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Matematica. — The Julia-Carathéodory theorem for distance-decreasing maps on infi­
nite dimensional hyperbolic spaces. Nota di KAZIMIERZ WZ.ODARCZYK, presentata (*) dal 
Socio E. Vesentini. 

ABSTRACT. — A classical Julia-Carathéodory theorem concerning radial limits of holomorphic maps in 
one dimension is extended to hyperbolic contractions of bounded symmetric domains in J*-algebras. 

KEY WORDS: Infinite dimensional bounded symmetric homogeneous domains; Hyperbolic metrics; Dis­
tance-decreasing maps; Julia-Carathéodory theorem; /'"-algebras. 

RIASSUNTO. — II teorema di Julia-Carathéodory per applicazioni contrattive in spazi iperbolici di dimensioni 
infinite. Un classico risultato di Julia e Carathéodory, relativo a limiti radiali di funzioni olomorfe di una va­
riabile, viene esteso alle contrazioni iperboliche in domini limitati simmetrici in algebra J*. 

1. INTRODUCTION 

Let H and K be Hilbert spaces over C, let £(H, K) denote the Banach space of all 
bounded linear operators X from H to K with the operator norm, and let d c J£(H, K) 
be a /"-algebra, i.e. a closed complex linear subspace of £(H,K) such that XX*X e CI 
whenever X G Ci. 

J * -algebras, being natural generalizations of C'''-algebras, B ''"-algebras, JC* -alge­
bras, ternary algebras, complex Hilbert spaces and others, are infinite dimensional 
complex Banach spaces whose open unit balls are bounded symmetric homogeneous 
domains. In particular, all four types of the classical Cartan bounded symmetric homo­
geneous domains in Cn[5] and their infinite dimensional analogues [14, 16] are the 
open unit balls in some /*-algebras. 

There is, of course, a large literature concerning holomorphic maps of A = {ueC: 
\u\ < 1} into itself. The kind of the results we are interested in started with the works 
of Denjoy, Wolff, Schwarz, Pick, Julia, Carathéodory, Koebe and Landau. For the gen­
eralizations of some of them to higher dimensional spaces, see [2,9-12,6, 18, 
19,1,3,21] and others. The following classical Julia-Carathéodory theorem (see 
e-& M, p. 57]) concerning the existence of radial limits of holomorphic maps is well 
known. 

Let f Zl —» Abe a holomorphic map and let there exist a sequence {xn} in A such that 
lim xn = lim f(xn) = 1 and 

n-^> oo «_> oo 

a = lim — ;—:— < + oo . 
«-*00 1 - \xn\ 

Then | l - / ( x ) | 2 / ( l - | / M | 2 ) < a - | l - * | 2 / ( l - |x|2), for all x e A, and the fol­
lowing limit equations hold, where x tends to its limit through arbitrary real values and a is 

(*) Nella seduta del 13 febbraio 1993. 
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a real positive constant, 

,. l - l / fa) | ',. ll -/Ml .. l -/(*) 
a = lim = lim •= lim . 

x^l 1—X x - » l 1 — X x-*\ 1—X 

The main results of this paper provide the versions of the above theorem for dis­
tance-decreasing maps (hyperbolic contractions) on infinite dimensional hyperbolic 
spaces of operators. These hyperbolic spaces are bounded symmetric homogeneous 
domains in/"-algebras endowed with hyperbolic metrics. The special case when these 
domains are the open Hilbert unit balls is considered. 

2. DEFINITIONS AND NOTATIONS 

Let H, K, M and N be complex Hilbert spaces, ac£(H,K) and &c£(M,N) 
-/*-algebras, let IH, IK) IM and IN stand for the identity operators on H, K, M and N, 
respectively, and let 

CT0 = {X E Cl: ||X|| < 1}, $o = {X G Œ: ||X]| < 1} . 

Further, set 

(2.1) AZ = IH-Z*Z and Bz = IK - ZZ* for Z E CT0, 

(2.2) Az = IM- Z*Z and Bz = IN - ZZ* for Ze&0. 

