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Analisi matematica. — Compact embedding theorems for generalized Sobolev spaces.
Nota di Maria MaNFreDINI, presentata (*) dal Corrisp. B. Pini.

Asstract. — In this Note we give some compact embedding theorems for Sobolev spaces, related to
m-tuples of vectors fields of C! class on R¥.

Key worps: Sobolev spaces; Compact embedding; Carathéodory-distance.

Riassunto. — Alcuni teoremi di immersione compatta per spazi di Sobolev generaliziati. In questa Nota
dimostriamo alcuni teoremi di immersione compatta per spazi di Sobolev, relativi a #z-uple di campi vetto-
riali di classe C! su RY.

1. INTRODUCTION

The aim of this Note is to establish some compact embedding theorems for Sobolev
spaces related to a family of vector fields on an open subset of RY.

More precisely, let X =(X;,...,X,) be a m-tuple of vector fields, X; e
e CY(RN,RY), j=1,...,m. Let Q be an open, bounded or unbounded, subset of RY
and let pe[1, + .

We denote by \«OV‘}((Q) the subspace of L? ({2) obtained by completion of the space
C§ (Q) with respect to the norm:

Q

m 1/
Il ) = ( J( 1ot + 5, |&-u<x>lp)dx) !

where we have identified the vector field X; = (4, ..., b;y) with the first order differ-
N o
ential operator 2, 4,0, . We note that for every # € W% (Q2) there exists, in a weak
i=1

sense, X;u € L?(Q) for every j=1,...,m.

In this paper we give geometrical conditions on the open set 2 related to the vector
fields X, ..., X,, and integral type inequalities which assure the compact embedding of
W2 (Q) in L?(Q).

This Note is organized as follows:

In section 2 we define the control distance associated to the vector fields X, ..., X,

and we prove some compact embedding theorems.
In section 3 we apply our results when:

(34) The vector fields are invariant with respect to a group of translation. This
example includes the Berger and Schechter’s compactt embedding theorem, see [2],
for the classical Sobolev space, (X; =9,,7 =1, ..., N) and a theorem by Garofalo and
Lanconelli, in[11], for the Sobolev space on the Heisenberg group.

(*) Nella seduta del 18 giugno 1993.
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(36) The vector fields are of Grushin type.

Moreover, we present an application of our results for a particular case when there
are unbounded sets which have finite diameter with respect to the control dis-
tance.

2. DEFINITIONS AND THEOREMS
Let X=(X;,...,X,) be a m-tuple of vector fields, X;e C' (RN RN, j=1,...,m.

DerINtTION 2.1. Let Q be an open subset of RN and let p e [1, + o [. We say that Q is
in R, (X) if Wi (Q) is compactly embedded in L? (Q). If Q is an open subset of Q we say
that Qg€ X, (X; Q) if the restriction u—>u|q, is a compact operator from VOV';((.QO) in
L2 (Q,).

In this Note we look for conditions on {2 to assure that Q is in X, (X).

The next notion of subunitary curve, introduced by Fefferman and Phong in the
smooth case [4] and subsequently considered by Franchi and Lanconelli in [7], in non
regular cases, is essential for our purposes.

DErINITION 2.2. We say that a continuous curve v: [0, T1— RN | with piecewise con-
tinuous first derivatives, is subunitary with respect to the vector fields X, ..., X, if

y() = f‘, a;(t) X; (y(2))  for almost every te [0, T]
i=1

with a;: [0, T1— R, piecewise continuous and such that |a;(t)| <1 for every j =
=1,...,m and for every te [0, T].

Let x,y € RN. If there exists (at least) a subunitary curve joining x to y, we
define

d(x,y)=inf {T>0; there exists y: [0, T1— R", subunitary, y(0)=x, y(T)=y}.

If RN is X-connected, that is for any x, y € R there exists a subunitary curve connect-
ing x to y, then d is a distance on RN . It is said control-distance or Carathéodory-distance
associated to the vector fields X, ..., X,,. We indicate by B, (x, r) the ball with center x
and radius » with respect to the metric d:

By(x,7)={yeRN/d(x,y) <r}.

Throughout this Note we shall suppose, about the distance d, the following covering
property holds:

(C,) Let r > 0. There exists a positive integer M = M(r) and a finite or countable family of

d-balls (B (x;, 1));, which is a covering of RN such that every point x € RN is contained
in at most M balls of the family (B;(x;, 2r));.

