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Analisi matematica. — New classes of analytic dHâ <3evrey semigroup, ani» appU**r-
tions. Nota di ANGELO FAVINI e ROBERTO TRIGGIANI, presentata (*) dal Socio R. 
Conti. 

ABSTRACT. — We consider the operator -A + ÏB on a complex Hilbert space, where A is positive 
self-adjoint and B is self-adjoint, and where, moreover, «B is comparable to Ax, a > 1», in a technical 
sense. Two applications are given. 

KEY WORDS: Analytic semigroups; Gevrey class semigroups; Optimal control problems; Cauchy 
problems. 

RIASSUNTO. — Nuove classi di semigruppi analitici e di tipo Gevrey, e applicazioni. Si considera l'opera­
tore —A + iB in uno spazio di Hilbert complesso, dove A è autoaggiunto positivo e B è autoaggiunto, 
con «B comparabile con A*, a > 1». Vengono date due applicazioni. 

1 . I N T R O D U C T I O N . S T A T E M E N T O F M A I N R E S U L T S 

Throughout this Note, X is a complex Hilbert space with inner product (,) and 
norm || ||. We consider the (linear) operator 

(1.1) g = -A + iB, XD 0D(g) = Q(A) PI <D(B) ->X 

under the following standing assumptions: (D(g) dense on X and 

(H.l) A: XDQ{A)-^X is a strictly positive self-adjoint operator on X; 

(H.2) B: XD®(B)->X is a self-adjoint operator on X. 

In addition, we shall assume a condition of comparison between A and B, which in 
particular includes the case where «B is comparable to Aa, a > 1», in the technical 
sense explained below. We let B + be the (unique) non-negative self-adjoint square 
root of the non-negative operator B2 : B+ = (B2)1/2, so that the fractional powers 
(B + )*, 0 <s < 1, are well-defined by the self-adjoint calculus. We shall distinguish 
two cases: a = 1 and a > 1. 

1.1 Case where e^ is an analytic semi-group: a = 1. In this Subsection we assume 
further that 

(1.2a) (H.3A) Q(A^2) c ®{(B + )1'2), 

equivalently rewritten as 

(1.2*) (B + )1 / 2A -l'2 e £(X) o ||(B + )1/2x|| < \ / ^ \\A 1/2x|| x e (D(Al'2), 

(by the closed graph theorem) $ 

(1.2c) (B + x,x)<p2(;4x,x), 

(*) Nella seduta del 12 giugno 1992. 
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for a constant 0 < yp2 ~ ||tB + ) ^ 2 A ~1^21| < oo. Then one readily sees that the opera­
tor g in (1.1) with domain <D(g) is the generator of a strongly continuous (s.c.) contrac­
tion semigroup e^' on X. The main distinctive feature of this case is that e^ is also 
analytic. 

THEOREM 1.1. Under assumptions (H.l), (H.2), (H.3A) = (1.2), the operator-g is 
^-accretive (or g is w-dissipative) and sectorial with vertex 0 and semi-angle < n/2. 
Thus, the s.c. contraction semi-group e^ is also analytic (holomorphic) on X. • 

REMARK 1.1. If Q(A) C(D(B)*>B2 < p2
2A

2o\\Bx\\ < p2\\Ax\\, xeQ(A)y Lowner's 
Theorem yields a fortiori (H.3A) = (1.2). Notice that, in this case, B is A-bounded 
with an A-bound which is allowed to be arbitrarily large. Thus, standard perturbation 
theory for analytic semigroup [4, 7] does not cover this case. • 

1.2 Case where e^ is a Gevrey class semigroup: oc > 1. In this Subsection, in place 
of hypothesis (H.3A) = (1.2), we shall assume the following condition 

(13a) (H.3G) (D(A^2) = Q((B + )1/2a), a > l ; 

which setting 6 = l / a < 1, can be equivalently rewritten as 

(X.Ob) (B + f2A~ll2 e £(X) and A1/2((B + )^2) e £(X); 

equivalently 

(1.3c) VftlKBY^NM^NVftlKB^^II, 0<p1<p2<«>) xe(D((.B+)e/2); 
equivalently 

(13d) P l ((B
 + )6x, x) < (Ax, x) < p2 ((B

 + )ex, x), x e ®{(B + )d/2 ) ; 

when B + is positive, this is equivalently rewritten as (setting x = (B + )~6^2y) 

•U.3*)" Pl\\y\\2 < (Sey, y) ^ PzhW2 y^X, 

where S6 is the bounded, boundedly invertible, self-adjoint operator 

(1.4) Se = (B + )-6/2A(B + r6'2 . 