The hyperbolic metric p1 on Cl0 is defined by the formula 

(2.3) P l(X,Z) = tanh-1 | |Tz(X)||, X, Z E a0 , 

where Tz , Z E &0, is a biholomorphic map of GLQ onto itself defined by (cf. [14, Theo­
rem 2, p. 20]) 

(2.4) Tz(X) = Bz-V
2 (X - Z)(IH - Z*X)~1A^2 , X E CT0 , 

(d0,P\) is a complete metric space and, moreover, since any automorphism / o f &0 with 
/(W) = 0 is given by f=LoTw where L: &-*& is a surjective linear isometry 
(cf. [14, Theorem 3, p. 23]), the metric px is also represented in the following way: 

P l (Z ,W)=inf •J- log T ^ : 0 < r < l a n d r a 0 9 /(Z) 
2 1 — r 

for some / e Aut (Cl0) with f(W) = 0 

where Aut(d0) denotes the group of automorphisms of GLQ and r(3L0 denotes the set 
{ T X I X E & O } . Furthermore, we have 

{Zea0:p1(0,Z)<s}=ra0 where r = (<?* - l ) / (e* + 1). 

Let us denote 

(2.5) p2(X,Z) = tanh-1 | |Tz(X)||, X, Z e ^ , 

where 

(2.6) TZ(X) = Bz-^fX - Z)(JM - Z*X)"1i4z
1/2", Xe $ 0 . 

The p2 and Tz for $ 0 defined by (2.5) and (2.6) play the corresponding role as pi 
and Tz for &0 defined by (2.3) and (2.4), respectively. 
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The map F: d0 —» $ 0 is a hyperbolic contraction if p2 [/(X), /(Z)] < px (X, Z) for all 
XyZe(3L0, and a hyperbolic isometry if p2 [/(X), /(Z)] = pi (X, Z) for all X, Z e cl0. It is 
known that each holomorphic map /: CT0 —» cB0 is a hyperbolic contraction and, in par­
ticular, each biholomorphic map /: &0 —» 6B0 is a hyperbolic isometry. 

For further details concerning distances and pseudodistances in infinite dimen­
sional complex spaces, see e.g. [7,8,13,15,17,20]. 

3. STATEMENT OF RESULTS 

For a map / : cl0 -> $ 0 and for X, Y G ^ , let D(X, 7) G J£ (M,M) be the operator 

defined as follows 

D(X, Y) = A//0)
2 [IM - YV(O)]-1 (IM - r*X)[IM -/(0)^X]-M//0 )

2 . 

Using these notations, we give the following conditions which guarantee the exis­
tence of the radial limits for hyperbolic contractions on bounded symmetric homoge­
neous domains in J "-algebras endowed with hyperbolic metrics. 

THEOREM 3.1. Let f: CL0—> #>0 he a hyperbolic contraction, U e d&L0 and We dB0. 
Let 

(3.1) a = km inf „ ,„ < + oo 

X^U,XeOo 1 - | | X | | 2 

and 

,. \\D(f(X„), f(X„))\\ 
(3.2) a = lim —— 

l-llxjp 
for some sequence {X„} in GL0 such that Xn-*U and f(Xn ) —> W. Then a > 1 and 

(3.3) \\(D[f(X), W]D[f(X), f(X)rxD[W, /(X)])||<a • \\<JH-U*X)Aj[l (IH-X* U)\\ 

for all X G d0. Moreover, if U is an isometry in (3L and 

.. . ( l-WDWXlfiX))-^-1 

(3.4) a = lim inf — • , 
X^U,XeOo 1 - | | X | | 2 

then 

(3.5) 

,. 1 - ||r»(/(ALT),/(AU))"1!!-1 

a = lim , 
A - l l - A 2 

v \-[i-\\D{f{xu\f{xu))-l\\-lY'2 

= lim A - * I l - A 

and if additionally, J*-algebra & is such that 

(3.6) my = 1 - «ZIP 
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for all Z G $ 0 , then 

v ||D(/UU),W)I1 
(3.7) a = lim . 

A-+1 1 - A 

In (3.5) and (3.7) A teWs to its limit through arbitrary real values. 