All the results of this Note are consequences of the following key observation, which
we call Main Lemma for reading convenience:
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MaiN Lemma. Let Q be an open subset of RN . Suppose that, for a suitable fixed r > 0
the covering property (C,) holds and for every & > 0 there exists Qo€ X,(X;Q), QoCQ,
such that for every u € Cq (Q) and for every d-balls B;(x,r) of the covering (C,):

(&) [ bdse [ (ks 2 1xamr)s.
(O\20) A By (x, r) By(x, 2¢) /=1

Then Qe X, (X).

Note. Here and in what follows, we denote by C; (Q2) the linear space of the

continuous differentiable functions on the whole RY with compact support contained
in Q.

Proor or Mamn LEmma. We begin by establishing the following statement which is
a sufficient condition for precompactness of subsets of L7 (Q).

Cramm. Let TcL?(Q) bounded. We suppose that for every ¢ >0 there exist
Qo, Ql CQ ‘\‘ucb tbdt

(Z‘) Q=(20UQ1,

(it) the set {u|q,,ue T} is precompact in L (Q,);

(i) | |u(y)|Pdy < ¢ for every ueT.
Q,

Then T is precompact in L? (Q,).

We assume this claim true for a moment.

Then, if Tc \/(Y)/S’((Q) is bounded, it is sufficient to prove that for any ¢ > 0 there
exists a decomposition of £ which satisfies (7)-(¢zz). Let ¢ be a fixed positive number
and let Qe X, (X; Q) be a open subset of (2 satisfying (E,). If we prove that for every
ueT

(2.1) J |u(y)|Pdy < ¢
Qo

then, since Q, € X, (X; Q), the decomposition {Q,, Q\Q,} of Q satisfies (7)-(77), so
that T is precompact in L?(Q), hence Q € %, (X).
We prove (2.1). Let

T* = {u e C3(Q)/ |l — w* ”\OVQ(Q) <¢, for some ueT}.

If we show (2.1) for every #* € T* then (2.1) follows straightforwardly for every
uel.

~ Let B=(B”) = (By(x;, r)) denote a covering of R with balls of radius 7, as in
(C,).



254 M. MANFREDINI

We have by hypothesis (E,):
[ lwora= [ Jworas<E |

i .
[AN(N (@) N (UB,"") (Q\2¢) N BY

<c¢ E j(
(N Q) NBHI =0

B(i)

2r

#* (y)|Pdy <

e o+ 5 15 np) .

Now since at most M of the sets B3, have nonempty intersection, we conclude that for
every w* e T*;

j | (9) [P dy < eMj(
ON\Qq Q
which actually yields (2.1).

It remains to prove the claim.

Let ¢ > 0 fixed and let Q,, 2, cQ satisfying (7)-(7). Now from (7), there are
Uy, ... €T such that for every # e T there is / € {1,...,m} such that

J lu(y) —u,(p)|Pdy < ¢

P+ £ 15 oop)a,

Then, from (7) and (77)

Jlu(y)—ui(y)lpdy< J |u(y) —u;(y)|Pdy + I la(y) — u; () |Pdy <
Q Q% 0,

Sc+2 J|u(y)|”dy+J|u,-(y)|”dy <22,
Q) Q,

This proves the claim and completes the proof of our Main Lemma.

To obtain more explicit compact embedding results, we first look for sufficient con-
ditions for the covering property (C,) holds.
The control distance d will be said verifying hypothesis (H,) if:

(H,) The function (x,y)—>d(x,y) is continuous with respect to the Euclidean topology and
there exists a constant D = D(r) > 0 such that
(2.2) |By(x, 2r)| < D|By(x,7)| for every x € RN .

| | denotes the Lebesgue measure on RY.
CoverinGg LEmMA. If (H,) bolds then covering bypothesis (C,) is verified.

Proor. The first part of the proof is essentially the same as in Lemma 3.2 in[11].
Since the distance d is continuous with respect to the Euclidean d1stance we can cover
RN with a finite or countable farmly of ba]ls B = (B,;(x",7/3)) = (/')) We select from
B a collection of disjoint balls B (B ), such that (B*?) covers R, in the following
way. We let Br(k;) = Br(/l; Assume that B,/3), 7 =1,...,n have been chosen If B(’)
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N B r(/kg') # {) for every i > k, and for a suitable ; = 1, ..., &, then we have finished and in
this case the family is finite. Otherwise we let

k, 1 = min {7; z>k,,,Br/3 B,(//;)*ﬂfor every j=1,...,k,}.

