" 1) is
said to be a Green operator for P € do, (E — F) if for any open subset U c X, and any
ge E(F* |y), fe E(E|y) the following formula holds: dGp(g,f) = (g, Pf).dx —
—(P'g,f).dx (x € U) where € stands for the vector space of smooth sections.

A Green operator Gp can be written in the form (see[18,p. 82]):
Gplg,f)= X (=1)°D*(gPsy, .y, ) D7f *d; .
B+y+1]<p
For purposes of this paper it is convenient to write Green operators in another
form.

Let D be a bounded domain in X with a boundary of class C? ~' of p > 1 (if p = 1,
3D e C'), and let U be a neighbourhood of 3D in X, andF; = U X CEO<j<r< o)
be (trivial) vector bundles over U. Fix a Dirichlet system {B; }22¢ of order (p — 1) on
9D such that b, =j (for example, the system of the normal derivatives {8’ /9n’ }224
with respect to 9D). The following lemma was established in[19,p. 280, Lemma
28.3].

Lemma 1.2. Let the hypersurface D be non characteristic for P € do, (E — F). Then, if
the neighbourbood U of 0D, is sufficiently small, there exists a Green operator Gp such
that

Gplg,f) = E( 8, B f). ds + Ij |AG , (&, f)

where {C,; }2 2 is a Dirichlet system of order (p — 1) on 3D, C; e do, _; _,(F* |y — F*)
(0<j<p—1), Gedo,_(F*,E)|y—>A""2), ge E(F* |y), fe EE|y).

If W™ 2(E|p) stands for the Sobolev space, denote by §5”2(D) the Hilbert space
of all W™ 2(E|p)-functions satisfying Pf= 0 in D.
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Denote by 4 the differential operator P* P € do,, (E — E), and assume that 4 is an
elliptic operator which has a bilateral fundamental solution ¢ on X. Then the symbol
o(P) is necessarily injective, and P has the (left) fundamental solution J(x,y) =
=P*'(y,D)®(x,y) on X. Set for fe W™ 2(E|p)(m =p), ge W>?(Fp)(z = 0)

(Mf)(x) = — [ Gp(P*' (y, D) D(x,9), /() ,

oD

(T)x) = [(P*' (7, D) B, 5), 8(y)), by -

D

(1.1)

Tueorem 1.3. If m = p, for any fe W™ *(E|p) the following formula holds:

(12) (MF)(x) + (TPF)(x) {f"‘) xeD,
. X X) = —
0 xeX\D.

Proor. If fe C? (E|p) (that is, f is p times continuously differentiable in a neigh-
bourhood of D) then (1.2) follows from the Stokes’ formula and the definition of
Green operators. Since the boundary of D is sufficiently smooth, there exists a se-
quence of functions { fy }% -, ¢ C? (E|5) approximating f in W™ ?(E|p). Then for any
number N e N

) xeD,
(1.3) (x,), P dy — | Gp(4(x, ), = —
Df(sxy )y dy 811 p (3%, 9), v () {o eX\D.

On the other hand, since the derivatives D*f(|a| < p — 1) have natural boundary
values D*f|;pe W7 1#171/22(E ) (see[4,p.120]), it is easy to see
from [18, Proposition 9.4] that the boundary integral in (1.2) does not depend on the
choice of the Green operator Gp. Therefore choosing as Gp the Green operator pro-
vided by Lemma 1.2, and using the boundedness theorem for potential (co-boundary)
operators on a manifold with boundary [13, pp. 161-165] one can conclude that the
boundary integral in (1.2) defines a bounded linear operator from W™ ?(E|p) to
W™ 2(E|p). Thus, to obtain (1.2) it suffices to make the limit passage for N — ® in
(13). O

Remark 1.4. The boundary integral in the left hand side of (1.2) does not depend
on the choice of the Green operator Gp.

Prorosrrion 1.5. The integrals M and TP define linear bounded operators from
W™ 2(E|p) to W™2(E|p) (m =p).

