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Analisi matematica. — On the finiteness of the energy integral in elastostatics with
non absolutely continuous data. Nota (*) di ALBerto CIALDEA, presentata dal Socio G.
Fichera.

AsstracT. — In this paper the main problem of classical elastostatics with non absolutely continu-
ous data is considered. Necessary and sufficient conditions under which the energy integral is finite are
given.

Kev worps: Elasticity; Boundary value problems; Measure theory.

Ruassunto. — Sulla finitexa dell'integrale dell’energia nell’elastostatica con dati non assolutamente con-
tinui. In questo lavoro viene considerato il problema principale dell’elastostatica classica con dati non as-
solutamente continui. Sono date condizioni necessarie e sufficienti perché l'integrale dell’energia risulti
finito.

In papers[1, 2] the main problem of classical elastostatics is considered when
non absolutely continuous forces act on the body. As far as existence, uniqueness (up
to rigid displacements) and representation of the solution are concerned, a complete
theory has been developed. Moreover sufficient conditions under which the energy
integral is finite are given. In[1] it is shown by an example that there exist non abso-
lutely continuous data satisfying these conditions, ze. there exist concentrated loads
such that the cotresponding energy integral is finite.

In the present paper the problem of the finiteness of the energy integral is investi-
gated again and necessary and sufficient conditions are given.

Results given in this paper are also interesting from the point of view of Mathemat-
ical Physics. In fact finiteness of the energy integral means that the response of the ela-
stic material under the action of the non absolutely continuous given forces remains in
the ambit of classical elasticity of infinitesimal deformations and neither finite defor-
mations nor elastoplastic strains are originated by the given forces.

1. PRELIMINARY RESULTS

Let Q c R’ be the bounded domain representing the natural configuration of an
elastic body. We suppose that R> — Q is connected and that the boundary X of Q is a
Lyapunov surface, ze. X has a uniformly Hélder continuous normal field of some
exponent A (0 <A <1).

Writing u € M(Q) (e M(Y)) we mean that u = (u!, u?, &’) (x = (o}, a?, &)
is a vector measure on Q (on X), ie. w (x) is a vector valued countably additive
set function defined on the family of all the Borel sets contained in Q (in
Y). This vector measure represents the body (surface) forces acting on Q (on
X). In[1,p.31] it is shown that it is not restrictive to suppose that w(B) =10
for every Borel set contained in X. We shall suppose that this condition is

(*) Pervenuta all’Accademia il 9 luglio 1992.
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satisfied. This means that if some of the given body forces are concentrated
on X, then we consider them as surface forces.

For any p > 1 we denote by L? (Q) (by L? (X)) the space of the measurable vector-
valued functions # = (#', #?, u’) such that |4’ |? is integrable over Q (over X). Let us
consider the following spaces introduced in[1, 2]:

UrQ) = [u = w02, 0) | T o= (g, &, LD ') = [0 Ly )] day,er],

(where 5” (x, y) are the vectors whose components are the elements of the A-th row of
Somigliana’s matrix: {5/ (x, y)} = {¢; y| TP —RR2(1+ £ |x —y| /3% 0% }),

Q)= N Ur@Q)),

1<p<2

Q

V’(Q)=[v=(vl,v2,v3)|3v (v, V2 v3)eM(!_2),3ueU(Q):v"(x)=Jsf’v(x,y)dv}/&u”(x),er].

Let us consider the following boundary value problem:

ueV'(Q),
(1.1) Eu=u ®eM@Q),
Lu=a ae M),

where: Eu=4,u+k graddiva (k> 1/3), Lu=(k—1) divan +20u/3n +n Arotu,n is the
inward unit normal to X, 8u/0n is the vector whose components are du’/In. u e

e V' (Q) is a solution of the BVP (1.1) if

—)0

D

(1.2) lim {J.uEwdx+IuL9wdaﬁJ=de,u+fwda, Vwe C”(R?),
Q. By g
where Q, cQ and X, = 3Q, is some «parallel» surface to X' tending to ¥ when ¢ — 0"
(for the details see elther[l] or[2]).
L Given ue MQ), a € M(Y) such that
(1.3) j(a+b/\x)d,,4+f(a+b/\x)da=o Va,beR’,
g )

there exists one solution of BVP (1.1) (i.e. such that (1.2) holds) in V'(Q). The solution is
determined up to an additive rigid displacement.

For the proof of this Theorem, see[2].
1L If the function u, belonging to V'(Q):
ul(x) = J “(x, y)dv/ + J‘gaj(y)lﬁy[si(x, y)lds,

Q X
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is solution of BVP (1.1), then the following Betti formula holds:
(1.4) quwdx+J.uLwda—-jwdy+fwda, YweC”(R?),
g ;

X &

where the trace of u on X is:

u'(x) = j 5i (x, 9) av, + 2rgf (x) + j & ()L, [s* (x, y)1ds, .
i s
Conversely, let e L' (Q), ¥ e L' (X) be such that:

— © (3
2j(ﬁliwa’x+‘J”{/’Lwdo' ijdp+EJ'wda, YweC*(R’),

then @ e V' (Q), ¥ is the trace of @ on X and ® is solution of BVP (1.1).

