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Analisi matematica. — Function spaces of Nikolskii type on compact manifolds.
Nota di Cristiana BonpioLr, presentata (*) dal Socio E. Magenes.

AsstracT. — Nikolskii spaces were defined by way of translations on R” and by way of coordinate
maps on a differentiable manifold. In this paper we prove that, for functions with compact support in R”,
we get an equivalent definition if we replace translations by all isometries of R”. This result seems to jus-
tify a definition of Nikolskii type function spaces on riemannian manifolds by means of a transitive group
of isometries (provided that one exists). By approximation theorems, we prove that — for homogeneous
spaces of compact connected Lie groups — our definition is equivalent to the classical one.

Key worbs: Nikolskii spaces; Isometry groups; Compact homogeneous spaces.

RuassunTO. — Spazi funzionali del tipo di Nikolskii su varieta compatte. Gli spazi di Nikolskii sono stati
definiti in R” tramite le traslazioni e su varieta differenziabili mediante carte locali. In questa Nota si di-
mostra che, per funzioni a supporto compatto in R”, si ottiene una definizione equivalente sostituendo le
traslazioni con tutte le isometrie dirette. Cid giustifica la definizione tramite isometrie, che viene qui pro-
posta successivamente per spazi del tipo di Nikolskii su spazi omogenei di gruppi di Lie compatti e con-
nessi. Una caratterizzazione mediante approssimazione permette infine di dimostrare che, per tali varie-
ta, la definizione qui proposta & equivalente a quella usuale.

INTRODUCTION

Several classes of function spaces on R” can be defined by means of translations.
Then the question might arise: if we replace the translations by all the isometries of
R”, do we get an equivalent definition?

In this paper we will consider a family of Nikolskii spaces on R” and give (in n. 1) an
affirmative answer to the previous question, for functions of compact support.

This result suggests to define (as we do in n. 2) Nikolskii spaces on a riemannian
manifold by way of the isometries of the manifold, provided that they are — shall we
say — enough. Nikolskii spaces on a C* manifold are usually defined by coordinate
maps. Here we propose the definition by isometries only for a more restricted class of
manifolds, namely the homogeneous spaces of compact connected Lie groups (among
which there are, for example, spheres and tori). However, for these spaces, our defini-
tion is equivalent to the classical one (as we prove in n. 3); moreover, it allows us to
use the invariance property of the Laplace-Beltrami operator of the manifold with re-
spect to the isometries. This fact could prove useful in some applications to evolution
problems on riemannian manifolds (see the last remark of the paper).

The result of the equivalence quoted in n. 1 is based on a characterization of
Nikolskii functions in R”, which we report as Theorem 1. A similar characterization
for the function spaces which we have introduced on manifolds is given in Theorem 3.
Both results are used in n. 3 to show that — for compact homogeneous spaces — our
definition and the classical one are in fact equivalent.

(*) Nella seduta dell’8 febbraio 1992.
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1. = Norarion. Let x = (xy, ..., x,) € R”, A = [4;] be a real #» X # matrix,  be a real
positive number and fe L' (R”). Then we define:

n 1/2 1/2
W=({2 )", A= 2 4], BOM={xeR |k <r,

[fiyde= [ firde, (1A= A0l ds.
E

In this Section we consider the following Nikolskii spaces (see, e.g., [4, §8.2]
and [9, §8.4]).

Derinttion 1. For every x €10, 1[ let

N*(R")=N* = {fe L'(R")| sup B | flx + b) = fll < +o0 ).
", b#0

heR

The space N* can be characterized by the following Theorem 1. The proof we ex-
pose here is a discretisation of the one given by [12, Ch.III, Th.4]; see, also,

[11,V.4.2] and [10, Lemma 2.2]. For a more general statement, see, for example,
[2,6.2] and [8, Ch.II, 9].

Tueorem 1. fe€ N if and only if there is a sequence (f)i=q,.,.. of functions in
C* "W Y (R") satisfying the conditions:
ey
(&) f= 2015 in L' (R");
=
there exists ¢>0 such that, for every j,
lAl<sc27™, |Duflsc2®?  k=1,..,n.
Proor. Assume that fe N*. Let ¢ be a smooth function, supported on B(0, 1),
such that ¢ =0 and fga(x) dx=1.