Proor. Since M: W’”'z(E|D) — W’”’Z(EID) is bounded (this was shown while
proving Theorem 1.3) then (1.2) implies that TP: W™ 2(E|p)— W™ 2(E|p) is
bounded. O

This proposition implies that it is possible to consider iterations of the integrals M
and TP in the Sobolev spaces W 2(E|p) (m =p).
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2. Let M and TP be the restrictions to the Hilbert space S5 2 (D) of the operators
M and TP. Formula (1.2) and Proposition 1.5 imply that M: §7>2(D) — 57> 2(D), and
TP: $72(D) — 87 2(D), are linear bounded operators. Therefore the iterations of M
and TP in S7>2(D) are well defined.

To prove thcorem on iterations it is sufficient to construct in the Hilbert space
S72(D) a scalar product HL (+,+) with the following properties:

(I) For any fe S»%(D): HL(Mf,f) = 0, HE(TPF,f) = 0.

(II) The topologies induced in S72 (D) by HE (- ,*) and by the standard scalar prod-
uct of W™ 2(E|p) are equivalent.

In section 3 we shall construct a scalar product, for which (I), (II) hold, for matrix
factorizations of the Laplace operator.

Since the kernels ker M and ker TP of the operators M and TP are closed sub-
spaces of W %(E|p), they are Hilbert spaces (with the hermitian structure induced
from W™ 2(E|p)). Let II(S) be the orthogonal (with respect to HZ (-,*)) projection
from S72(D) to S, where S is a closed subspace of S7%(D).

Tureorem 2.1. If in the space Si? (D) there exists a scalar product HY (- ,+) for which
(1) and (II) hold then
lim M”=1I(ker TP),  lim (TP)’ = I(ker M)

y— ®© v— ®©

for the strong operator topology in W™ *(E|p).

Proor. Since S7%(D) is a complex (!) Hilbert space, (I) and (1.2) imply that the
operators M and TP are self-adjoint in S7>?(D) with respect to the scalar product
HZE(-,+), and that 0 < M < Id, 0 < TP < Id (where Id stands for the identity operator
on W 2(E|p).

On the other hand, (II) garantees that the space S7?(D) with the scalar product
HP(-,+) is a Hilbert space too. At this point the spectral theorem for bounded self-
adjoint operators yields

1 1

2.1) M= J’A”dE,\, (TPy = ju — A)'dE,
0 0

where {E; }o<s<1is a resolution of the identity in the Hilbert space Si" 2(D) corre-
sponding to the operator M and the scalar product HE (- ,*).
Passing to the limit in (2.1) one obtains
lim M*=E;, lim (TP)’=E,
where E,, E, are the orthogonal projections from S7”2(D) onto the subspaces V(0),

V(1) corresponding to the eigenvalues 0 and 1 for the operator M. Finally, (1.2) implies
that V(0) = ker M, V(1) = ker TP, which was to be proved. O
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Lemma 2.2. For any fe W™ *(E|p) there exists a (unique) function §(f) € S (D)
such that & (f)/dn’ = Ff/n’ on D (0 <j < p — 1) where {& [0n’ }2 2 is the system
of the normal derivatives with respect to 9D.

Proor. In fact we need to prove that the Dirichlet problem for the operator A, the
domain D, and the Dirichlet data {87/’ |sp}2Z4 is solvable in W™ (E|p).

Let ¢ € S7°2(D) be such that 8¢/3#’ =0 on dD (0 <;j <p — 1). Then using
Stokes’ formula and Definition 1.1 one can see that

0= [(4, &), dx = [(PY, Py). dx = [ GplxpPy, 9) =
D D

oD
p-1 ' ajgb B
_DJ(PSD) P¢)x dx _SJ j§0 <C/xFPSb7 5>xd5 _DJ’(Pq% P‘p)x dx .

Hence ¢(f) € S5 ?(D). Since the operator M does not depend on the choice of the
Green operator Gp, without loss of generality we can set B; = 8’ /9n’. Then Theorem
1.3 implies that ¢(f) = MY(f) = 0 in the domain D. That is, if there exists a solution of
the above Dirichlet problem, the solution is unique.

