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Matematica. — The [ulia-Carathéodory theorem for distance-decreasing maps on infi-
nite dimensional hyperbolic spaces. Nota di Kazimierz Wrobparczyk, presentata (*) dal
Socio E. Vesentini.

Asstract. — A classical Julia-Carathéodory theorem concerning radial limits of holomorphic maps in
one dimension is extended to hyperbolic contractions of bounded symmetric domains in ] *-algebras.

Kev worps: Infinite dimensional bounded symmetric homogeneous domains; Hyperbolic metrics; Dis-
tance-decreasing maps; Julia-Carathéodory theorem; ] *-algebras.

Russsunto. — Il teorema di Julia-Carathéodory per applicazion: contrattive in spazi iperbolici di dimensioni
infinite. Un classico risultato di Julia e Carathéodory, relativo a limiti radiali di funzioni olomorfe di una va-
riabile, viene esteso alle contrazioni iperboliche in domini limitati simmetrici in algebra J*.

1. INTRODUCTION

Let H and K be Hilbert spaces over C, let £(H, K) denote the Banach space of all
bounded linear operators X from H to K with the operator norm, and let A c £(H,K)
be a J*-algebra, 7e. a closed complex linear subspace of £(H,K) such that XX*X e @
whenever X e d.

J*-algebras, being natural generalizations of C *-algebras, B *-algebras, JC *-alge-
bras, ternary algebras, complex Hilbert spaces and others, are infinite dimensional
complex Banach spaces whose open unit balls are bounded symmetric homogeneous
domains. In particular, all four types of the classical Cartan bounded symmetric homo-
geneous domains in C”[5] and their infinite dimensional analogues[14, 16] are the
open unit balls in some J*-algebras.

There is, of course, a large literature concerning holomorphic maps of A={xeC:
|#| < 1} into itself. The kind of the results we are interested in started with the works
of Denjoy, Wolff, Schwarz, Pick, Julia, Carathéodory, Koebe and Landau. For the gen-
eralizations of some of them to higher dimensional spaces, see[2,9-12,6, 18,
19,1, 3,21] and others. The following classical Julia-Carathéodory theorem (see
e.g [4,p.57]) concerning the existence of radial limits of holomorphic maps is well
known.

Let f: A— A be a holomorphic map and let there exist a sequence {x,} in A such that
”1;1{13)0 X, = nli_r)nw flx,) =1 and
1 —
e bl
n— 1 — | xﬂ l

Then |1 —fx)|2/(1 = | fx)|?) S a+ |1 —x|?/(Q = |x|?), for all x €A, and the fol-

lowing limit equations bold, where x tends to its limit through arbitrary real values and o is

(*) Nella seduta del 13 febbraio 1993.
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a real positive constant,

I eV [ (] B
x=1  1—x x—1 1—-x x—=>1 1—x

The main results of this paper provide the versions of the above theorem for dis-

tance-decreasing maps (hyperbolic contractions) on infinite dimensional hyperbolic

spaces of operators. These hyperbolic spaces are bounded symmetric homogeneous

domains in ] *-algebras endowed with hyperbolic metrics. The special case when these

domains are the open Hilbert unit balls is considered.

2. DEFINITIONS AND NOTATIONS

Let H, K, M and N be complex Hilbert spaces, @ c £(H,K) and B c £(M,N)
— J*-algebras, let Iy, Iy, Ii; and Iy stand for the identity operators on H, K, M and N,
respectively, and let

A= {Xea|x|<1}, & ={Xes|X]|<1}.

Further, set .

(2.1) Ay=Iy—2*7Z and By=Ix—ZZ* for Zed,,

(2.2) Az=Iy—-2*Z and By=Iy—Z2Z* for Ze S,.
The hyperbolic metric p; on @, is defined by the formula

(2.3) 01X, Z) =tanh | T, X)||, X, Zeaq,,

where T, Z € A, is a biholomorphic map of @, onto itself defined by (cf. [14, Theo-
rem 2, p. 20])

(2.4) T,X)=B;V?(X-2Z)Iy— Z*X)'A}/*, Xed,,
(@g, p1) is a complete metric space and, moreover, since any automorphism f of @, with

f(W)=0 is given by f=LoTy where L: @— @ is a surjective linear isometry
(cf. [14, Theorem 3, p. 23]), the metric g, is also represented in the following way:

. 1 1+
e1(Z, W) =1nf{5 log 1_:

:0<r<1landr@,> f(Z)

for some fe Aut(dy) with A(W) = 0],

where Aut (@,) denotes the group of automorphisms of @, and 7@, denotes the set
{rX: X e A,}. Furthermore, we have

{Zedy:0,(0,2) <s} =rdy where r=(*-1)/(*+1).