To show that the family (B(/e ) covers RN we prove that each B (/3 is contained in some
B%) . We suppose that B, /5 does not belong to B*. If B* is infinite then £,7  so that
there exists # € N such that &, < z < k,, +1. But from definition of £, , ; there exists a
7e{1,...,n} such that B,(/'3 N B " 0, then Br(/’; cB% . If B* = {Br(//;‘), ..‘,B,(/kg’) ,
then Br(/’; N Br(/k;) # () for every 7 = k + 1 and for some 7 =1, ..., #. On the other hand,
if &, <7<k, we can argue as before, and we reach the desired conclusion, in any
case.

To finish we have to show the «M-intersection» property. Let x be in By for every
ki€ I, beingI ¢ N. Now U BZ, C B, (x, 4r) ¢ B& for every &; € I. Therefore for every
k el

2, 1B —| U B | < IBstx, 40| <[B! .

Then (card I) mm IB |Bé , for every &; € I. On the other hand, from (2.2)

there is a posmve constant D = D(r) such that [B&'| <D |B | for every k; € I. This
prove that card I <D and completes the proof.

Some remarks about hypothesis (H,) are now in order.

Remark 2.1. If (RN, d, | |) is a homogeneous space in the sense of Coifman and
Weiss (see[3]), that is there is a positive constant ¢ such that

(2.3) |B;(x, 27)| <c¢|B;(x,7)| for every xe RN and for every » >0,

then evidently (2.2) holds for every » > 0. On the other hand (2.2) and (2.3) are not
equivalent. In fact, let X;, X, be the vector fields on R? defined by X, = 9,,, X
= a(x;)d,,, where a(0) = 0 and a(x;) = exp ( —x; ?) forx; # 0. Since the dlstancedls
invariant with respect to the translation parallel to the x,-axis (because such are X;, X,),
and d is equivalent to Euclidean distance in {(x, x,)/ |x;| = 1}, it is not difficult to
shown that (2.2) holds.

Moreover we can prove that there exists ¢ > 0 such that

|B;(0,7)|/|Bs(0, 27)| < cexp(—1/2r) for every r> 0.
From this inequality it follows immediately that (2.3) does not hold.

Remark 2.2. If 4 is not continuous the compact embedding of UOV’)’( (Q)in L? (Q) may
fail, also in the case of bounded Q. On the other hand, the continuity of the control dis-
tance d is not guaranteed in general by the only hypothesis of X-connection of
RN,

In fact, for example, if $e C*(R? R), ¢=0, supp ¢CcR*\([—1, 1] X
X[—1, 1]), then R? is connected with respect to the vector fields

X1 =0, X, = ¢(x1,%2) Oy, -
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But, forallh # 0, — 1 < b < 1, we can easily prove that 4((0, 0),(0,5)) = 2. Sod is
not continuous.
Moreover, if we consider the sequence

t, (x1,%) =0 fx; — 1/n)glnxy),

where ge Cy° (R), supp gcl—2,2[, 0<g<1 and g=1 near zero. feCy (R),
suppfcl—1,1[,0< f<1and f =1 near zero. It is easy to see that («,) is bounded
in W5 (Q),Q = (-2, 2) X (—2, 2). On the other hand, there are no subsequences of
(u,) which converge in L?(Q). Thus Q ¢ X, (X), for every p e [1, + .

From Main Lemma we easily obtain the following:

TueoreM 2.1. Let Q be an open subset of RN . Suppose that, for a suitable fixed r > 0
the covering property (C,) holds and the following hypotheses are satisfied:
For every &> 0 there exists Qg€ X, (X;Q), QocQ, such that

B,(x,r)NQ
(2.4) F @\ N By, ) 20 then 120008
| B, (x,7)|
For every € > 0 there exists 8 > 0 such that
25 J wowase | (wor+ § xar)b;
S

By(x,7) By(x, 2r)
For every u e Ci (Q) and By (x,r) such that
| B, (x,7) N suppu| R

(2.6) 1By (x| <4

Then Q € X, (X).

Proor. We note that (2.4)-(2.6) imply condition (E,) and, since convering property
also holds, the theorem follows from Main Lemma.

The following corollaries as the condition (2.5)-(2.6) can be deduced from
Poincaré-Sobolev type inequalities.
We use the notations

jﬂma=ﬁ=ﬂhjﬂm@.

