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Equazioni a derivate parziali. — A comparison theorem for the Levi equation. Nota 
di GIOVANNA CITTì, presentata (*) dal Corrisp. B. Pini. 

ABSTRACT. — We prove a strong comparison principle for the solution of the Levi equation 

L(u) = È ((1 + u}){uXtXi + uym) + (u2 + u2)utt + 

+ ?(«,,. - ux.ut)ux.t - 2{ux. + uyiut)uy.t) 4- k{x,y,t){\ + \Du\2)m = 0, 

applying Bony Propagation Principle. 

KEY WORDS: Maximum propagation principle; Comparison principle; Levi equation. 

RIASSUNTO. — Un teorema di confronto per l'equazione di Levi. Utilizzando il principio di propagazione 

dei massimi di Bony proviamo un principio di confronto forte per le soluzioni dell'equazione di 

Levi 

L(u) = Ë ((1 + u}){ux.x. + uy.y.) + (u2 + u2)utt + 

+ 2(uy. - uXiut)ux.t - 2{ux. + uy.ut)uy.t) + k(x,y,t)(l + \Du\2)m = 0. 

1. INTRODUCTION 

Let M cR2n + 1be a hypersurface of class C2, graph of a function u. The Lervi cur
vature of M at a point (x, y,tfu(xyy, t)) with x = (xìy...,xn) eRn, y = (yly...,yn)eRn >t e 
G R is the real number 

(1) k = - (1 + \Du\2yV2 Ì ((1 + u2)(uXtXi + uyJ + (u2 + u2)utt + 
i = i 

+ 2(Uy. - UX.Ut) UX.t - 2{UX. + Uy.Uf) Uy.f) 
n 

where \Du \2 = S fe2 + u2) + u2. 
i = ì ' 

Viceversa, if Q e R2n + 1 is a fixed, bounded and connected open set, k: Q —» R is a 
continuous function, we can look for a function u:Q —>R of class C2 whose graph has 
Levi curvature k at every point (x,y,t,u(x,y,t)). In other words we study the solutions 
of the following equation, called the Levi equation 

n 

(2) L(«) = 2 ((1 + «,2)(zv, + «,,„) + (*£ + ^ ) % + 
/ = 1 

+ 2(«y. - ux.ut)ux.t - 2(ux. + Uy.ut)uy.t) ^ Hx^yt^l H" \Du\2)3/2 = 0. 

This is a quasilinear equation, whose characteristic form is positively semidefinite, 
but has the least eigenvalue identically 0. In particular the equation (2) is not elliptic at 
any point. However, suitably adapting the classical elliptic techniques, Bedford and 
Gaveau in [2], Debiard and Gaveau in [3], and Tomassini in [4] were able to establish 
some geometric properties of the solutions. In particular Debiard and Gaveau proved 

(*) Nella seduta del 24 aprile 1993. 
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the following weak maximum principle: if k is continuous and nonpositive, and u is a sol
ution of Lu = 0 of class C2 which satisfies limsup&(?) ^ 0 for every 
Y) = (x,y,t) e dû, then u ^ 0 in Q. " ^ 

The strong maximum principle in general does not hold, since the set SU(Q) = 
= {(x,y,t) sQ:u{x,y,t) = supu} can be different from 0 and strictly included in Q. In [4] 

Q 

Tomassini proved the following version of maximum principle: if Q is open and connect
ed, k: Q -* R is continuous and nonpositive, u is a function of class C2 solution of the equa-
Hon (2) in Q and £0 = (xo,Jo>A)) G ^«(û), then {(x,y,t) eQ: t = t0} cSu(Q) and 
k(x,y,t) = 0 for all (x,y,t) G SU (Q). 

In particular: if k never vanishes in Q, a regular solution of (1) has no local maximum 
in Û. 

In this Note we study equation (2) with a completely different approach, using the 
maximum propagation principle of Bony, (see[l]) which we will now recall. 