Let us denote

(2.5) 0,(X,Z) = tanh ™| T, X)|, X, Ze By,
where
(2.6) T,X) =B; 12X - Z2)Iyy — Z*X) 1A%, Xe&,.

The g, and T, for B, defined by (2.5) and (2.6) play the corresponding role as ¢;
and T, for d, defined by (2.3) and (2.4), respectively.
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The map F: Ay —> B, is a hyperbolic contraction if ¢, [ /(X), f(Z)] < ¢, (X, Z) for all
X, Z € Gy, and a hyperbolic isometry if o, [f(X), /(Z)] = 0, (X, Z) forall X, Z € 4. It is
known that each holomorphic map f: @, — B, is a hyperbolic contraction and, in par-
ticular, each biholomorphic map £ d,— B, is a hyperbolic isometry.

For further details concerning distances and pseudodistances in infinite dimen-
sional complex spaces, see eg. [7,8,13,15,17,20].

3. STATEMENT OF RESULTS

For a map f: @y — B, and for X, Y e By, let D(X,Y) € £(M, M) be the operator
defined as follows

D(X,Y) = AY2 Ty — Y*FO)1 ™" (I = Y* XUy — F(0)* X1 A7 .

Using these notations, we give the following conditions which guarantee the exis-
tence of the radial limits for hyperbolic contractions on bounded symmetric homoge-
neous domains in J*-algebras endowed with hyperbolic metrics.

TueoreMm 3.1. Let f: Ay — By be a hyperbolic contraction, U € 30y and W e B, .
Lex

_— ID(£X), X)) e

oy «= Jim inf =
and
(3.2) I 2009 0.9

e 1- ”Xn “2
for some sequence {X,} in @y such that X,— U and f(X,) > W. Then a = 1 and

(3.3)  |(DIAX), WIDLAX), £(X)1~DIW, fFX)])||<a- |[(Iy—U* X) A7 (Iy—X* U)]|

for all X € Qy. Moreover, if U is an isometry in @ and
1 - [D(F20), £C0) I

(3.4) a= XH_IPU,X]?aO N ’
then
1 - [D(fQ), FGU))
a = hm ’
A—1 1- )\2
(3.5)
1 - [1 - [D(FD), fU))~H||"1 ]2
= lim ’
A—1 1 - }\

and if, additionally, |*-algebra B is such that
(3.6) IB.1l = 1 - ||Z|P
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for all Z € By, then
D(f(aU), W
5.7) = e 1RGO W
A—>1 1—A
In (3.5) and (3.7) A tends to its limit through arbitrary real values.

Let Hy= {x e H: ||x| < 1}, Ky= {x € K: ||x|| < 1} and, for a map f: H,— K, and
for x, yeKy, let dlx,y) = (1= G,y)(1 = [|AOIF)/[(1 = (A0),y)(1 = {x, fO)].
Let E,, ze Hy, denote the linear projection of H onto the subspace {uz:u e C}.

By identifying H with the J*-algebra £(C, H), the biholomorphic map T, z € Hy, of
H, onto itself is defined by the formula
B+ (1= [P Uy = E)I(x = 2)

L) T~ (x2)

A special case of Theorem 3.1 is

TueoreMm 3.2. Let f: Hy— K, be a hyperbolic contraction, u € OH,, w € 9K,
1 - |d(f(),
(3.8) IS Sl CLV(CC)

s S N

and f(x,) —>w for some sequence {x,} in Hy such that x,—u and

1 - [d(f(x,), £(x,))]

m
i 1= |l

(3.9) a=

Then o =1,

|d(f(x),w)]? <. |1 = (x,u)|?