(1)

Define ¢;(x) =2"¢(2’x) (j=0,1,2,..); 4 =g;—g-1 (G=1,2,...); do =90 = ¢.
In this way we have:

for every ;>0, fz,bj(x) dx=0, supp¢; cB(0,27""), fD/esbj(x) dx=0;

there exists C>0 such that for every /=0, for every k=1,...,n, D,y ll<C2.
Let fi=f*y; (7=0,1,...).
Then £, e C* " W"'(R”) and f=2 f in L' (R").

7
Moreover, since fe N*, there is a constant M >0 such that, for every » € R,
|l Ax + h) — Ax)||<M]b|*; hence, for every j#0,

l|;§|l=f’ff(x—y)sbj(y)dy dx=f

<[l 0l [ 1fe=y) = fix)l dedy < [ 14, )| Myl dy < 2M2 5+ D% = 6,27

dx <

J (fix—y) — fx) ¢ (y) dy
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Similarly, we estimate the norms ||D; f| for every £=1,2,...,1, and we obtain

IDe A=l Degsll= [ | [ (Aix—3) = fi) Dusy )

dx <

<] IDets )] MbP dy< M2+ = 6,207
Conversely, let
+0o0
f=2f
=0

where the f; satisfy the conditions of Theorem 1.
For every />0, for every h=(hy,...,h,) we have:

1
e +2) = £l = [ | 2 [ et + ) by | dx <
0 ' k

1
s|b|f<k§1f|Dk1§-(x+tb)ldx) dr = lblkgllekﬁ(x)ldx.
; ,
So we obtain

2¢27% .
16+ B - fj(x)||${m‘b|2u_w v
Let jo be such that 20 <2/(n|h])<2°*!. (Thus cn|h| 20~V <2c27% for j<jy;
enlh| 287 >2027% for j> ).
This implies that, for every » e R”,

e+ —feal< 3 lpte+ - sl enlilatv+ S 22

7=pn+1

< cnlh| Z 20-M 4 2¢ 2 27 = cplb| Q7Y ( 22(1—1)/)4_
7=0

j=— J=jn+1

+ o
+2€2_W°+1)( > Z‘Af) =qlh| @)+ gt s
7=0
1- bl \*
\€1|b|< VJ|) A+Cz(£‘2—|’) $M|b|l.

Now let us introduce new function spaces, which are closely related to the Nikol-
skii spaces N*. They are defined by replacing, in Definition 1, the group of transla-
tions with the identity component SO(#) X R” in the group of all isometries of the eu-
clidean space R”. ~

Let G be the group SO(#) X{R” and V be the Lie algebra of SO().

We define d(A) = min {|X||X € V and exp X = A} for every A € SO(n); |(4,b)| =
=d(A) + || for every (A, b)eG.

Therefore fe N*.
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Derinrrion 2. For every A €10, 1[, let
E' = {feL'R") sup (4, 8)| | Adx + b) — fix)| <+ } .
(4,5 €G, (A, 5 #(,0)
Evidently, E* ¢ N*.
Conversely, we have

Tueorem 2. Let supp f be compact. Then fe E* if and only fe N

Proor. Let us suppose that f€ N* and supp f is compact. It is sufficient to show
that

sup  |(A,0)| | AAx) — Ax)|| < +°.
AeSOMm),A+]

Let us write f= 2 /; as in Theorem 1.
7

Since supp f is compact, we may choose #>0 so that supp f; c B(0,7) for every .
Let A €SO(n) and x € R"; choose X € V so that exp X = A and |X| = d(A). Consider
the curve in R” given by a(#) = exp tX - x, ¢ € [0, 1]. Remember that exp X € SO(#) and
o'(£) = X-exp tX - x.