Let û c R 2 " + 1 be open bounded and connected, and let L0 be an operator of the 
form 

2» + 1 In + 1 

(3) L0(u)= X ajjdfju+ S bidiU in Û, 
i,j = 1 / = 1 

where aiyj and h{ are continuous functions in Û. 
Let u be a solution of L0 (u) ^ 0 in Q and let Su (Q) be not empty. A vector v e R2n + * 

is called outer normal to Su (Û) at a point ? e Su (Û) if B(Ç + v, | v | ) 0 5, (Û) = 0. If 
5W (0) 5* 0 and 5W (Q) ^ 0, the set S* (Û) = {? G SU (Û): there exists the outer normal at 
£} is not empty. With these notations the following properties hold: 

/) (Hopf Lemma, see [1, Proposition 3.1]) If v is the outer normal to Su (Q) at a 
point £ G S* (0), then 

2n + \ 

U = 1 

A vector field X of class Cl (Q) i.e. a function X eC1(Q,R2n + 1),is called admissible for 
L0 if V V G R 2 * + 1 

2n + 1 

E ^ (?) v,- vy = 0 implies <X(£), v) = 0. 
/,y = l 

Hence, from the previous proposition it immediately follows that, if X is an ammissible 
vector field, X is tangent to Su (0), in the sense that (X(f), v) = 0 Vv outer normal to 
•UÛ). at*. 

Now Bony propagation theorem can be stated as follows: 

//) ([1], Theorem 2.1) Let X be a vector field of class Cl tangent to SU(Q). Then for 
every £ G SU (Û), any integral curve of X passing through f is completely contained in 
SU(Q). 
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Consequently, if X and Y are ammissible vector fields, any integral curve of them 
intersecting Su (Q) is completely contained in Su (Û). Hence, if we denote with the same 
symbol a vector field and the differential operator with the same coefficients, we can 
define [X, Y], and it is tangent to SU(Q). Thus 

Hi) IfX1,.... yX^n are 2n admissible vector fields which together with their commuta
tors of order one, span all of R2n + 1, then SU(Q) = Q. 

Using these theorems we give a new, very simple proof of the Tomassini maximum 
principle. However the most important result is Proposition 2.1, where we show that if 
k(Ç) s* 0 Vf e -Q, and u e C2 , then there exist vector fields X1,... ,X2n which satisfy con
dition ///) in the preceding principle. As a consequence we prove the comparison prin
ciple for regular solutions of (2) (see Theorem 2.1). 

2. MAXIMUM AND COMPARISON PRINCIPLE 

In the following we will always assume that Q cR2n + 1 is bounded and connected, 
k: Q —> R is a continuous function and u: Q —» R a function of class C2(Q). We will de
note L0 the principal part of the operator L in (2). 

n 

LQ(U) = E ((1 + u2){ux.x. + uy.y.) + {u2 + uy
2)utt + 2(uy. - ux.ut)ux.t - 2(ux. + uy.ut)uy.t), 

i — \ 

so that the Levi operator is simply L(u) = L0(u) + k(x,y,t)(l + \Du\2)3/2 and we will 
work on L0 to begin with. 

REMARK 2.1. Applying Bony propagation principle, we can give a new proof of Tomassi
ni maximum principle. 

Indeed we can write L0 in the form 

(4) L0 (u) = È (d2.u + dlu) + Zu, 
/ = l ' 

where 
n 

Z = 2 ((«*,.#* - 2^.,) dx. + (z^.% + 2«x.,) dy. + («X/X|.«, + «y.y.K, - 2ux.uXit - 2uy.uy.t) dt). 
i = 1 

If k\Q-^R is nonpositive, « is a solution of class C2 of Lu = 0 in Q, then 
L0& = — k(x,y,t)(l + \Du\2)3/2 ^ 0. The vector fields 3X. and dy. are admissible for L0, 
for all / = 1,...,«. Hence, by the Bony propagation Theorem (see ii) in the Introduc
tion), for all (x0,y0,t0) eSu(Q) we get {(x,y,t) eQ: t = t0} cSu(Q). In particular 
#*,•(£) = uyt• (£) = 0 for all z = l 7 . . . ,p , £e£^(D) , and, since L(&) = 0, we deduce that 

k(C) = 0 for all Çe5«(û). 

Using these vector fields, we can not prove in a simple way the comparison principle 
for two different solutions of the equation. Thus we will look for a more appropriate 
choice of admissible vector fields. 
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In order to do this, we first note that the characteristic form of L0u can be 
written 

2n2atJ(Du)^ = i «X^)2 + (Y^)2) 
ij=l 1 = 1 

where (, ) denote the scalar product in R2n +1, X{ and Y{ are the following 
vectors: 

(5) X 
ute{ 

Ci 

— Uy. 

-ute: 

and e{ is the column vector, z-th element of the canonical basis in Rn. In order words, 
with the identification we have introduced, Xj = ut dx. + dy. — ux. dt, Yj — dx. — ut dy. + 
+ uy.dt. Obviously X{ and Y{ are admissible vector fields. 