(3.10) ld(fx), FG)| ~ 1 —|Ix|P

for all x e Hy and
- 11 - 1/2
(311 «= lm 1 — |d(fOu), fOu))| ~ i 1= [1 = |d(fOa), fOu))|] _
A—1 1 — )\2 A1 1 _ )\

|[d(fOa),w)| . d(fOu),w)

—— = lim ———
Ao 1 1-2 A1 1-2
where A tends to its limit through arbitrary real values.

Remark 3.1. In general, the proof of the classical Julia-Carathéodory theorem on
the existence of radial limits of holomorphic maps f4—4, A={ueC: |«| <1},
based on the geometric properties of the oricycles in 4, differs from those given in our
paper. For details, see[4, pp. 53-57].

Also, we show the following characterization of ¢, .

Tueorem 3.3. [f Ve dAgand 0 < t < y < < 1, then o, (zV,uV) = 0, (zV,yV) +
+ o1 (YV, V).
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4. Proor oF THEOREM 3.1

First, let us observe that if X, Y, Ze @,, then
| Tyery LA + (| T2 O

41 1 Tron AN = T T ol
and

ol + Xl 1- o) 1- ]
42 WVl = el ool S 1o

Indeed, the triangle inequality implies

LX), fN] = 0, [£(2), [N] + e [/X), (2)], X, Y, Zedq,.
Moreover, by our assumption, g, [f(X), f(Z)] < ¢,(X,Z), X, Z € A,y. Hence we infer,
using (2.1)-(2.6), that (4.1) follows. Analogously, using ¢, [f(X),0] < p,[£(0),0] +
+ 0, [f(X), f(0)], we prove (4.2).

Next, let us observe that, using[22, equalities (7)], we obtain

(4.3) Iy — Tpo) ()* Tj0) (X)) = DIX,Y), X, YeB,
and, from [23, equality (18)] we get
(4.4) DX = 1 = [|Tro @A™, Xe .

Let now F = Ty o f. Since T acts transitively on B, the map F: ¢y — B, is also
a hyperbolic contraction, ie., in particular,

(4.5) 02 [F(X), F(X,)] < o1 (X, X,,)
for all X e @, and 7 € N. By (2.1)-(2.6), from (4.5) we have
(4.6)  [lAr/? [y — F(X,)* F(X)] Ay Iy — FX)* F(X,)1 A/ 2| <
< | V2 Iy = X2 X) A Iy — X* X,) A 2.
But ||AyY = (1 = |X|»)~?! for | X| < 1. Thus (4.6) implies
47) |ty — F&X,)* FXO1 Az, Uy — FX)* F(X,)1| <
< 1 Apex, ) 10 = XD Ml — X X) Ax (T = X* X))

Inequality (4.7), by (4.3) and (3.2), implies (3.3).
Since F(0) =0 thus, in virtue of (4.2), we have |F(X,)| <|X,| and, con-
sequently,

(4.8) 1< (1= [[EGG)IP)/ (1 = Xl < [1Apes, ) I/ (1 = X, 1P) -
A consequence of (4.8), by (4.3), (3.2) and (2.2), is

(4.9) a=1.

Assume that

(4.10) 0<1-21<1/a

and

(4.11) 1—x=2, O0<c<l.
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By (4.9), we have ¢ < ac. Thus ac < 1/2 by (4.10) and (4.11). Consequently,
(4.12) ac/(1 —¢) < ac/(1 —ac).

Let U be an isometry and let (3.4) hold. For X = AU, from (4.7), by (4.8), (3.4)
and (4.4), we get

(4.13) ||ty — Tpo) (W)* FQAU) Ay Uy = FOU)* Tyo) (W < o+ (1= 2)/ (1 +2) .
Now, from (4.13), using (4.12) and (4.11), we obtain
[Asoin | < ac(1 = ac) ™|y = Te) (W)* FQU)I P,
which yields
(4.14) [1 - [FOQUN/IL + |[FOw)] < ac/ (1 — ac)
since
[4ri | = (1 = [[FQD)[) ™
and
Uy — Ty (W)* FOUN | < (1 = [FQU))" .
From (4.14) we obtain ”F(AU)” = 1 — 2ac, which, by (4.11), is equivalent to the
inequality
(4.15) 1—[[FOU)| < a1 = 2).
Moreover, by (4.2), |[F(AU)|| = A. Consequently, 1 + ||F(AU)|| < 1 + A. From this and
(4.15) we obtain

