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Calco lo del le variazioni. — Boundaries of prescribed mean curvature. N o t a di 

E D U A R D O H . A. G O N Z A L E S , U M B E R T O M A S S A R I e I T A L O T A M A N I N I , p resen ta ta (*) dal 

Corr isp . M . Mi randa . 

ABSTRACT. — The existence of a singular curve in R2 is proven, whose curvature can be extended to an 

L2 function. The curve is the boundary of a two dimensional set, minimizing the length plus the integral 

over the set of the extension of the curvature. The existence of such a curve was conjectured by E. De 

Giorgi, during a conference held in Trento in July 1992. 

KEY WORDS: Calculus of variations; Geometric measure theory; Mean curvature; Singular boundaries 
of finite measure. 

RIASSUNTO. — Super/ici di curvatura media assegnata. E dimostrata l'esistenza di una curva singolare 

nello spazio euclideo a due dimensioni, la cui curvatura può essere estesa ad una funzione di quadrato inte­

grabile. La curva è la frontiera di un insieme a due dimensioni, ed è minimizzante un funzionale ottenuto 

sommando alla lunghezza della curva, l'integrale sull'insieme di cui essa è frontiera della funzione curvatu­

ra. L'esistenza di una tale curva era stata congetturata da E. De Giorgi, durante un Convegno a Trento nel 

luglio del 1992. 

0. INTRODUCTION 

The study of the functional 

(0.1) $tì{X) = \3X\(Û) + Ux(x)H(x)dx 
Q 

began in 1974 with the work of U. Massari (see [6]). Here Û is an open subset of 
Rn{n ^ 2), H e L1 (0), $x is the characteristic function of the measurable set XcRn 

and |3X|(Û) is the perimeter of X in Û, i.e. 

(0.2) |SX|(û) = sup Ux(x)divG(x)dx: G <= C<1 (Q;Rn),\\G[ ̂ 1 

If E is a local minimizer of &H {i.e. if &n (E) ^ &H (X) for all X such that (E - X) U 
U (X — E) CC 0), then we will say that «E has (generalized) mean curvature H», or sim­
ply that «H is a curvature for E ». The reason is that in this case, assuming moreover the 
continuity of function H at the point x e Q H dE together with the regularity of dE itself 
in a neighbourhood of x, the (classical) mean curvature of dE at x is given by 
— H(x)/(n — 1), as one readily verifies. 

In [6,7] U. Massari proved that if E minimizes &H with H e Lp (Q)yp > n, then one 
can find an open subset Qx of Q such that Q1 0 dE is a hypersurface of class Cla, oc = 
= (p - n)/4p and Hs((Q-~ QJ.Cl'dE) = 0 \fs > n - 87 where Hs denotes the 

^-dimensional Hausdorff measure in Rn. 
In 1987 E. Barozzi, E. H. A. Gonzales and I. Tamanini [2] proved that any set of fi-
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nite perimeter has generalized mean curvature in L1(Q). Indeed, a suitable H (with 

countable rank), which is the L Mimit of approximating curvatures of finite rank, can be 

constructed (see also [1,3,11]). It is then apparent that if E has curvature H eLp (Û) 

with 1 ^ p < n, then dE can contain many singular points, e.g. cusps, points of density 1 

(or 0), and so on (see e.g. [3,4]). 

In this paper we consider the case p = n, i.e. sets of curvature H eLn (Q). In the 

first section we recall some general properties (density, blow-up) that are more or less 

present in the existing literature. The main result of the paper is contained in the sec­

ond section where we study a 2-dimensional set with singular boundary. The definition 

of this set was given by E. De Giorgi during a Conference held in Trento last July 1992. 

The singular boundary is the union of two spiral curves converging to the same point. 

De Giorgi conjectured that the curvature of this line could be seen as the restriction of 

an L 2 function. Here we present the proof of De Giorgi's conjecture. 

1. GENERAL RESULTS 

Let Q c Rn be open, let E c Q be a set of curvature H(x) E L B (û), n ^ 2, and let us 

assume that 0 e Û D dE. Denote by Br = Br (0) the open ball centered at 0 with radius r, 

by Br = Br(0) the corresponding closed ball, by ||H||w>r and, respectively, by | |H| |„ j r^ the 

I / -no rm of H in Br (respectively in Br H E), i.e. 