The following one is our most important Proposition: 

PROPOSITION 2.1. We will denote with 

I Xi,... ,Xn, Y1,..., Y„, 2J [Xt•, Yj] J 

the matrix whose columns are the components of the vector fields Xly...,X„, Yx,..., Yn, 
n 

2 [Xj, Yj] respectively. Then 
/ = l 

PROOF. The proof is a simple computation, which can be made as follows: 
[Xi, Yi\ = (utUy.t ~ ux.t - Uy.utt) dXi + {ux.utt - ux.tut - uy.t) dy. + (ux.x. 4- uy.y. + uy.ux.t -
-uXiuy.t)dt. 

Hence 

detU,. . . , ;^, . . . ,^ 
/ = 1 / = 1 

= E(-ir("-1)/2det(x1)y1)...)^)7,-,-A,^,x,-,Y;)[x,,y,]). 
* = l 

The cap on Xj means that this index has been suppressed. This matrix is the sum of 
n block lower triangular matrices, and its determinant can be evaluated as fol
lows: 

±(-iyto-mfaxuYu...XX,---Jn>Yn,Xi,Y{,\Xi>Y$ = 
/ = 1 

= | d e t ( ^ l )\ ^(-D^-^det 
ut 

1 -ut 

~y. 

Ux{
utt u%itut Uytt 

-UY. UV! UX.X. + Uy.y. + Uy.UX.t - UX.Uytt) 

( - i y •*(B+iV2(i + « , 2 r - l Lo(«) . 

From this Proposition we can deduce the following Lemma: 
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LEMMA 2.1. Let Q cR2n + 1 be bounded and connected and let u: Q —>Ra C2 function. 
Let A be an operator of the form 

In + 1 2» + 1 

Av = 2 S aiADu)dijV + 2 b^v 

where aïy(Du) is the matrix of the characteristic form ofL0y and hi is a continuous function 
for all i = \,...r2n + 1. Assume that v: Q —>R satisfies Av ^ 0 /« 0 ^W there exists 
J 0 e û «*c& /&#/ V(ÇQ) = maxf. 

û 
l/7fo Levi curvature k of u is always different from 0 {see {1) for the definition of k), 

v = maxf in Q. 
Q 

PROOF. Let Xz = X{(Du) and Y, = Y{(Du) be the vector fields defined in (5). Since 
by the preceding proposition we have 

detlxu...,XH9Yu...,YHy$VCi 

= - ( - i)-(- + D/2(i + ufyikOcyMl + \Du\2)3/2 , 

then the vector space spanned by X1,... ,XW, Yx,..., Yn and their brackets has dimension 
2n + \. Hence, by in) in the Introduction {(x,y,t)GÛ: v(x,y,t) = max^} = Q. 

Q 

THEOREM 2.1 (strong comparison principle). Let u,v eC2 (Q) be such that L(u) ^ L(v) 
in Q,u ^ v in Q and there exists Ç0eQ such that u(Ç0) = v(^0).Ifthe Levi curvature ofu is 
always different from 0, then u = v in Q. 

PROOF. The function w = u — v satisfies w ^ 0 in Q and is a solution of 

In + 1 2» + 1 

S au (Du) djjw + S {aid (Du) - aid (Dv)) d2jv + 
ij = 1 ij = 1 

+*(£)(1 + \Du\2)3/2-k(S)(l+ \Dv\2)3/2 = L(u)-L(v)^0. 

On the other hand 
l 

aéJ(Du) - aid(Dv) = [ j-aiyj(dDu + (1 - 0)Dv)dd = 

o 

= 2 1 ds&jiBDu + (1 - d)Dv)dd \dkw 

and 

l 

(1+ | D a | 2 ) 3 / 2 - ( l + |Dt>|2)3/2 = J ^ - ( 1 + |0D^ + ( l - 0 ) D ^ | 2 ) 3 / 2 ^ = 
o 

= 3 S 1 ( 1 + |0D^ + ( l -6 i )Dt ; | 2 ) 1 / 2 (0a^ + ( 1 - 0 ) 3 ^ ) ^ \dkw . 
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If we set 

2n+ 1 ç 

h= E \dSkao(dDu + (l-d)Dv)dfJvd0 + 

l 

+ 3*(£) [ (1 + \ODu + (1 - d)Dv\2)1/2(6dku + (1 - 0)dkv)dd, 
o 

^ is a solution of 

2» + 1 2» + 1 

A^= X aiADu)$iw+ E bjdjW&O inû 
/ , / = i * = i 

^ ^ 0 in Û 

with ^ continuous. By Lemma 2.1 we immediately conclude that w = 0 and 
u = v. 
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