1-|[FQUIP 1 - |[FQU)|
< <
1-22 1-2
Thus (4.16), (4.4) and (3.4) imply (3.5).
On the other hand, from (4.13) we get
|1 = Tro) (W)* FOQU)|P <. [ 4ro0 |
(1—2)2 I T
If (3.6) holds, then (4.17) and (4.16) give
11 = Ty (W)* FQU| -

.18 <a.
(4.18) ) a

(4.16)

(4.17)

But

R IFoull _ 1- | T10) (W)* FOU))| 3 15 = Ty (W)* FOU)| |
1-2 1—2 1

Thus, from (3.4), (4.16), (4.18), (4.19) and (3.5), by (4.3), we get (3.7).

5. Proor oF THEOREM 3.2

Since in an arbitrary complex Hilbert space H = £(C,H) the formulae x*x =
= ||x[PIc and x*y = (y,x) I hold for x, y € H, any vector with norm one is an isometry
and, in this case, conditions (3.1) and (3.4) are identical and (3.6) holds. From (3.5)
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and (3.7) we obtain
1= [FOa)? 1 [[FGa)]| _
G1 o= fim e =l o ©
1= [(FOu), Tro )| |1 = (FOw), Ty w))|
m = lim .
A1 1-2 r—1 1-2
We shall now prove the equality

5 e i L0 Tt

From (5.1) and (4.9) we have

- (FO Ty )]

a1 1= [(FO), Ty @)

Let us denote 1 — (F(Jw) ) Tro) (w)) =r-exp (it), r> 0, t € R. Then
|1 = (F(xn), Ty (w))| 14 (1= 2r-cost+r?)!/?

1 — |[(FOw), Tyo) ()| B 2cost—r
If A tends to 1, the 7 tends to 0 and, therefore, by (5.3), cos (¢) must tend to 1 (thus also
exp (i) tends to 1). But
1 — (FQu), Ty w)) _exp (@)-[1+ (1 —2r-cost + r2)1/2]
1 — [(FOw), Tz (w))| 2cost—r ’

This also implies

(5.3)

1- <F(7W), T/(o) (w» _
i=1 1= (FOw), Ty @)y

By (5.1) and (5.4), we have (5.2). So, finally, from (5.1) and (5.2) we immediately ob-
tain (3.11).

(5.4)

6. Proor oF THEOREM 3.3

First, we prove that
(6.1) e1(tV,¥V) =0, (0,7V) — 01 (0,7V), O0<z<y<I1.

Indeed, then the map g:4— A, defined by g(u) =4V, ued, is holomor-
phic, and thus, a hyperbolic contraction, ze. po;[gu),g®)] < oc(u,v), u,vel,
where pc(u,v) = tanh™' |(x —v)/(1 —vu)|. Consequently, in particular, we have
1 (TV,¥V) < oc (7,7) = pc (0,7) — 0¢ (0,7) = 01 (YV,0) — o, (zV,0).  Simultaneously,
by the triangle inequality, p, (zV,yV) = ¢, (0, yV) — ¢, (zV, 0).

Thus (6.1) holds.

Now, using (6.1), we have, for 0 St <y <u <1,

e1(TV,uV) =01 (0,7V) — 1 (0, V) =
= {p(0,7V) = 0, (0, yWV)} + {01 (0, YV) = 0, (0,uV)} = 0, (V, yV) + o1 (yV, V).
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7. SPECIAL CASES

(z) If £/(0) =0 in Theorem 3.1, then, by (2.1) and (2.2), equalities (3.1)-(3.5)
and (3.7) are of the forms, respectively,

17 = FCO* Al

3.1 a= lim inf <+
xSl s x|
(5.2 el (2900

b ey 0
(3.3) Uy — W* Ay = AXO* A1 Uy — AX)* W] <
< of|lly — U* X1y — X* X1y - X* U,
— 2
X=UXea 1 - |X|?