\\H\\n>r= Jj\H(pc)\Hdx9 ||H|L,,,B = J | \HW\"Jx. 
yBr yJBr n E 

For XcRn denote by |X | its /z-dimensional Lebesgue measure and set a>n = \B1 \. It is 

well known (see e.g. [5, Prop. 3.1]) that, by possibly redefining £ on a set of measure 

zero, we can assume that 

0 e 3 £ < ^ > 0 < \EHBr\ < conr
n V r > 0 . 

Throughout the paper, the boundary of any set of (locally) finite perimeter has to be in­

tended in this stronger sense. 

LEMMA 1.1. If E c Q has mean curvature HeLn(Q) and 0 e Q fi dE then 

(1.1) M i n f i ^ M ^ . 
r - o o)„r" 2" 

P R O O F (see also [4]). By assumption, £ is a local minimizer of 3 ^ , hence by com­

paring E with E — Br we get 

(1.2) | 3£ |CB , )+ j H(x)dx^ j<j>EdHn^ 

BrHE dBr 

and Holder's inequality then gives 

(1.3) | dE | (B,) - | | H | L E \B, n EI ! -1/B ^ I fe dH„ _ ! . 
3Br 
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The isoperimetric inequality states that 

(1.4) c(n) \Br H E|1 - 1 / n ^ | d(E D Br) \ (R
n), 

where c{n) = n^/con. Since 

\d(ErtBr)\(R"}= \dE\(Br) + J $EdHn_ly 

dBr 

from (1.3) and (1.4) we get 

(1.5) [cM-Mn^EÌÌBrnEl'-V^l^EdH^,. 
dBr 

Now, for every £ e (0,1) we can find r£ > 0 such that 

(1.6) \\H\ltr,E^ee{n) Vr: 0 ^ r ^ r£ 

so that 

(1.7) {l-z)c{n)\Brf\E\l-l,n^2^EdHn_l. 
dBr 

Set g(r) = \Br H E\; function g(r) is non-descreasing and for almost all r we have 

g'(r)= J f e ^ - i - . 

We can than rewrite (1.7) as follows 

(1.8) (l-e)c(n)g(r)1-1/"^2gf(r) 

i.e. (1 - e)c{n)/2n ^ [g(r)1/n]f which holds for almost all r e (0yr£); by integrating 
between 0 and p we get p(l-e)c(n)/2n^g(p)l/n i.e. pn(l-e)nojn/2

n^g{p)= \BpnE\ 
Vp e [0,rj and (1.1) follows at once. ^ 

LEMMA 1.2. If Ecu has mean curvature H e Ln (Q) and if BrcQ, then 

(1.9) iSEKB^^^Wd + H H p r - - 1 . 

PROOF. By comparison of E with E — Br we get 

(1.10) |9£|(Br)+ J H(x)dx^ [$EdHn-i. 
BrDE dBr 

Similarly, by comparison of E with E U 13,. we get 

(1.11) |9E|(Br)+ f H(x)dx^ U\-$E)dHH_l + JH(X)<&. 

By addition, (1.10) and (1.11) yield 

2l\dE\(Br)+ { H(x)dx\^nconr"-1+ \H(x)dx (Br)+ f H M ^ ^ ^ r * " ^ [H(X)< 
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and from that, using Holder's inequality, we obtain 

\dE\(Br)^^- +\\H 
"-1 (w„r")1-1/K 

nw» . Null w" V" yn ~ 1 

2 " m'r 2 

For A > 0 we now consider the sets AE = {Ax: x G E}, AÛ = {Ax: x eQ}. 

With a change of variable x = y/À we get 

«^(E) = |9B|(Û) + f f e W H ( x ) à = Xl~n |3(AE)|(AO) + 
û 

+ l~n \fa(y)H(ylX)dy = Xl-"l\d()E)\W 

m \ îQ I 
which shows that if £ has mean curvature H in Û, then XE has mean curvature Hx(y) = 
= X~1H(y/X) in XQ. 

THEOREM 1.1. If E has mean curvature H e l / (Û), 0 e £2 H SE, and A(£) is a se­
quence of positive numbers with X(k) —» + oo ? then there exist a subsequence /x(£) of 
A(k) and a set Eoo with zero mean curvature (i.e., a local minimizer of $H in Rn, with 
H = 0) such that 