Again, the operator g in (1.1) with domain (D(§) is the generator of a s.c. contraction 
semigroup e** on X. The main distinctive feature of this case is that e$* is of Gevrey 
class > a. To state the Theorem properly, we introduce (with B + positive, without 
loss of generality for the Theorem which follows) the spaces [CD((B + )dl2)]' and 
(D((B + y~d/2 ), 0 = l / a < 1, the first being the dual of the second with respect to the 
X-topology, with norms 

( 1 - 5 ) I M U C B • > * > ] • = \ \ ( B + r e / 2 y \ \ x ; I M U * , ' - * > = \ \ ( B + y - 6 / 2 y \ \ x , 

as well as the intermediate spaces in between 

(i.6) ^^[©(an 1 -" / 2 ) ,[®((B+ f 2 )] ' i o<s<i. 
We next recall that a s.c. semigroup T(t) on X is of Gevrey class $ > 1 for t > t0 if T(t) 
is infinitely differentiable for t e (t0, oo ) and for any compact X C (t0, oo ) and each 
k > 0, there exists a constant c = c(k, X) such that \\TM (t)\\ < ckn (n\f for all / e X and 
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n = 0, 1, — See [9] where a theory of Gevrey class semigroups is developed that 
parallels and extends the theory of differentiable semigroups in [7]. 

THEOREM 1.2. Under assumptions (H.l), (H.2), (H.3G) = (1.3), the resolvent op­
erator jR(A, g) = (XI — g ) _ 1 of g satisfies the following uniform estimates on the imag­
inary axis A = zV, T eR 

(1.7) Irl^tllRdV, §)\\£{m(B + m>) + l|R('V, g) IU((^) -^) ) ] ^ Const,, 

and by interpolation a similar estimate holds true on each of the spaces Xe>s defined in 
(1.6). Thus [9] e^ extends/restricts as a s.c. semigroup of Gevrey class > a on each 
such space, in particular on X = X6j s = 1 _ Q/2. • 

REMARK 1.2. If, with a > 1: (P(Aa) = ®(B)<*p\B2 < A2a < p\B2, then Lowner's 
theorem implies (1.3). • 

REMARK 1.3. If A and B commute than the right hand side inequality A < p2(B
 + )e 

in (1.3 d) may be dropped from the assumptions of Theorem 1.2. 

In Section 2, we shall give a sketch of the proof of the more demanding Theo­
rem 1.2. 

2. A SKETCH OF THE PROOF OF THEOREM 1.2 

It suffices to show the Theorem when B is positive, for the general case of B only 
self-adjoint can be readily reduced to this case via the operator B +. 

First, one shows the Theorem in the (simplest) canonical case where (essentially) 
A = B6, 6 = l/a < 1, more precisely to the specialization of g in (1.1) given by 

(2.1) Œpe= - pB6±iB ®(&pd) = Q(B); 0 < 6 < 1; p > 0 . 

Next, one consider g in (1.1) as perturbation of &p6 in (2.1) so that 

(2.2) R(h, g) = R(hy &pe) [I + (B - pA) ^ J " 1 . 

A proof of Theorem 1.2 may be then given which in the general case proceeds through 
the following three step strategy [1]: 

(/) prove the resolvent estimate in (1.7) for R(rr, g) on the larger space 

(iï) prove the resolvent estimate in (1.7) for R(h, g) on the smaller space 
(DOB*)1"6/2); 

(Hi) interpolate between (/) and (//). 

Once the resolvent estimates are proved, the claim of Gevrey class follows 
from [8]. The key step is to show estimate (i). To this end, the following result plays a 
crucial role. 

LEMMA 2.1. Under assumptions (H.l), (H.2) and (H.3G) = (1.3), the operator 

(2.3) I+iSe-pDB^Ur,^) 
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is an isomorphism on X, uniformly in T G R, where p is chosen as to satisfy p < pi < p2 

(see (1.3)); in particular 

(2.4) \\[I + (Se - pI)BeR(h, ®pd)i-
1 \\£{X) < const, Vr E R . • 

3. APPLICATIONS TO OPTIMAL CONTROL PROBLEMS 

WITH UNBOUNDED CONTROL OPERATORS 

In this Section we present an application of Theorems 1.1 and 1.2 to feedback dy­
namics such as they arise in the theory of optimal control problems with quadratic 
cost over an infinite time horizon and related algebraic Riccati (operator) equa­
tions [6]. In this reference, the original theory as in [3] was extended to include the 
case, important in some applications to boundary control problems for partial differ­
ential equations, where the map from the input (control) function to the solution is 
unbounded. Consider the abstract equation 

(3.1) x(t) = hc(t) + Mu(t); x(0) =x0eX, 

where L is the generator of a s.c. semigroup on the Hilbert space X and the (control) 
operator M is continuous from another Hilbert space U to [<3)(L*)]', the dual space of 
Q(L* ) with respect to the X-topology, where L* is the adjoint of L in X. It is shown 
in [6] that (under mild assumptions which include the cases when L is either self-ad­
joint or skew-adjoint), the unique solution {u°, y0} of the optimal control problem 
associated with (3.1) which minimizes the quadratic cost 

00 

(3.2) ](u,x) = J{||R*W||! + \\u{t)%}dt 
o 

R e £(X), R*R >cl, c> 0, is given by 

(3.3) u°(t;xo)= -MM*Px°(/ ;x 0) 

where P is the (unique) solution of the corresponding Algebraic Riccati Equation 
(A.R.E.) 