Let H0= {xe H: \\x\\ < l } , K0 = {x G K: ||X|| < 1} and, for a map /: H0->X0 and 
for x, yz K0, let ^ , j ) = (1 - <*,;>,»( 1 - ||/(0)||2)/[(l - (f(0),y))(l - (x, / (0)»] . 
Let Ez, zeH0, denote the linear projection of H onto the subspace {uz:ueC}. 
By identifying H with the /*-algebra J£(C,H), the biholomorphic map Tz, z G H0 , of 
H0 onto itself is defined by the formula 

T , , [£, + ( i - ikl l 2) 1 / 2aH-^)]u-z) 
T*w = T^J) — • 

A special case of Theorem 3.1 is 

THEOREM 3.2. Let / : H0—>K0 be a hyperbolic contraction, u G 3H 0 , W G 3K0, 

1 - \d(f(x), f(x))\ 
(3.8) 

tf#J f(x„ ) —» w> ybr 

(3.9) 

TAe» a > 1, 

(3.10) 

ybr all x eH0 and 

(3.11) a = lim 
A-»l 

a : = lim inf [j-̂ Tj- < + oo 

s o / ^ sequence {xn} /» H 0 .£&<:/> ^ W xn—>u and 

1 -

,. l-\d(f(x„),f(x„))\ 
oc = l i m .. M„ 

i-lkll2 

\d(f{x),w)\2 ^ | l - ( x , « ) | 2 

|4/U),/(x))| ^~ i - iHp 

\d(f(Xu), f(Xu)) | ,. 1 - [1 - \d(f(Xu), f{Xu)) | ] I / 2 

1 - A 2 > ^ i 1 - A 

\d(f(Xu),w)\ d(f(Xu),w) 
= lim = lim 

A-»I 1 — A >-»i 1 - A 
z^ere A teWs to its limit through arbitrary real values. 

REMARK 3.1. In general, the proof of the classical Julia-Carathéodory theorem on 

the existence of radial limits of holomorphic maps f: A-^Ay A= {u eC: \u\ < l } , 

based on the geometric properties of the oricycles in A, differs from those given in our 

paper. For details, see [4, pp. 53-57]. 

Also, we show the following characterization of pi. 

THEOREM 3.3. If V G da0 and 0 < T < y < [j. < 1, then px (TV, pV) = px (TV, yV) + 

+ Pi(rv,fxV): 
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4. PROOF OF THEOREM 3.1 

First, let us observe that if X, Y, Z E <3L0, then 

IIT r , , ™ . ^ llT/(y)[/(Z)]|l + l|Tz(X)|| 
(4.1) \\Tm[/(X)]|| < 1 + | | T / ( y ) [ / ( Z ) ] | | . | | T z ( x ) | | 

and 

M * Il fmll < lf/(D)|1 + "X" 1 - 1|/(0)|1 < l - ll/(X)|1 

( 4 2 ) l l / ( ) | l _ i +11/(0)11 -llxll ' i + | | / ( o ) | | - i - M • 
Indeed, the triangle inequality implies 

P2 [/(X), /(Y)] < p2 [/(Z), /(Y)] + p2 [/(X), / (Z)] , X, 7, Z E a 0 . 
Moreover, by our assumption, p2[/(X), /(Z)] < p!(X,Z), X, Ze(ï l0 . Hence we infer, 
using (2.1)-(2.6), that (4.1) follows. Analogously, using p2[/(X),0] < p2[/(0),0] + 
+ p2[/(X),/(0)], we prove (4.2). 

Next, let us observe that, using [22, equalities (7)], we obtain 

(4.3) (IM-Tm(Y)*Tm(X))=D(X,Y), X, Ye&0, 

and, from [23, equality (18)] we get 

(4.4) HDtX.XJ-Mhd-llT^gOH2)-1, Xe£B0. 
Let now F = 7}(0) ©/ Since î} (0) acts transitively on $ 0 , the map F: Cl0 —» tB0 is also 

a hyperbolic contraction, *>., in particular, 

(4.5) p 2 [F (X) ,F (XJ]< P l (X ,XJ 

for all X s a0 and w e N. By (2.1)-(2.6), from (4.5) we have 

(4.6) \\AF-{Vf Uu ~ F(XmrF(X)]AF-{lUM ~ F(X)*F{Xm)]Af(̂
2|| < 

< \\A-y2{IH-X:X)A^{IH-^Xm)A^I2\\. 