[x(k)E-^Eœ 

hi L\lc(R
n). When n ^ 7, we have specifically that £«> is a half-space; in this case 

moreover 

\EDBr\ i ,. |3fi|(fr) 
lim = — and lim = 1. 
>•-o ojnr

n 2 r-*o ^ . j r » - 1 

PROOF (see also [9]). Lemma 1.2 gives, for all R > 0 and A > 0: 

| d(XE) I (BR) = Xn ~ 1 | BE | (B^) ^ q (*)( 1 + | | H | U A ) #* " l 

whence the family {X(k) E: k G N} is relatively compact in L\lc (R
n). Let then (x(k) (sub­

sequence of X(k)) and Eœ cRn be such that 

We have 0 G 3Eœ : indeed, from (1.1) it follows that 

coHR" 
\Eœ nBR\-= lim \[i(k)E HBR\= ]im[x(ky \E H Bmk) | > 

Similarly, |J3R - Eœ | ^ a>nR
n /2n (notice that E has mean curvature H if and only if 

Q — E has mean curvature —H). 
To check the minimality of Eœ , choose p G (0,R) SO that 

(1.12) lim J | ^ c t ) B - f e . l ^ - i = 0-

For F such that (F - Eœ ) U (£„ - F) cc Bp, set 

Fk = (Ff)Bp)l)(ix(k)E-Bp). 
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Since [x(k)E has mean curvature Hk(x) = ̂ (k)'1 H(x/[x(k)), we have 

|d(ti(k)E)|(BR) + J" ^ik)E(x)Hk(x)dx ^\dFk\(BR) + J" $Fk(x)Hk(x)dx = 
BR BR 

= \3F\(Bp) + J |fr - tmE\ iHn-x + \d(nVt)E)\(BR - Bp) + j $Ft(x)Hk(x)dx 
dB? BR 

hence 

(1.13) |dinVi)E) I (Bp) s= 13F\ (Bp) + | fe. - ^ ) B J JH„ _ ! + J |H, | dx. 

Now 

(i.i4) ^\Hk\dx= ïix(k)-i\H{x/!x(k))\dx = !ji(kr1 | i H ^ i ^ r ^ ^ 
BR BR BK/,x{k) 

^ /x(£)*~1 llHlL^^) |B]̂ (*) \l~l/n = ||ffII^R/^,) o>i" ^R*" l -* 0. 

From (1.13), thanks to (1.12), (1.14) and the semicontinuity of the perimeter, we 
get lôEoo | (BR) < \dF\(BR) which holds for all R > 0, thus showing that £«, has zero 
mean curvature in Rn. Moreover 

(1.15) l i m | 3 ( ^ ) E ) | ( B R ) = |9£CO|(BR). 
k 

It is well known that when n ^ 7 the set Eoo is a half-space with 0 G 3EOO , so 
that 

\EXDBR\ = ^ = l i m | ^ ) E n B R | =lim^(*r [E n B * ^ | = 

DW1. I £ n % ^ ) l 
= <w„R"lim — — 

i.e. 

(1.16) B m
| g n B ^ 1

 = 1 . 

Similarly, by (1.15) 

13E„ | (BR) = w„ _ ! R" - l = lim | d(ix(k)E) \ (BR) = 
k 

= Xœilj.{kT-'\dE\{Bmk)) = wn_lR>-l\im | 3£ | (-BiV" (* ) ) 

* ofe. jR/pC*))"-1 

The proof is easily concluded. ^ 
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We now show that any set E with mean curvature H eLn (Q) can be redefined on a 
set of Lebesgue measure zero, so as to produce a new set E* which has the same 
curvature H and some kind of «topological regularity». For simplicity in the exposi­
tion, we only consider the case when Q = Rn. In the following proof, we denote by 
E(oc), 0 ^ a ^ 1, the set of points where E has density a, i.e. 

E(a) = 
\EnBxr\ 

x e Rn : lim — — = a 
r-*o w„r 

THEOREM 1.2. Let EcRn be a set of mean curvature HeLn(Rn), and 
set E* = E(l) U dE. Then E* differs from E by a set of Lebesgue measure zero, 
H is a curvature for £*, E* coincides with the closure of its interior, and 
\dE*\(A)=Hn_1(AndE*) for all open 4 cIT. 

PROOF. If x £ dE, then (recall the convention at the beginning of this section) we 
can find r > 0 such that either \E fi Bxr \ = 0 or \E fl 23̂  r | = conr

n. Moreover, if x E 
G £(0), then (by Lemma 1.1) x g dE so that \E D Bx>r\ =0 for a suitable r > 0. This 
shows that £(0), £(1) and dE form a partition of Rn, and that £(0) is open. Similarly, 
E(l) is open, and dE is closed. Clearly, dE c 9E(1) C\ 3E(0), since E(l) is equivalent to E 
and E(0) is equivalent to Rn — E. On the other hand, the closure of £(0) is a subset of 
Rn - £(1), since £(1) is open, so that 3E(0) c Rn - [£(0) U £(1)] = dE. 

