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Teoria dei numeri. — Solution to a problem of Bombieri. Nota(*) di ANDREW 

GRANVILLE, presentata dal Socio E. Bombieri. 

ABSTRACT. — We solve a problem of Bombieri, stated in connection with the «prime number theorem» 
for function fields. 

KEY WORDS: Distribution of primes; Elementary proofs; Prime number theorem. 

RIASSUNTO. — Soluzione di un problema di Bombieri. Questa Nota risolve in senso affermativo un pro­
blema posto da Bombieri in una recente Nota Lincea, dimostrando che la formula del tipo di Selberg consi­
derata da Bombieri ammette solamente due soluzioni asintotiche. 

In[ l ] , Bombieri states that if aua2y... is a sequence of non-negative real numbers 
satisfying the Selberg-type formula 

m- 1 

(1) mam + 2) a^m-i = 2m + 0(1) 
/ = l 

for each m > 1 then am = 1 + o(l); however there is an error in the proof as may be 
seen by the counterexample am = 1 — ( — l)m. In [2], Bombieri shows that this original 
result may be recovered by also having the analogous formula to (1) for the sequence 
a2,a4,...; and, in[4], Zhang improves the error term in this result to am= 1 + 
+ 0(1/m). 

Herein we return to the original question and solve (slightly more than) a problem 
stated by Bombieri in [2]: 

THEOREM 1. If ai)a2y... is a sequence of non-negative real numbers satisfying 

m — 1 

(2) mam + E aiaM-i = 2m + o(m) 
i = l 

for each m > 1 then either (i) am = 1 + o(l); or (ii) am = 1 — ( — l)m + b(l). 

In [3] (Theorem 2'), Ërdos showed that for any sequence of non-negative real 
numbers satisfying (2) we have 

m 

(3) 2 di - m + o{m). 
* = i 

We note also that as each at- > 0, thus mam < 2m + o(m) by (2), and so 

(4) 0 < ^ < 2 + o ( l ) . 

Therefore, by taking bj— \— dj for each/, we see that Theorem 1 follows immediately 
from 

(*) Pervenuta all'Accademia il 22 agosto 1992. 
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THEOREM 2. If blyb2,... is a sequence of real numbers satisfying 

(5) \bm\< l + o ( l ) 

and 

(6) «*£OT = S htbm-x + o(w) 
/ = i 

ybr ^ c ^ w > 1 then one of the following cases holds'. 

(i) bm = o(l); (it) bm = (-l)m + o(l); (Hi) bm = l+o(l). 

PROOF. We start by showing that either (/) holds or 

(7) B :=• lim sup \bm | = 1. 

First note that B > 0 by definition, and B < 1 by (5). Now m\bm\ < mB2 + o(m) by 
(6) and so, choosing m with &w = B + o(l), we have B < B2. Therefore either JB = 0 (in 
which case (/) holds) or B > 1, so that JB = 1. 

Next we show that if (7) holds then 

(8) max \bn\ =1 + o(l) 
2m ^n <3m 

asm -^ oo. Suppose that (8) is false so that there exists $ > 0 such that, for certain arbi­
trarily large m, we have \b„\ < 1 — 10£ for all n in the range 2m <n <3m. From this 
we can deduce (by induction on n) that |£„ | < 1 — £ for all n > 3m, if/^ is sufficiently 
large, which contradicts (7). The induction proceeds in a straightforward way, by using 
(6) in the form 

n\b„\< "Ï \b{ | |*„_,-|+0(»), 
/ = 1 

together with the bounds 

O(l) £otj<j0; 

l+S/10 (or jQ< j < 2m; 

1 - 10£ for 2m <j< 3m; 

1 - S for 3m <j < n - 1, 

where /0 is chosen so that \bj \ < 1 + S/10 for all y >y0 (which is possible, by 
(5)). 

We now prove two Lemmas. 

LEMMA 1. If \bm | = 1 + o(l) then \b( | = 1 + o(l) and bibm-i = bm + o(l) for all 
but o(m) values of i < m. 

PROOF. Let q = b;bm^i/bm so that |Q | < 1 + o(l) by (5) (if m — i—> oo) and 
m 

*2i q = m + o(m) hy (6). Therefore ct• = 1 + o(l) for all but o(#z) values of / < m, 

which is equivalent to the second assertion of the Lemma. Moreover q= 1 + o(l) im­
plies that \bj \\bm-i\ = 1 + o(l) for such /, whereas both \b{ | and \bm-i | are < 1 + 
+ o(l) by (5). Thus both |4 | and \bm„{\ equal 1 +o( l ) . 

\h\<\ 



SOLUTION TO A PROBLEM OF BOMBIERI 183 

LEMMA 2. Fix e > 0. For any sufficiently large m and for any integers k and n in the ran­
ges 1 < k < em, m < n < 2m, for which \hn\, \bn+^\ = 1 + o{\), we have the estimate 
bm + k = bmbn+k/bn + 0(e), where the constant implied by «O» is absolute. 

PROOF. Let <r = 1 if bn and b„ + k have the same sign, and let a = — 1 otherwise. 
Now, as \bn | and \bn+k | both equal 1 + o(l), we see that \b; | = 1 + o(l), b;bn-; = 
= bn + o(l) and &/&„+£_,• = bn +£ + o(l) for all but o(m) values of/ ^ «, by Lemma 1. 
Therefore, by taking/ = n — i, we see that bj = abj + k + o(l) for all but o(w) values of 
j < m. Substituting this into (6) gives 

( k \ m-1 

(m +k)bm + k - 2 bibm + k-A = 2 (^-- <jbJ + k)bm„j + o{m) =o(m), 
and the result follows from (5) as 

k\bm + k\ + E |£A+*-/| = 0(k). 
i=\ 

COMPLETION OF THE PROOF OF THEOREM 2. Fix e > 0 and suppose that /^ is suffi­
ciently large. By (8) there exists n in the range 2m < n < 3m with \b„ | = 1 + o(l), and 
so I&/1 = 1 -f o(l) for all but o(#z) values of i < 2m, by Lemma 1. Therefore there 
exists an integer k in the range 1 < k < em such that both |bm + * | and \bm + 2k\ — 1 + 
+ o(l). Taking « = /» + k in Lemma 2, we see that bm = bm + 2k + OU); and letting 
e —> 0, we then get 

(9) | ^ | = l + o ( l ) 

as ^ —» oo. 
Now take k = 1 and « = #z + 1 in Lemma 2. By (9) this implies that bmbm + 2

 = 

= b* + i + o(l) = 1 + o(l), so that bm and bm + 2 have the same sign if m is sufficiently lar­
ge. Therefore there exist constants v and r), equal to — 1 or 1, such that b2m = v + o(l); 
and b2m + i = rj + o(l). Substituting this into (6) for even m we obtain v = (v2 + 
+ rj2)/2 = 1; therefore we get (//) if rj = — 1, and (///) if 17 = 1. 
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