But IK"1! = (1 - llxll2)"1 for ||X|| < 1. Thus (4.6) implies 

(4.7) \\UM - F(XmrF(X)]AF^) Uu - F(X)*F(XJ]|| < 

< \\AF(XJ(1 - \\Xm\\2)-1\\(IH-X:X)Ax-
1(IH-X-Xm)\\. 

Inequality (4.7), by (4.3) and (3.2), implies (3.3). 
Since F(0) = 0 thus, in virtue of (4.2), we have [|F(^,)|| < | |Xj | and, con­

sequently, 

(4.8) 1 < (1 - ||F(XJ||2)/(1 - ||XJP) < \\AF(XJ/(1 - IIXJI2). 

A consequence of (4.8), by (4.3), (3.2) and (2.2), is 

(4.9) a > 1. 
Assume that 

(4.10) 0 < l - A < l / a 
and 

(4.11) 1 - A = 2c, 0 < c < l . 
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By (4.9), we have c < ox. Thus ox < 1/2 by (4.10) and (4.11). Consequently, 

(4.12) occ/(l -c) < ox/{\ - ac). 

Let U be an isometry and let (3.4) hold. For X = AU, from (4.7), by (4.8), (3.4) 
and (4.4), we get 

(4.i3) | | [ iM-r / ( 0 )(wrmu)M^ 
Now, from (4.13), using (4.12) and (4.11), we obtain 

\\AF'(^I\ < cdi - «c)-l\\uM - Tm(w)*F(w)]-l\\2, 
which yields 

(4.14) [1 - ||F(AU)||]/[1 + \\F(Xu)\\] < ac/(l - occ) 

since 

1^,11 = a-WFixmW2)-1 

and 

WUM-Tf^m+Faim-'W < (i - IIF(AU)II)-1 . 
From (4.14) we obtain ||F(A[/)|| > 1 - 2ac, which, by (4.11), is equivalent to the 
inequality 

(4.15) l - | | F ( A U ) | | < a ( l - A ) . 

Moreover, by (4.2), ||F(AU)|| < A. Consequently, 1 + ||F(AU)|| < 1 + A. From this and 
(4.15) we obtain 

1 - | |F(AUf „ 1 - ||F(At7)H ^ 
(4.16) ; < r < a. 

1 - A2 1 - A 
Thus (4.16), (4.4) and (3.4) imply (3.5). 

On the other hand, from (4.13) we get 

\\iu-Tmm*mu)f \\AHm\\ 
(4.17) < a . 

(1 - A)2 1 - A2 

If (3.6) holds, then (4.17) and (4.16) give 

\\lM-Tmm*F(XV)\\ 
(4.18) < a . 

1 / 
But 

i - 11F(AU)1| < i-llr/(0)(^F(AU)|| < \\iu-Tmm*mv)\\ 
l - A ~ 1 - A ~ 1 - A 

Thus, from (3.4), (4.16), (4.18), (4.19) and (3.5), by (4.3), we get (3.7). 

5. PROOF OF THEOREM 3.2 

Since in an arbitrary complex Hilbert space H = £(C,H) the formulae x*x = 
— IMpIc and x*y = (y,x)Ic hold for x, y e H, any vector with norm one is an isometry 
and, in this case, conditions (3.1) and (3.4) are identical and (3.6) holds. From (3.5) 
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and (3.7) we obtain 

A ^ ! 1 - A2 *->* 1 - A 

t 1 - I (F{Xu), Tm (w)) | 11 - (F{Xu)y Tm (w)) \ 
= lim = Km 

A->1 1 - A A->1 1 - A 

We shall now prove the equality 

l~(F{ht)Jm{tv)) 
(5.2) a = lim . 