On the other hand, since 4* = (P*P)* = A, and for fe W™ 2(E|p) (m = p) the
restrictions to 8D of the derivatives 8/f/9n/(0<;j <p — 1) belong the spaces
W”=/=Y22(E| sp) respectively (see [4, p. 120]), the results of Lions and Magenes [12]
(see also[16, pp. 136-137]) imply that the Dirichlet problem is solvable. [

Let N™2(D) be the closed subspace of W™ ?(E|p) consisting of functions fe
e W™ 2(E|p) such that D*f|;p = 0 for all |a| <p — 1. It is clear that the difference
(f = ¢(f)) belongs to N*2(D). Then Lemma 2.2 implies the direct sum decomposi-
tion W™ 2(E|p) = S5 2(D) & N™ ?(D). Denote by II(57 ?(D)) and II(N™2(D)) the
(bounded) projectors corresponding to this decomposition (ze. ¢(f) = II(S72(D))f
and (f— ¢(f)) = II(N™2(D))f).

CoroLrary 2.3. Under the bypotheses of Theorem 2.1,

lim M” = II(ker TP) (S} *(D)),
(2.2) T
lim (TP) = I(ker M) II(S}>*(D)) + II(N™ * (D))

for the strong operator topology in W™ 2(E|p).

Proor. By Lemma 2.2, for any fe W™ ?(E|p) there exists a function ¢(f) e
e S?”2(D) sEchthathiMﬁb(f). It isElearthat, if g € §7 2(D) such that Mf = M{ then
M(f) = MY, and Jim M*¢ = V]in}c MY (f). Therefore there exists the limit of the it-
erations (vli)rx%o M*f), and in the W™ ?(E|p)-norm VH_I,IL M"f=v]£n'éo M U(f) =
= [I(ker TP) Y(f) for any f.



108 A. A. SHLAPUNOV

It is clear that N’”'Z(D) cker M, therefore, for any fe W™ 2(E|p)
(23)  (TPyf=(TP) (f— (/) + (TPY U f) =

= (I= M) (f = §N) + TPV UF) = (f = UH) + (TP ¢ f).
Passing to the limit in (2.3) we conclude that (2.2) holds. O

CoRrOLLARY 2.4. Under the hypotheses of Theorem 2.1, for any f€ W™ *(E|p) (m =
=p) the following formula holds:

(2.4) f= lim M*f+ > M*(TPf)
y— © =0
where the series converges in the W™ 2 (E|p )-nomn.

Proor. Formula (1.2) implies that for any ve N
v—1
(2.5) f=M'Ff+ 2 M*(TPf).
®w=0

Passing to the limit in (2.5), and using Corollary 2.3 one sees that (2.4)
holds. O

Let the set A consist of all distributions # € D' (F|p) such that (Tx) e W™ ?(E|p)

and the series >, M*Tu converges in W” 2(E|p)-norm. In the following proposition
w=0 ®
R stands for the operator ( > M* T): A—W™2(E|p), and R(A) indicates the range
w=0

of A by the mapping R.

Prorosrrion 2.5. Under hypotheses of Theorem 2.1, R(A) = N™ 2(D) & (ker ij")l
where (ker TP)* is the orthogonal (with respect to HJ, (- ,*)!) complement of ker TP in
S§i2(D).

Proor. If # € A then Ru e W™ 2(E|p), and, since M is continuous (see Piorposition
1.5), MR« =M lim Z M*Tu = Ru — Tu. Therefore M”Ru = Ru — 2 M*Tu.

Passing to the limit in the last equality and using Corollary 2.3 one sees that
H(ker TP)II(S7>*(D))Ru = lim M*Ru = Ru — Ru = 0. Hence R(A) cN™ 2(D)®
@ (ker TP)*. "
Conversely, if fe N™2(D) @ (ker TP)* then (2.4) implies that f = RPf. However,
by Proposition 1.5, Pfe A. Therefore N™%(D) @ (ker TP)* cR(A). O

ProrosrtioN 2.6. Under the hypotheses of Theorem 2.1, ker R = 0 if and only if PR =
=1d, if and only if ker T|, = 0.

3.Let X=R"(n=3), E=R"XC',F=R"X C/(l=4) and (+,*), is the usual
hermitian metric on E.

Derinrrion 3.1, A differential operator P € do; (E — F) is said to be a matrix
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factorization of the Laplace operator in R” if A=P*P = —A,I, where I, is the
identity (7 X 7)-matrix, and 4, stands for the Laplace operator in R”.

Let P be a matrix factorization of the Laplace operator in R”, ¢, (x —y) be the
standard fundamental solution of the Laplace operator in R”, DER”, and dD e C*.