A

CoroLLArY 2.2. Let Q be an open subset of RN. Suppose that the following
Poincaré-Sobolev type inequality holds: for a suitable r > 0 there are a k> 1 and
a constant ¢ = c(r) > 0 such that

1/kp m p
(2.7) )[ lu(p)|Pdy| <ec ][ 2 |Xu) Py |
By(x,7) By(x, 2r) /=1
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for every x € RN and for every ue C*(By(x, 27)) such that

[{y €By(x,r)/uly) =0}| = |B;(x,7)]/2.
If (C,) and (2.4) hold then Q e X,(X).
Proor. We prove that, in this case, (2.5)-(2.6) holds with ¢ = min {1/2, pos. const.

kil ~ 1>}. Indeed, if E is the set of points of B, (x, ) where # = 0, then from Hélder in-
equality and (2.7), for every u € Cj (£2), we obtain

1p |Bd(x r)\E| (1= 1/&)p 1/kp
» LML kp
( { |u<y>|dy) s( B fluiay) <
By(x,7) By(x,r)

| By(x,7) N suppu| )(1 - 1k)p Vkp
s ( ][ lu(p)|?dy| <
|By(x,7)| Wl

p
<est-mn| 8 xaty) |de) .
Bd(er)

The conclusion of Corollary 2.2 is also true if it is satisfied a more familiar
Poincaré-Sobolev inequality, precisely:

CoRroOLLARY 2.3. Let Q be an open subset of RN . Suppose that for a suitable r > 0 there
are k> 1 and a constant ¢ = c(r) > 0 such that

1/kp
(2.8) :‘t lu(y) = up,en|dy|  <c

By(x,r)

m 1/p
3 1Xuto)

By(x, 2r) /
for every x € RN and u e C'(By(x, 2r)). If (C,) and (2.4) hold then Q € X,(X).

Proor. We prove that (2.7) holds. Let » e C'(B,(x, 2r)) such that |E| =
= |{y e By(x,7)/u(y) = 0}| = |By(x,7)|/2. Thus by Holder inequality

1 2
b, | = TE] J lu(y) = wpye,0 | dy < TBo )| J |(y) = g, | dy <
E i By(x,7)
<2 - B e ~ by kp
< B,(x,7)] [l qu(x,r)”Lkp(Bd(x,r))l 2 (x,7) ] =2 lu(y) = s ) | dy '
, By(x,r)
Then by (2.8)
1/kp kp
:[ |u(y)lkpdy S j’: Iu(y) _qu(x,r)Ikpdy + Iqu(x,r)l <
By(x,7) By(x,7)

1/kp 1/p
<3 ][ |u(y)—qu(x,,)|dey < 3¢ ][ 2 | Xu(y)|Pdy|
By(x,7) B (x, Zr)

that is (2.7).
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Finally we prove that condition (2.5)-(2.6) is satisfied if a Sobolev inequality holds
for \;Vé} (By(x,7)) and if there exist suitable cut-off functions.

CoroLLARY 2.4. Let Q be an open subset of RN . Suppose that for a suitable r > 0 there
exist ¢ > p and a constant ¢ = c(r) > 0 such that

1/4 1/p
(2:9) f umra) <can| { Sixumra|
By(x, 2r) By(x, 2r)

for every x € RN and u e C (B, (x, 27)).

Moreover we assume that for every x € RN there exists 4 e Ca (By(x, 2r)), such that
b=1in By(x,7), 0S¢ <1 and

(2.10) '§1 | X;0(y)|P < c(r)  for every y € By(x, 2r).
If (C,) and (2.4) hold then Qe X, (X).

Proor. We prove that in this case (2.5)-(2.6) holds with & = post. const. ¢7'97?) | so
that from Theorem 2.1, our corollary follows.

Let u € Cy (2) and let ¢ be as before. If E = {y € B, (x, r)/u(y) = 0}, by Holder
inequality, (2.9) and (2.10) we have:

plq
[ luo)ldy < 1By, DNE P [ Jutleay | <

By(x,7) By(x,r)

vlq
< |B,(x, r)\EllP/q( Isb(y)u(y)lqdy) |B, (%, 2r)|P% <

By(x, 2r)

N

< ¢|By(x, r)\E|' 74 ( ‘21 |X,-(¢(y)u(y))|”dy) |B;(x, 2r) |72

By (x, 2r) /

1-plq
< ZPC( | B (x, 7) N suppa| )

P+ Xu( P
cli [ [etecr! S Xat )

By(x, 2r
| B (x,7) N suppu]|

Then if 1B, (. )|

< 4, we obtain

[ bdsca s [ o+ 15ul) s,

By(x,7) By(x, 2r)

where ¢’ is a positive constant depending only on p and c.
From this inequality, if ¢'8! ™77 = ¢, we immediately obtain (2.5)-(2.6).
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3. SOME EXAMPLES

3a. Invariant vector fields.