This Theorem was proved in[1] by using a different representation formula. The
present result follows immediately from Theorem IV of [2].

Let us denote by ¢ (#) the linearized strain components and by o, () the stress
components: & () = (u’ [3x, + 9u” [3x;) /2, o3 ) = ei () + (B — 1)y (e () +
+ ey (u) + 555 (1)) /2.

The integral

1,3
(1.5) j z/ycr,-b(u)si;,(u)dx
g7

is called the energy integral. Because of Korn’s second inequality (see[3, p.381-384])
the integral (1.5) is finite if and only if # belongs to H' (Q), i.e. #' (i = 1, 2, 3) and their
first derivatives are square-integrable functions on Q. Then the solution # of BVP
(1.1) has a finite energy integral if and only if # is solution of the following
problem:

ueH' Q) NV'Q),

(1.6) . Eu=p peM@Q),

Lu=a ae M.

L. If u is solution of BVP (1.6) then the following Clapeyron’s formula holds:
(1.7) —fg(u,w)dxszd,mjwda, YweC*(R),
g g b
where
1,3 1,3
8lu, w)——ZEa,;, () ey (w ——22%(10 ) e () .

Conversely, let u e H' (Q) be suc/y that (1.7) holds; then uw e V' (Q) and it is solution of
BVP (1.6). :

This Theorem follows immediately from the previous one and from Theorem XII
of [1]. Since we shall use this result in the next section, for the sake of completeness
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we give here a proof. First we observe that

(1.8) —JS(u,w)dx=JuEwdx+JuLwdc, VueH'(Q), YweC” (R?).
] ] 5

If « is solution of BVP (1.6), then (1.7) follows from (1.4) and (1.8). Conversely,
let # € H' (£2) be such that (1.7) holds; from (1.8) and Theorem II it follows that # is
solution of BVP (1.6).

In[1] some sufficient conditions (under which there exists a solution of BVP
(1.6)) for w and a are given.

2. NECESSARY AND SUFFICIENT CONDITIONS FOR FINITENESS
OF THE ENERGY INTEGRAL

In this Section we shall use the theory of &-forms and £-measures. A summary on
this subject may be found in §4 of [1]. By L{ (2) we denote the space of differential
forms of degree £ such that their coefficients are scalar functions belonging to
L7 (Q).

The next Theorem gives a necessary and sufficient condition for the finiteness of
the energy integral. If 4 and « are the given forces, we shall set @(B) = u(B N Q) +

+ a(BNY) for every Borel set of R’. & represents the total force acting on the
body.

IV. Given ne M(Q), a € M(X) such that (1.3) holds, there exists a solution of BVP
(1.6) if and only if the components &" of the total force w(ix being viewed as 3-measures)
are the differentials of 2-forms belonging to L} (Q), i.e. if and only if there exist y" e
eL?(Q) (b =1,2,3) such that:

(2.1) Jwbdﬁ”=— Idwb/\y”, YweC”(R).
3 d

If # is solution of BVP (1.6), then Clapeyron’s formula (1.7) holds. This implies
that

3
‘ Iw,,dﬁb ! < Cb§=:1 [dwy |2y VYweC™(R).
Q

Then we may extend the functional |w,di” to the quotient space H'(2)/ R equip-
ped with the scalar product 7] ’

(v, w) = Idv;, N+*dw, .
g
By the Riesz Representation Theorem, there exists I'e H' (Q) such that

Jw,,dﬁ” = deb/\*dl“” YweC* (R).
o g
Assuming y” = —«dI™”, we obtain (2.1).
Conversely, let us suppose (1.3) and (2.1) hold. If we define F(w) = J' wydi’, we
7



ON THE FINITENESS OF THE ENERGY INTEGRAL ... 39

have that F(w) can be extended to a linear and continuous functional on H'(Q2). Mo-
reover, because of Korn’s second inequality, we have

3 iy g < o Jow o)
Q
for any w e H'(Q) such that:
2.2) j(@i - 19—l—u’f)dx =0 (,/=1,23).
Then

|Fw)| < C'(js(w, w)dx)l/z ,

Q

for any w e H'(Q) such that (2.2) holds. On the other hand, given » € H'(Q),
define

o
=1 (a» T
b 2 meas (Q) J ik A

Thus w =v + b A\ x satisfies (2.2). Keeping in mind (1.3) we have

(23)  |F0)| = |Fw)| sc'(jg(w, w)dx)"2=c'(fg(v,v)dx)”2 Vo e H'(Q).
Q Q

Let us consider the quotient space H'(Q)/{a + b Ax|a,b € R’} equipped with
the scalar product

(1, ) = [ 8o, ) dic;
0 .

from (1.3), (2.3) it follows that F(v) is a linear and continuous functional on this space.

By the Riesz Representation Theorem, there exists # € H' (Q2) such that

Flw) = Jw,,dﬁ”= - js(u,w)dx VweC*(R).
ol o)

From Theorem III it follows that # is solution of BVP (1.6).