Denote by $7°2(R”\D) the closed subspace of W 2(E
(vector-valued) functions f which are harmonic in R”\D and for which I ]limm flx) =
Then the restriction operators from $7>2(D) and $7*2(R”\D) onto W” ~ /2 2(E| )
(m = 1) are linear topological isomorphisms (see [4, p. 126]). In particular, since the
Dirichlet problem (see proof of Lemma 2.2) is solvable, for any fe W™ ?(E|p) there
exists a (unique) function S(f) e $72(R”\D) such that S(f) | sp = f] ap . Consider now,
for , ge W™ 2(E|p) 1), the hermitian form

(.1) H? fg j(Pf Pg), dx + j(Ps £),PS(2)), dx .

R"\D

ProrositioN  3.2. The bhermitian form (3.1) defines a scalar product in

W™ 2(E|p)

Proor. Since P*P = —A,I;, the coefficients of P are bounded, and, therefore,
PS(f)e W™~ 12 (E]Rn\D ). Then, since (+,*), is a hermitian metric, to prove the state-
ment it is sufficient to prove that Hf (£, /) = 0 implies /=0 in D.

If HP(f,f) =0 then feSp2(D) and S(f)e S 2(R"\D), and, by definition
Flap=S(f)|ap. Then Theorem 3.2 of [19] implies that there exists a section Fe Sp (R”)
such that F|p = £, F|gm\p = S(f). It is clear that Fis a harmonic in R” (vector-valued)
function for which hm F(x) = 0. Therefore F=0 in R”, and f=0 in D. O

x—)eo

In the following two lemmata the operator P € do, (E — F) satisfies the assumption
of the first section (see (1.2))

Lemma 3.3. For any fe Si%(D) (m =p),

—~ P_
(TPf)(x) = go j ((xgB;*5") B(x,9), (x5 C;*p) Pf), ds(x € X\OD).

Proor. Since the symbol o(P) is injective and C; edop 1—;(F*|U—=FE*) (0<
Sj <p — 1), the boundary system {B;, (x'C; *F)P} gisa Dmchlet system of order
(2p —1). Then Theorem 4.4 0f[17] garanties that for any fe S72(D) there exist
(weak) boundary values ((+7'C;*¢) P)|ope W/ =2 +1/22(F, |3D

On the other hand, Lemma 1.2 implies that

(.2) E j((J B;w5 1) B(x, ), (#g ' C;#p PF)), ds =

5
S [(Cx BF), By 0, 9), ds = [ Gp(xxBfy 51 9).
aD

’_a

Then Stokes’ formula and Definition 1.1 yield the conclusion.
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Remark 3.4. If P is a matrix factorization of the Laplace operator in R”, and if
® =10, then TP is a single layer potential.

For y e W /=2 +1/22(F | ,5)(0 <j <p —1) denote by §(Dy;) the following
integral:

G(DY;)(x é: J *pBixg ') O(x,y), ), ds(x € X\OD).

aD

And let §(B¢,;)” = G(DBY;)|p, S(BY;)" = G(DY;)|x\5-

Lemma 3.5. Let {B; }}2°" be an extension of the Dirichlet system {B; }2Z{ to a Dirich-
let system of order (2p — 1) an OD (as above b; =j). Then

, 0sj<p-1,

33) (B )7 )|ap = (B; ) ) e =
63 (Bg(®¢;)" e (.19(@%) Nao {%p—/-l, psjs2p-—1.

Proor. This follows from [17, Lemma 2.7]. O

ProrostTioN 3.6. If P satisfies Definition 3.1, and if = 1,9, then for any f g e
eS7*(D) (m=1)

HY (1,0) = [ (PS(f), PS(e)).dx,  HI (TPf,g) = [(Pf, Pg).ds.
D

R"\D

Proor. Let By = I; and let C be the Dirichlet boundary operator corresponding to
B, by Lemma 1.2. Then, similarly to (3.2),

G4 [(nBog, (5! Coxe) B )uds = [ Gp(seBfyg) = [ (B, Pe),d
aD aD aD

Since I lllm S(f)(x) =0 we obtain a similar formula for S(f):

(3.5) j ((5,B0) S(2), (+5;" Co %5 ) PS(f))uds = j (PS(f), PS(g)),dx .