A-»I 1 - A 

From (5.1) and (4.9) we have 

\1 - (F(Xu),Tm(w))\ 
( ' A-i 1 - | (F(A«) ; T / ( 0 ) M)| ^ 

Let us denote 1 - (F{Xu), 7}(0) (w)) = r*exp {it), r > 0, / E JR. Then 
\\-{F{Xu)Jm{w))\ _ l + ( l - 2 r » c o s ^ + r2)1/2 

1 - | (F{Xu), 7}(o) («>)) | 2 cos £ - r 

If A tends to 1, the r tends to 0 and, therefore, by (5.3), cos (t) must tend to 1 (thus also 
exp(//) tends to l). But 

\-{F{ht)Jm{w)) _ exp( / /Hl + ( l - 2 r - c o s / + r2)1/2] 

1 - \(F(Xu), 7)(o) {to)) | 2 cos / - r 

This also implies 

i -(FMJ / ( , )M). 
( ' A-i i - | ( F ( A « ) , r / ( 0 ) M } | *• 

By (5.1) and (5.4), we have (5.2). So, finally, from (5.1) and (5.2) we immediately ob­
tain (3.11). 

6. PROOF OF THEOREM 3.3 

First, we prove that 

(6.1) P l (TV, yV) = Pl (0, rV) - Pl (0, yV), 0 < r < r < 1. 

Indeed, then the map g: A->(310 defined by g{u) = uV, u e A, is holomor-
phic, and thus, a hyperbolic contraction, i.e. p\[g{u),g{v)] < pc{u,v), u,veA, 
where pc{u,v) = tanh - 1 [(« - v)/{\ — vu)\. Consequently, in particular, we have 
Pi (TV, yV) < pc (T, y) = pc (0, y) - pc (0, T) = pi (rV, 0) - pi (TV, 0). Simultaneously, 
by the triangle inequality, pi(rV,yV) > p1 (0, yV) — p1(rV, 0). 

Thus (6.1) holds. 

Now, using (6.1), we have, for 0 < T < 7 < fx < 1, 

p1(Ty,/Ay) = p 1 (o , ry ) -p 1 (o , / / y ) = 

= {p(0, TV) - P l (0, yV)} + {Pl (0, rV) - P l (0,/xV)} = P l (TV, yV) 4- P l (rV,|*V). 
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7. SPECIAL CASES 

(/) I f / (0 ) = 0 in Theorem 3.1, then, by (2.1) and (2.2), equalities (3.1)-(3.5) 

and (3.7) are of the forms, respectively, 

(3.1 ) « = lim inf — < + o o , 
X->U, XeOo 1 - | |X| |2 

„ y v ,. . ||4,-M,)*M,)II 
(3.2 ) a = km - i - Ml2 ' 
(3.3') ||[/M- ^vw]iiM-/(x)vw]"1c4-/w*inll * 

< a||[ZH - \]*XBH-X*X\-1 UH - X* U]\\, 

, , , „ , . , i - W/mfr 
(3.4 ) a = lim inf — — — , 

x^u.x** l-\\X\\2 

„ , , , ,. 1 ~ ll/(AU)||2 .. 1-||/(AU)|| 
(3.5 ) a = lim = lim 

and 

A - ^ 1 1 - A2 A ^ ! 1 - A 

\\lM-W*f(XU)\\ 
(3.7') a = lim 

.A-*I 1 - A 

(it) I f / ( 0 ) = 0 in Theorem 3.2, then (3.8)-(3.11) are of the forms, respect­

ively, 

1 - \\f(x)\\2 

(3.8') a = lim inf ^ - < + oo , 
x^u,xsH0 1 — ||x|p 

(3.9 ) a = lim — — , 
n—* oo -i _ 2 

-1- l l A # II 

| l - ( / ( * ) , u > ) | 2 ^ | 1 - < * , « > | 2 

(3.10 ) - — < a 

, i - H/wip i - IMI 

m n ,. i-ll/wll2 .. l-H/MI 
(3.11 ) a = lim = lim — A->I 1 - A2 A ^ ! 1 - A 

,. | l - ( / ( A ^ > | l - ( / ( M ^ > 
= km — = km 

A-»I 1 - A A->I 1 - A 
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