- /U _ 1= lf00)

o) = fim T 1
and
L, — W*f(AU
(3.7) 2 = lim M= VSOOI
' A—1 1—2
() If f(0)=0 in Theorem 3.2, then (3.8)-(3.11) are of the forms, respect-
ively,
1 —_ 2
x—uxeH, 1 — ”xllz
1 —_ 2
(3.9 o= lim __M)_C”)T”
’ " 1- ”xn ”
— 2 _ 2
(3.10") 1 - (el I = @l

Tl T 1w

_ 2 _
PR 17 S 117

A=l 1- 22 r—1 1—-2
- b |1 - fOu),w)| _ . (fOw),w) '
A—>1 1—-2 A—1 1—-A
REFERENCES

[11 M. Asartk, lteration theory, compactly divergent sequences and commuting holomorphic maps. Ann.
Scuola Norm. Sup. Pisa, 18, 1991, 167-191.

[21 T. Anpo - K. Fan, Pick-Julia theorems for operators. Math. Z., 168, 1979, 23-34.

[31 A. F. BearDON, Iteration of contractions and analytic maps. J. London Math. Soc., 41, 1990,
141-150.

[4]1 C. Caratrtopory, Conformal Representations. Cambridge Tracts in Mathematics and Mathematical
Physics, Cambridge 1952.



THE JULIA-CARATHEODORY THEOREM FOR DISTANCE-DECREASING MAPS ... 179

[5]1 E. CartaN, Sur les domaines bornés homogénes de I'espace de n variables complexes. Abh. Math. Sem.
Univ. Hamburg, 11, 1935, 116-162.
[6] G.-N. CHEN, Iteration for holomorphic maps of the open unit ball and the generalized upper half-plane of
C”. J. Math. Anal. Appl, 98, 1984, 305-313.
[71 S. DineeN, The Schwarz Lemma. Oxford Mathematical Monographs, Clarendon Press, Oxford
1989.
[8] S. DineenN - R. TimonEy - J. P. VIGUE, Pseudodistances invariantes les domaines d’'un espace localement
convexe. Ann. Scuola Norm. Sup. Pisa, (4), 12, 1985, 515-529.
[9] K. FaN, Analytic functions of an operator contraction. Math. Z., 160, 1978, 275-290.
[10] K. Fan, Julia’s lemma for operators. Math. Ann., 239, 1979, 241-245. )
[11] K. Fan, Iteration of analytic functions of operators. Math. Z., 179, 1982, 293-298.
[12] K. Fan, The angular derivative of an operator-valued analytic function. Pacific J. Math., 121, 1986,
67-72.
[13] T. Franzont - E. Vesenting, Holomorphic Maps and Invariant Distance. North Holland, Amsterdam
1980.
[14] L. A. Harwis, Bounded Symmetric Homogeneous Domains in Infinite Dimensional Spaces. Lecture Notes
in Mathematics, No. 364, Springer-Verlag, Berlin-Heidelberg-New York 1974, 13-40.
[15] L. A. Harwris, Schwarz-Pick systems of pseudometrics for domains in normed linear spaces. In: J. A.
Barroso (ed.), Advances in Holomorphy. North Holland, Amsterdam 1979, 345-406.
[16] L. A. Harwis, Linear fractional transformations of circular domains in operator spaces. Indiana Univ.
Math. J., 41, 1992, 125-147.
[17]1 M. HervE, Analyticity in Infinite Dimensional Spaces. Walter de Gruyter, Berlin-New York 1989.
[18] Y. Kusorta, lteration of holomorphic maps of the unit ball into itself Proc. Amer. Math. Soc., 88, 1983,
476-480.
[19]1 B. D. Mac CLUER, Iterates of holomorphic selfmaps of the unit ball in C¥. Michigan Math. J., 30, 1983,
97-106.
[20] E. Vesenting, Invariant distances and invariant differential metric in locally convex spaces. In: Spectral
Theory. Polish Scientific Publishers, Warsaw 1982, 493-512.
[21] E. VesenTINi, Su un teorema di Wolff e Dewjoy. Rend. Sem. Mat. Fis. Milano, LI, 1983,
17-25.
[22] K. Wrobarczyk, Some properties of analytic maps of operators in | *-algebras. Monatsh. Math., 96, 1983,
325-330.
[23] K. Wrobarczyk, Studies of iterations of holomorphic maps in | *-algebras and complex Hilbert spaces.
Quart. J. Math. Oxford, 37, 1986, 245-256.

Institute of Mathematics
University of Lodz
Banacha, 22 - 90238 Lopz (Polonia)