By similar considerations, we get 3£(0) = 5E(1) = dE = Rn - [£(0) U E(1)1 
Now, it is well known that any set F c Rn of locally finite perimeter satisfies: 

F ( l / 2 ) c S F , 

| 3 £ | W ) = H w _ 1 ( £ ( l / 2 ) n A ) < +oo for all o p e n ^ c c l T , 

« , _ ! ( * " - [£(0) UF(1) UF(l /2)]) = 0, 

so that Hn _ ! (dE - E(l/2)) = 0, hence Hn (dE) = 0. In conclusion E* = £(1) U dE = 
= Rn — £(0) differs from £ by a set of Lebesgue measure zero (hence H is a curvature for 
E* too), coincides with the closure of its interior £(1), and since dE * = dE we have in 
addition | dE * | (A) = Hn _ x (A fl dE * ) for all open A c Rn, as was to be proven. 4 

REMARK 1.1. Define Y(r) = \dE\(Br) - inf { \dF\(Br): F - Br = E - Br}. 
If £ has mean curvature H eLp(Q) and BrcQ, then clearly 

Y(r) ^ J \H(x)\dx 

and by Holder's inequality we obtain 

(1.18) Y(r)^ajï,-1/piHlyn-n/p . 

When/? > n we thus get Y(r) ^ const -rn ~1 + £, s = I - n/p > 0. As shown by Massari 
in[7], this is enough to start the procedure leading to the (partial) regularity of dE 
quoted in the introduction. Actually, it was shown in [10] that the following estimate is 
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sufficient for the regularity result to hold: 

(1.19) Y(r) ^a{r)rnr\ with I ^ ** dr < + 00, s>0. 
o 

This condition may fail whenp ^ n. Indeed, examples of singular sets having mean cur­
vature in Lp, withp < n, are well known (see e.g. [3]). In the next section we settle the 
question of what happens when p = n - an open problem since 1975 - by the explicit 
construction of a set E c R2 which is singular at 0 e dE and mean curvature 
HeL2(R2). 

A general method yielding a mean curvature of an arbitrary set E c Rn with 
| dE | (Rn) < + oo has been presented in [2]. However, when E has a simple geometry, 
it may be convenient to apply, the following. 

LEMMA 1.3. Suppose E cQ is a set with a smooth boundary in Q, and assume that 
the exterior normal unit vector v(x) at x e Û D dE can be extended to a vector field 
V:Û->R* with V e W i i 1 » ) H C(û), ||V|U ^ 1; then 

(1.20) H(x)= - d ivVM 

is a curvature for E. 
The proof is a straightforward application of the divergence theorem, see 

e.g. [3,11]. We remark explicitly that the method works also when isolated singularities 
are present: e.g., if 0 E Q 0 dE is the only singular point of E, then we can apply Lemma 
1.3 to Q — Br and pass to the limit as r—» 0. 

2 . A SINGULAR SET IN R2 WITH CURVATURE IN L 2 

Let us consider the following «antipodal spirals» in the {x,y)-plane: 

(2.1) Eif) = x(t) + iy(f) = / [cos 6(t) + / sin 0(f)], 

(2.2) 2* {t) =x* W + iy* W = t [cos (0(f) + iz) + /'sin (0(/) + TT)] , 

where £ E (0,1) and the « angular function» 0: (0,1) —» (0, + oo ) is required to be convex, 
strictly decreasing and of class C2 on the interval (0,1), with 

(2.3) lim 6(t) = + oo , lim Q{t) = 0. 

We have clearly 

(2.4) S(t) = -Z* {t), \\S(t) || = t Mt E (0,1), 

(2.5) limUOO = (1,0), lim JEW = (0,0). 

Call 

(2.6) £ =-{f[cos(0W + a) + /sin (0(/) + a)]: 0 < / < 1, TT < a < 2TT} 

the subset of the unit ball Bx c R2 lying «between» the two spirals 2, H* . Clearly Bx f! 
PI 3E = 2 Ui;* U {(0,0)}, the origin being the only singular point of Bx fi dE. 