oD R"\D

By definition f|;p = S(f)|sp then (3.4), (3.5) imply that

(3.6) HP(f,g) = f((*FOBO)g,(*golco #p) Pf — (x5, Co%p) PS(£)), ds
aD
Set (TPF)* = (TPf) R"\D» (TPf)~ (ﬁf)b, and introduce similar notations
for Mf. Since @ = ¢,1;thenn = 3 and (Mf e W™ ?(E|g~\p) and ' }nn (Mf)* (x) =

=0. It easy to see from (1.2) that (M}‘)Jr = (ﬁ]_[)+, and Elerefore ('I’:Ii’f)Jr €
€ $1"2(R"\D). Then Lemmata 3.3 and 3.5 imply that (TPf)" = (TPf)~ on 9D, that is,
(TPf)*" = S(TPf).
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Since {B,, *5,' Co*rP} is a Dirichlet system of the first order then (3.6), (3.3) and
(3.4) yield

(.7)  Hf(TPf,9) = [ (x5,Bog, *5,' CoxsPTPA)™ = i} CoxpP(TPS)* ), ds =

aD

= [((rBog), (45! Cop) Bf ), ds = [ (B, Pe), dy
aD

oD
Finally, (1.2), (3.7) and (3.5) imply that

HI (Mf,g) = H (f — TPf,¢) = j (PS(),PS(g), dy. O
R"\D
For fe S %(D) and for P satisfying Definition 3.1 set
TPS(f)(x) = j(q)(x,y),*gol Coxp) PS(f)), ds,

aD

MS(f)(x) = — j(cop*'@(x,y), S(f)), ds .

aD

Lemma 3.7. If @ = Lo, then for any fe S7°*(D) (m = 1)

flx), xeD,

TBf)(x) — (TP = -
(TPA)) = (TPS()) {S(f)(x), <cR"\D.

Proor. First note that, as in the proof of Lemma 3.3, (%5, Co*p, PS(f))|ap €
€ W”~%/2(F,,,). Therefore the integrals TP S(f)(x), MS(f)(x) are well defined.

Proposition 9.5 of [19] implies that TP S(f) + MS(f) = — [ Gp(P*' @, S(f)) —
D
- f Gp(®,PS(f)) = — J G4 (9, S(f)). Hence by Stokes formula, Definition 1.1, and
b D

because lim S(f)(x) =0 we obtain

|x] = o
0, xeD,

5.8) —(TPS() = (FS())) = {5( 6. xeR\D.

Since f|op = S(f)|sp by definition then Mf = MS(f). Now adding (1.2) and (3.8)
we obtain the statement. O

In the following lemma G = R” X CN (N = ).

Lemma 3.8. If Pedo,(E—F), Qedo,(E— G) are matrix factorizations of the
Laplace operators in R” then, for any f, g€ S7 (D) (m = 1), HY (f,g) = H2(f, g).

Proor. If C, is the boundary operator corresponding to By = I; and Q by Lemma
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1.2 then Lemmata 3.3, 3.5, and 3.7 imply that
(3.9) (*Eol 50*6 Qf)ap — (*F_ol éo * QS(f))|ep =
= (%5 ' Co*cQUTPA)™ = (TPS(F))~ Dlap —
— (%5 Coxc QUTPA)* = (TPS(FN* Dlsp =
= (7' Co*c QUTPS)™ = (TPF)* )| op —
—("‘ﬂ,léo*GQ[(ﬁ)S(f))_ —(TPS(N* Dlap =
= (*I?OICO*F Pf)|ap = (%5, Co*r PS(f))|ap -
Now (3.9) and (3.6) yield HY (f,g) =HR(f,g). O

ProvrosrTioN 3.9. The topologies induced in S} % (D) by HY (+,*) and by the standard
scalar product of W2 (E|p) are equivalent.

Proor. Since P*P = —A,I;, there are constants ¢;, ¢, > 0 such that for any
feSi?*(D)

(Pf, Pf); < ‘, |2< [(D*f,D%f)e, (BS(£), PS(f)): < e, |§‘21 (D=S(f), D*S(f) )s.