Let X;, ..., X, be C* (RN, RY) vector fields satisfying Hormander’s condition that
is: rank Lée [ X, ..., X,,]1(x) = N, at every point x € RY . Here £ = Lie [X,, ..., X,,] de-
notes the Lie algebra generated by X, ..., X,,. We suppose that £ is nilpotent and has
dimension N.

Then there exists a group G = (RY, o) such that the vector fields X, ..., X,, are in-
variant with respect to the left translation of G, (see Proposition 8.41 in[10]). More-
over the exponential map is merely the identity, so that the Lebesgue measure on RV is
a Haar measure on G, see Proposition 1.2 in[6].

In this case RN is X-connected (see the Theorem of Chow-Hermann in [12, chapter
18]), and the control distance d is invariant with respect to the left translation of G. On
the other hand the distance d is locally Holder continuous, see [4].

Moreover, as a consequence of |B;(x,7)| = |Bd (0,7)| for every xe RN, we
straightforwardly obtain (2.2), in (H,), choosing D(r) = |B,(0, 2r)|/|B, (0, r)|, with
r <ry, ry such that |B;(0, 2ry)| < 4+ .

Then, from Covering lemma, (C,) holds, for every » <.

Now, for a fixed » > 0, choose a function ¢ € Cy” (B;(0, 2r)) such that ¢ =1 on
B;(0,7),0 < ¢ < 1. Therefore, if we define {(y) = ¢(x ~* o), ¢ is a cut-off function as
required by Corollary 2.4.

In addition Sobolev inequality (2.9) is true on the ball B, (x, ») with center x = 0,
see [5], so again by translation, it holds with a constant independing on the center of
the ball, as required by (2.9).

Finally, if Q is an open bounded set then Wp Q) is continuously embedded in a

classical Sobolev space W" '€ (Q), 0 < ¢ < 1 suitable (Theorem 4.16 in [5]). Then, since

VOV" »€ (Q ) is compactly embedded in L? (Q), we get that VOV’)’( (Q) is compactly embedded
in L?(£). As a consequence we easily obtain that Qe X, (X; Q) for every bounded
open set Q,cCQ.

Then, from Corollary 2.4 we have:

TueoREM 3.1. Let Q be an open subset of RN and let p € [1, + o [. If. for a suitable
fixed v, 0 <r <71, for every ¢ there exists a bounded set K such that
(3.1) (ONK)NB,(x,r) #0  implies |By(x,r) NQ| < ¢
then Qe X, (X).

We note explicitely that, if X; =0, , 7 =1, ..., N (then the space space VOV’}((Q) is
the classical Sobolev space and the control distance is the Euclidean distance), (3.1) is
the Berger and Schechter’s thinness condition for compact embedding theorem,
see[2].

Moreover, if we consider the following vector fields on R” X R” X R = RY:

Xj=8x/+2yja,, Y]~=<9y].—2xj8,, j=1,...,n, (x,9,¢)eRN,
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then G is the Heisenberg group H, and Theorem 3.1 give back a result proved by
Garofalo and Lanconelli (Theorem 3.3 in[11]).

3b. Vector fields of Grushin type.

We consider the following vector fields on R” x R” = RV
X;=9,, Y;=1|x]*9,, i=1...,n, j=1..,m, a>0, z=(x,y)eR"XR".

Franchi and Lanconelli in [7] wrote explicitely the control distance d and proved that 4
is locally Hélder continuous, the d-balls are bounded and verify the doubling property.
More precisely, there are c¢;, ¢, > 0 such that, for every z = (x,y) € RN

|Bd (Z s ) |
(x| 4 )
(Theorem 2.7 in[7]). We remark that the constants ¢, ¢, are independing on z and 7.
Then the control distance d verifies hypothesis (H,) for every » > 0.

Moreover, Theorem 2.6 in[8], assure that every bounded open subset of RV is in
X, (X) while (2.7) is granted by Theorem 4.1 in[9].

Then, by Corollary 2.2 and (3.2) we have:

(3.2) Cq <

xC(,

TuEoREM 3.2. Let Q be an open subset of RN and let p € [1, + [ If. for a suitable
fixed r > 0,
|.Q an(Z, r)|
———————— 50 s |z] >,
(|x] +7)
then Q e X, (X).

3c. We consider in R? the following vector fields:

X, =(1+x0)9,, X,=2

oy (1,%,) €RZ.