The next Theorem provides another characterization for the surface measures in
order to have a finite energy integral, when there are no body forces.

We denote by H{/?(X) the space of the differential forms ¢ of degree one defined
on X such that ¢ is the restriction on ¥ of a differential form ¥" e H{ (Q) (i.e. the coeffi-
cients and their first derivatives of ¥ are square-integrable functions on Q). We recall
that if ¥ is a smooth differential form defined in Q, say ¥ = ¥}, dx®, the restriction ¥
is the 1-form given in local coordinates by

v, [x(2)] [8x” /3¢ 1dt .
If ¥' e H{ (Q) we may define ¥'|y by using usual density arguments. We equip H;/? (%)

v
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with the following norm:

gllez ey = v~£§(9) 71z ) -
Tle=¢

V. Let a e M(XY) be such that
j(a+19/\x)da=0 Vo, be R’ .

P

There exists a solution of the BVP

ueHY Q) NV (Q),
(2.4) Eu=0,
Lu =«a,

if and only if the components of a are the differentials on X of 1-forms belonging to
H2(2), ie. if and only if there exist " € HY?(2) (b =1, 2, 3) such that

(2.5) fw,,dab=— jdw,,/\w, VweC*(R).

1
-

If (2.5) is satisfied, we have
fw,,do/e - Idw;,/\M= de,,/\d?””, YweC* (R®),
; g

\ N

where ¥ € H{ (Q) are such that ¥” |y = ¢*. Then (2.1) holds, where y* = — d¥*.
From Theorem IV it follows that there exists a solution of BVP (2.4).

Conversely, let # be a solution of BVP (2.4). By Theorem IV there exist v* € L7 (Q)
such that

jw,,dab= - jdw,,/\yb, VweC® (R®).
B g
In particular
de;,/\y”=0, Vwe&“([)),

I
ie.dy’” =0 (b =1,2,3). Then there exist I e H{ (Q) such that y* = dI"*. The proof
of this may be found in[5] (Theorem 3.4 ('); see also Remark 3.10). Consequen-
tly

Jwbda”= _ de,,/\d]”’:de,,/\I"’, VweC* (R).
~ Q

5

2

Assuming ¥ = — I'" | v we obtain the result.

In[1] we have given the following sufficient condition: i the Holder exponent of
X is 2> 1/2 and if of = dyP, where the coefficients of Y are in C*'(X) (ie. they are

(1) Actually these Authors do not use the differential forms, but the above-mentioned Theorem can
be immediately restated using them.
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Holder continuous functions of exponent \') with X' > 1/2, then there exists a solution

of BVP (2.4).

Now this condition can be obtained from Theorem V. This will follow immediate-
ly from the next Theorem

VL If the Holder exponent of X is A > 1/2 and the coefficients of the 1-form § are in
C*(2) (X' > 1/2), then ¢ e HY?(2).

For the sake of simplicity we shall suppose that 1/2 < A = 1’ < 1, which is ob-
viously not restrictive.

We may write ¢ in local coordinates: ¢ = ¢, (¢) dr. Let y(x) = (7, (x), v, (%), 5 %))
be the solution of the system

o’

3 #) = @) 7=12,

75 (%)
(2.6)

where x = x(¢). This system has one and only one solution in any point x € ¥ and the

values v, (x) do not depend on the local coordinates we use. In fact if x = x(¢) = x(¢),
¢ = ()d¥ and y(x) is solution of (2.6), then y(x) is solution of the system

~}J _ -
0 H=50 =12,
3

¥, (%) n” (x) = 0.

We have ¢ =1y, (x)dx" (x € ¥) and v, (x) are Holder continuous functions of
exponent A. Let now #, (x) be the double layer (harmonic) potentials such that #, (x) =
=v,(x), xeX (h=1,2,3). In other words, let

uy, (x) = J;o;,(y)i 1

Oy |x =yl

ds,

where ¢, (x) is the solution of the integral equation

d 1 _ :
m lx__y‘dcry—yb(x), xeX.

2o () + j o ()
y

Because of known Theorems (see[6, p.240]) the functions ¢, (x) are Holder
continuous with exponent A.

Now, in order to prove that #, (x) € H! (Q) we may repeat the reasoning employed
in[1, p. 47-48]. Namely let ¢} (x) be a function belonging to C*(Q2) such that f(x) =
=g, (x), x € X (for the construction of such a function, see[4, p.383]). We have

o, _ 881
= [ () = 580 - 2 A rds

-
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and then

Sy
ax,e

SCJIx—yl""do'y Vxe.

It follows (seel7, p.806])

J Z—Z deSCZdeJ|x—y|’\'3dch’|x—w|x_3dcrw=
o ¥ ¥

_c2jda jda j|x— 1273 |x —w|*~ 3dx<KJch|y~w|2’

Since 24 — 3> — 2, u, (x) € H'(Q). Consequently the form uy (x) dx” belongs to
H} (Q) and it is such that u, (x)dx? | = ¢, ie. cpeHll/z ).
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