Now, for every p E (0,1), the circle x2 + y2 = p2 has exactly two points in common 
with 3E, namely U{p) and U'c (p) = - J£(p). Moreover, the exterior unit normals to E at 
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these two points coincide; we can then extend the exterior normals v: 2 U 2* —> S1 to a 
vector field V: J32 — {(0,0)}-^S1 by the obvious requirement 

(2.7) V(x,y) = vWp)j(p)) , x2 + y2 = p2 . 

On the account of Lemma 1.3 and the remark following it, we try to find conditions on 
0{t) assuring that 

(2.8) d i v V e L 2 ^ ) . 

Now, on U we have 

(2.9) Mt\y{t)) = (-y'(tW(t))(xf2(t) +y>2(t))-1/2 = 

= ( - sind(t) - td'it) cos dit)y cosdit) - td' it) sin d(t)) (1 + t26'2(t))~1/2 

hence by (2.7) 

(2.10) V(x,y) = (9l(p),?2(p)) 

where for p e (0,1) 

(2.11) 9 l(p) = - sin d(p) - pd' (p) cos dip) (1 + p2df2ip))~1/2 , 

(2.12) p2(p) = cos6(p) -p0 ' (p)s in0(p)( l +p20'2(p))"1/2 . 

If follows that 

(2.13) divF = 9i (p)'cos a + 92 ( p ) * ^ a 

where of course x = p cos a, 3; = p sin a. 
We check immediately that 

(2.14) pi (p) = (20' + p20'3 + pfl")( -cos 0 + pdf sin 0) (1 + p2daY012 , 

(2.15) p2(p) = (20' + p20'3 + p0")(-sin 0 - p& cos 0) (1 + p2daY012 . 

Therefore, from (2.13), (2.14) and (2.15) we obtain 

(2.16) |divVixyy)^ |20' + p20'3 + p0" | / ( l+p 2 0 ' 2 ) . 

Thus, condition (2.8) is certainly satisfied if 

, , / pi2d' +p2d'3+pd")2
 J (2i7) J ( 1 + V / * < + o ° -

By expanding the numerator in the preceding integral we find 

46'2 + p40'6 + p26"2 + 4p20'4 + 4p0' 0" + 2 p W ^ 40'2(1 + p20'2) + p40'6 + p2d"2 

since by assumption 0' < 0 and d" ^ 0. 
The integrability condition (2.17) then holds, provided both functions 

(2.18) pdf2ip) and pòd"2ip) 

are integrable in (0,1). 
Among the simplest choices of functions dit), satisfying the convexity and mono-

tonicity conditions stated above, (2.3) and (2.18), we have the following one: 

(2.19) dit) = log (1 - log / ) , 0 < t < 1. 
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We have thus proved 

THEOREM 2.1. The set E ci?2 defined by (2.6), with 0(t) given by (2.19), has mean 
curvature in L2{B1). The origin is a singular point of dE. 

Additional properties of E are given in the following remarks. 

REMARK 2.1. Thanks to the symmetry of the construction, the set E given in Theo­
rem 2.1 satisfies | E f l B r | = |B r | / 2 Vr e (0,1) (compare with Theorem 1.1). 

REMARK 2.2. Let ra be the half-line issuing from 0 with direction (cos a, sen a), let 
4 (a) be the value of the parameter t corresponding to the k-Ùi intersection ol2(t) with 
ra. One has 4 (a) = exp (1 — exp (a + Ikix)). 

By choosing X{k) = {tk (a))"1 , we see that X(k)E converges in L\oc (R
2) to the half-

space through 0 with exterior normal vector ( — sen a, cos a) (compare with Theorem 
1.1). Therefore in this case every half-space through 0 is the limit of a suitable sequence 
of dilations of E. 

REMARK 2.3. We find easily that 

T{r)= \3E\(Br) - 2r = 2 
/ ^ 

-dt-r 
log if 

so that 

km = 1, i.e. Y{r) 
r-*Q+ r ( 1 - l o g r ) 2 

Compare with Remark 1.1: this shows in a sense that (1.19) is an «optimal condition» 
for regularity. 

REMARK 2.4. One verifies easily that the mapping/: Bx cRlyV-*Bx cR^y given (in 
polar coordinates u = /cos/3, v = £sin/2 and, respectively, x = pcos a, y = psin a) by 
f(t,p) = (t,6(t) + p) for 0 < t < 1, 0 ^ p < 2TT, /(0,0) = (0,0) with B(t) as in (2.19), 
is a bilipschitzian trasformation of Bx in itself, which maps the lower hemidisk 
B1C\ {v < 0} onto E and the diameter Bx fl {v = 0} onto Bx D dE. 
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