(3.4) L*P + PL + R*R = PMM*P 

(in a technical sense explained in [6]). The feedback dynamics is then 

(3.5) x = LFx; LF = L-MM*P. 

EXAMPLE 1. Consider the «abstract hyperbolic» case where 

(3.6) L = iS; M = iS\ 0 < G < 1 ; R = I 

and S is a positive self-adjoint operator. One then verifies that the operator P = S~e 

satisfies the A.R.E. (3.4). (Notice that P " 1 = S° is an unbounded operator, & feature of 
the general theory in[6]. By contrast, unboundedness of P~l cannot occur within 
the more regular theory of [3] where the input —» solution map: u-^y is continuous 
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from L2(0, T; U) —»C([0, T];X). Thus, the feedback dynamical operator LF in 
(3.5) is 

(3.7) LF= -S6 + iS. 

Thus LF is of the general form as in (2.1) with p = 1, S - B. According to Theorems 
1.1 and 1.2, we conclude that the original free dynamics described by the unitary 
group elU is transformed by the Riccati feedback operator into the optimal dynamics 
which is described by the semigroup eLpi : this is analytic if 6 = 1, and of Gevrey class 
> 1/0, if 0 < 6 < 1 (and a group if 6 = 0). Thus, the feedback action due to the Ric­
cati operator has a smoothing or regularizing effect on the original «hyperbolic» dy­
namics. 

4. APPLICATIONS TO CAUCHY PROBLEMS 

In this final Section we apply some results of the first section to the Cauchy 
problem 

[«'(/) = §«W+/W, 0 < / < T , 
l#(0) = u0 , 

where the operator g satisfies assumption (H.3G) = (1.3). Moreover,/is a given con­
tinuous function from [0, T] into X and % E X . According to [2], [5, p. 54], a clas­
sical or weakened solution of problem (P) is a function u = u{t) which is continuous 
from [0, T] into X, is strongly continuously differentiable on (0, 71, satisfies u{t) e 
6ffi(§) for 0 < / < T, and is such that (P) holds. 

If one assumes (H.3G) = (1.3) with a > 1, since g generates a strongly continuous 
semigroup, it is not difficult to recognize, by Taylor's expansion of the resolvent, 
starting from (1.7), that the estimate 

(4.1) |A|I/"||R(A,S)||Jf(X)^ const 

holds true for any complex number A with Re A > 0, | A | large. Hence, (see [5, p. 135 
and p. 140]), problem (P) has a unique classical solution u provided that u0 e 
G 6&(g) = Q(B) = 0)(Aa) and: either/W e ®(B), 0 & t < T, Bf{t) being continuous, or 
else / is continuously differentiable. However, less restrictive assumptions can be 
made when the number a is suitably restricted. To this end, we observe that estimate 
(4.1) remains true for all A in the region 

(4.2) 2 = { A G C : ReA> - c{l + | ImA|) 1 / a}, £ > 0 , 

of the resolvent set of g (see [2]). Hence, we are allowed to apply [2] under the as­
sumption 1 < a < 3/2 and deduce the following 

THEOREM 4.1. Under assumptions (H.l), (H.2), (H.3G), let 1 < a < 3/2. Then, 
given 2(a - 1) < 7 < 1, for any u0 e (D(B) and a l l /e Cr ([0, T]; X) problem (P) has a 
unique classical solution. • 
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We also quote [5, 8] for similar results. A further existence result for (P) can be 
obtained by noticing that in our case the resolvent R(À, g) satisfies in fact the stronger 
condition 

(4.3) | | R ( A , g ) | U < M ( l + R e A + \1mX\lh'\ R e A > 0 . 

Hence, in view of [5, Theorem 6.10, p. 142], we obtain 

THEOREM 4.2. Assume (H.l), (H.2), (H.3G), 1 < a < 3/2. I f / i s strongly contin­
uous from [0, T] into CDiA"), with co > 2(<x - 1) and u0 e ®(Ar), y > 1, then (P) has a 
unique classical solution. • 

Notice that/satisfies a time regularity assumption in Theorem 4.1 and a space reg­
ularity assumption in Theorem 4.2. 
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