On the other hand, the topological isomorphisms between Si*2(D), S#2(R”\D), and

W/22 (Fy),p,) (see[8, p. 126]) imply that there exists a constant ¢; such that, for any

feSi (D), [SCAHIB2 2k \B) < €5 I /I31.2p). Hence HY (£, ) < (c; + e 7B 2 -
Conversely, since the gradient operator Gr in R” is a factorization of the Laplace

operator, Lemma 3.8 (with Q = Gr ® I;) implies that for #, g € S}?(D)
H (9= 3 [0, D+ 3 [ (D*S(/), D S(e)dr.
*='p

al = IR"\D
Therefore one can conclude that
2, [ @25, DS dx <HE(A), [ (S, S dx < e HE(££),
R"\D R"\D
where ¢, is a constant which does not depend on £.
Thus, to complete the proof it suffices to note that there is a constant ¢5 > 0 such

that, for any fe S *(D), [|fllst2m) < &5 IS(F)lls 20y (seel8,p.126]). O

Tueorem 3.10. If P is a matrix factorization of the Laplace operator and if ® = ¢, 1;
then in the strong operator topology in W *(E|p)

lim M’ =II(S§2(D)) (S} 2(D)),

v—

lim (TP)" = 11(S3*(R"\D)) II(S}*(D)) + I(N"*(D)) .

Proor. Propositions 3.6 and 3.9 imply that (I) and (IT) hold for HY (-,). Proposi-
tion 3.6 imply that ker TP = S22 (D). Proposition 3.6 and Lemma 3.7 imply that Mf =
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=0 if and only if S(f) e Sp?(R"\D). Finally, since S(f)|sp = f|sp by definition,
kerM = S} 2(R"\D). Hence the theorem follows from Corollary 2.3. O

4. We consider now some examples and applications.

Examrie 4.1. In[15] A. V. Romanov obtained Theorem 3.10 for
9/ 9z,

pP=2| -
3/ %,

in C”(n = 2) (P*P = —4,,). In this case, if 3D is connected, the theorem on remov-
able compact singularities of holomorphic functions implies that S5~ ?(C”\D) = {0}
(m = 1).

ExampLE 4.2. If P be theg_radient operator in R” (# = 3) then P*P = —A,, and, if
dD is connected, S7"?(R”\D) = {0} (m = 1).

Exampie 4.3. Let xeR"(n=21), ¢;=x+\ —1x4,,, 9/3q=(3/3 —
-V—-18/3;,,)/2, /37, =(3/3;+V\V—138/3;,,)/2 (1<;<2n) and let
9/dq;  8/3g;, B Ql
/3., % | © g,

Then Q*Q = —I,4,,. In this case, for » = 1, the operator M is already the orthogonal
projector onto S&°?(D) (7 = 1).

Q=2

ExampLE 4.4. Let A? be the bundle of (complex valued) exterior forms of degree ¢
over R” (A7 # 0 only for 0 < g <#); let d, e do, (A?—> A?*") be the exterior deriva-
tive operator, and 4 € do; (A?* ' — A7) be the formal adjoint operator of d, . Then for
the «laplacians» of the de Rham complex (4 d, +d,_1d;_ ) € do,(A? — A7) we have
(dfd,+d,_1df_ 1) =1y,4, (see[18, p. 85]). Therefore the operators

d
P,=| " |edo,(A7— A7+, 477 1))
are matrix factorizations of the Laplace operator in R”. The space Sp? ja"q (D) is the space
of the differential forms of degree 4 whose coefficients are harmonic W” 2 (E |, )-func-
tions.

Exampie 4.5. Let A”7 be the bundle of (complex valued) exterior forms of bide-
gree (tq) over C”, A*9#0 only for 0<¢t<#n, 0<g<#n. Let 5,,‘7 edo, (A% —
— A%77% 1) be the Cauchy-Riemann operator extended to forms of bidegree (2, ¢), and let
3, €doy (A*7+! — A7) be the formal adjoint operator of 3, ;- Then for the «lapla-
cians» of the Dolbeault complex (9},9, , + 9, ;- 19} ,-1) €do,(A"? — A" ?) we have
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43*.d, + 5z,q—1§§q— )= Lie, A2, (see[18, p. 88]). Therefore the operators

tq%q

3

P,,q=2 —'t,q Edol(At,q_)(At,q+1,At,q*1))
a;f 7-1

are matrix factorizations of the Laplace operator in R*”. The space SE}’quw(D) is the

space of the differential forms of bidegree (£,¢) whose coefficients are harmonic

W™ 2(E|p )-functions.