We prove the following

THEOREM 3.3. Let Q be an open subset of R* and let p € [1, + o [. If, for every L > 0,
we bave:

(3.3) Jim 190 (0= L LIX Ik == 2+ =D)] = 0
then Q e X, (X).

First of all we remark that, in this case we can explicitely compute the control dis-
tance d:

d((xy, %), (x{ , x5)) = max { |arctanx, — arctanx; |, |x, — x5 | } = d; ((x1, x2), (x1 , x7)) .
Then for big x; the d-balls of center (x,, x,) are not bounded and the d;-ball with center
(x1,x;) and radius r == is §,, = R X1x, — 7, %, + =[.

So that there are unbounded sets with bounded diameter, with respect to the control
metric. Moreover, it easy to see that, with respect to the d;-balls, the covering property
(C,) holds for every r > 0.

Now, we prove that the sets @, = R X1 =5, h[, h > 0, are in X, (X), for everyp €
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e[1, + o[. We introduce the trasformation
T: R?— |- 2, ZI xR
_>] 2’2

(%1, %,) > (arctan xq,x, ).

If we put Q, = T(Q,) then compact embedding of \;V’;’((.Q ) in L? (Q,)is equivalent to
the compact embedding of VOVZ (Q2,) in L2 (Q,), where VOVZ (Q,), L2(Q,) are the (classi-
cal) weighted Sobolev and L? spaces, respectively, with weight w(&, ) = 1 + tan®Z.

Now 2, is a bounded set of ] — /2, 7/2[ XR, then from Theorem 1.9 in[1], VOVZZU Q,) is

compactly embedded in L5 (Q2,) that is Q, e X, (X).
Now we are in position to prove Theorem 3.3.

Proor or THE THEOREM 3.3. Because condition (C,) is satisfied for every > 0, it is
enough to prove condition (E,) of Main Lemma for » = . Now from the previous re-
mark S, € %, (X), so that (by the translation invariant with respect to x,) for every ¢ > 0
there exists L > 0 such that

(.4 [ lsord s S [Que)l + [Deuty) ) dy,
S {lx| =L} S

for every # € C'(S,) and for every A € R. Here and in the following we use the notation
2
|Dyul? for X |Xul.
i=1

We choose a covering (S,,) of R? by d;-balls S,, = B,,((0, 2,), ).

Let e > 0be ﬁxed. We choose L > 0 as in (3.4) and ¢ > 0 as we will fix later. From
(3.3) there is a A > 0 such that
(3.5) QN A-L,LIXIx—x,Ar+=x))| <é¢ for every AeR, |A|=2.

We put Qg =R X1 =2 =, 2+ zl. Then Qg N Q € K, (X; Q), since Q is of 2, type.
Therefore, if (Q\£2,) NS, # @ then |2,| =A. Now

lu(y)[Pdy =
(QN\Q0) N S5,
= [ () P dy + | WPy =L+ 1.
((ON\Qo) N S3) N {|x1] =L} ((@N\Qo) N $,) N {|x| <L}

We estimate I; and I, separately.
From (3.4):'

Ls [ lsld< S [ (a0 + |Deu(y)]?)ds
SN {lxl =L} Si

Moreover, from the classical Sobolev inequality, if we put Qf =1—L, L[ X1, —
— 7, A; + =[, there exist £ > 1 and a positive constant ¢ = ¢ (L) = ¢(¢) > 0 independing
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on 7, such that

1/kp 1p
fluolody)  <el § (ul+ Duty))dy |
o Qi
where Dy is the classical gradient. Then from Holder inequality:

[k,

1p N SUDD % (1 - 1/k)p 1/kp
[ lalray| < (|Q_L|QTPP‘"| [ unioa| <
0f L 0f

1)
< c(1QL N suppa )| f (Juty) |7 + [Duty) )y |
Qt
Since |Qf N suppu| < |Qf N Q|, if we choose ¢in (3.5) such that c? (¢) 8!~ < ¢/2,
we thus obtain

L < % I(|u(y)lp+ |Du(y)|?)dy < % I(Iu(y)|p+ | Dxu(y)|?)dy .
oL Sxi
Therefore we finally get

up)ldy =L+ L < < [ (u(x)]? + [ Dyu(x)])dy
(Q\Q0) NSy, S

This proves (E,) with » = 7 and completes the proof of Theorem 3.3.

I wish to thank Professor E. Lanconelli for suggesting the problem and for his helpful conversations
during the preparing of this Note.
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