Consider now some applications of Theorem 3.10. The following corollary in the
case P =0 in C” was obtained by A. M. Kytmanov (see[11, p. 170]).

CoroLLARY 4.6. Let P be a matrix factorization of the Laplace operator in R”,
D(x,y) =Lp,(x —v), and fe W™ 2(E|p) (m = 1). Then fe S§?(D) if and only if
Mf =+

Proor. Theorem 1.3 implies that Mf = f for fe S§?(D). Conversely, if Mf = f,
then f= vli)xr%o M"f in the W™ 2(E|p)-norm. Then the statement follows from The-

orem 3.10. O

Theorem 3.10 implies that, for any function fe W' 2(E|p) and any matrix factor-
ization P of the Laplace operator in R”, decomposition (2.4) holds. For P = 3 this de-
composition was obtained by A. V. Romanov [15]. In this case it is a higher dimensional
analogue of the Cauchy-Green formula in the plane (see [8,9]). Earlier some multi-di-
mensional analogues of the Cauchy-Green formula were obtained by constructing, for
holomorphic functions, special integral representations with holomorphic kernels
(seel2,3,7]).

Decomposition (2.4) has interesting application to elliptic differential complexes: in
particular, to the de Rham and Dolbeault complexes.

In the following theorem D is a bounded domain in C” (# > 1), and M, ,, T, , are
the integrals defined by (1.2) for P =P, , and @ =1I;, ;) ¢2,.

Tueorem 4.7. Let D be a strictly pseudo-convex domain with a boundary 9D € C*
(or a pseudo-convex domain with a real analytic boundary). Then for any O-closed form
weWh? (At[];’)r Y the series

< u
f= 2,20 M{,T,, (0)

converges in the W”Z(A'(Dq )-norm, and

(41) ét,qf=u> 5;jq—1f=0
where (Z(l)) eWh2((A"7* 1 |p, A% 1 p)).
Proor. In view of the hypotheses on the domain D, results established in [5, 10]

(see also[7]) imply that for any d-closed form u e Wh2(A*7% 1) there exists a
unique solution Nue W?2(A"7*!|,) of the O-Neumann problem, and
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3 (ua,'quu) = in D. It is clear that (3} ,Nu) e W"2(A*7*"|p), and P, , (3} ,Nu) =

Ny
(O . Then Corollary 2.4 implies that

~

(éjquu) = VH_{T}” M,‘:q(é,"quﬂ) + ZOM;?q Tiq (Z(;)
u=

and the series f converges in the W2 (A"?|p)-norm. Therefore
f/2 = (5,Nu) = lim M;,(3},Nu) and P,,f/2="P, ,(3},Nu) = (g) O

Certainly, conditions on the domain D and the form # in Theorem 4.7 are suf-
ficient. From the proof one can see that the statement holds if for the form
ueW2(A»4*1|,) there exists a form Fe Wh2(A"?|p) such that 3, ,F=u,
0,1 F=0.

Remark 4.8. Proposition 2.5 implies that the series f is the unique solution of the
9-equation which belongs to N*2(D) ® (5% 2(D))*.

In the case when # is a (0,1)-form Theorem 4.7 was obtained by A. V. Ro-
manov [15]. In this case the theorem holds for a pseudo-convex domain D with
dDeC”.

Earlier explicit formulae for solutions of equation (0.2) (D is a strictly pseudo-con-
vex domain with 8D e C? and # is a (0,4)-form with continuous in D coefficients) were
obtained in[3, 8] (see also[7]).

In[6] the explicit formula for the operator N was obtained in the case where D is
the unit open euclidean ball in C”.

Proposition 2.6 implies that convergence of the series f yields (4.1) if this series de-
fines an injective operator from W%2(A*?*!|;) to W»?(A”?|p). Romanov
(see [15, Theorem 3 and Lemma 51) proved that, if D is a bounded domain in C? with a
connected boundary 8D e C! and w € W"?(A%!|p) then the convergence of the
series f implies 8y o f=u in D.

Similar results can be stated for the de Rham complex and for a convex do-
main D.
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