Therefore

1
£ —£0ll = [ | [ V(exp X x)-a'(0) de | de<
0
1 1 "
$IJ'|V]§-(exp tX - x)||'(2)] dxdtsfj /eE Dy f;(exp tX-x)||X - exp tX - x| dxdt <
=1
0 0
1
<r*?[ [ 2 IDesj(exp X [X] lexp ][] d de <
L=

1
< |X|f f /El IDi f(exp tX - x)||x| dx dt <’ r|X]| 20~ = ¢ |X| 207,
0 B0,

Thus we have both the following estimates

2c27%
||f] (Ax) — f; B[S {01 |X| 20— %

Following the same reasoning as in the second part of Theorem 1 we get

sup  [(4,0)] 7| Adx) — flx)]| < +oo.
AeSOm),A+#1

We therefore have fe E*.

v;.

Remark 1. If supp fis not compact, it is not true that f€ N* implies f € E*. We out-
line a counterexample; details will appear in[1].

Suppose that # = 2. Fix A €]0, 1[; choose ¢ >0 such that ¢* >2. Denote, for every
keN, 4, = (tan (o *z/4))"}; Q, the square with vertices in (#,0), (¢ + 1,0), (& +



FUNCTION SPACES OF NIKOLSKII TYPE ON COMPACT MANIFOLDS 189

+1,1), (a,1); x: the characteristic function of Q. Let

+ o0
fixy= 2 27 ().
Then we have fe N* and f¢ E*.

2. - In this Section we consider compact homogeneous spaces and on them we de-
fine and characterize function spaces of the Nikolskii type. Our main references here
are the books[3, Ch.II, Ch.X; 7, Ch.IV, Ch.V].

Let G be a compact connected Lie group, K a closed Lie subgroup of G, M the
space of left cosets xK, x € G. Fix on M, once and for all, a G-invariant riemannian
metric (by G-invariant we mean that each transformation 7(x): M— M, z(x)p =x-p
(x € G) is an isometry). Let » denote the invariant measure on M corresponding to the
riemannian metric. Let G be the Lie algebra of G and exp: §— G the exponential
mapping; since G is compact, exp is onto G.

For every X € G, we define a vector field on M by the formula

X+ip) = lim flexp sX -jp) — fp)

Finally, let || denote a norm in G, induced by an inner product.

for feC* (M), peM.

The previous Theorem 2 seems to justify the following

DermntTion 3. For every A €10, 1[ let
E00={/eL' 00| s X171 exp X p) = fiplhig <+

As before, we have

Tueorem 3. f€ E* (M) if and only if there is a sequence (f);o,,,.. of functions in
C” (M), satisfying the conditions:

“+
(?) f= _2012 in L' (M);
j=
there exists ¢>0 such that, for every j,
”fj”Ll(M) < 6‘2—)\].; IlX*ﬁllLl(M) SCZ(I_’W, VX € g ZIJZ.fb |X| = 1
Proor. Suppose that fe E* (M

Let the measures on M, G, K be normalized so that fF(x) dx = f( f F(xk) dk | du
for every Fe C(G). M

For;j=0,1,..., let B; be the ball of radius 27 in §; we may suppose that B is a nor-
mal neighborhood of 0 in §. Let ¢; be a smooth function on G, supported on exp B;,
such that ¢; =0, fqaj(x) dx=1and ||[X¢;|11 ) < C2?|X| for every X € G, where X is the

G
right invariant vector field on G, defined by X.
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Let o = 90, ¢ = ¢; — ¢;—1 for j= 1. For every x € G, let f{x) = f(xK). The function /
is right K-invariant smce feL'M), fe L'(G) and F; =, *fis a smooth right K-in-

variant function on G. Since (g,) is an approximate identity, /= 2 in LY(G).
/=0

Define on M =G/K f,(xK) = F,(x); then ;€ C* (M) and f= Z f; in LY (M).
We have to estimate the norms ||f|l.1gp and [X*£lpian. 7
For every /=1 we obtain

1£llean =1E I = [ 14 * 7] de =
G

f L0y %) dy - fsb,(y)fx)dy de< f f 40 | Fy™" ) — Fo)| i dy.

G

Since supp ¢; ¢ exp B;_;, for every y in supp ¢; there exists exactly one Ye B;_,
such that y=exp Y.
Then it follows that

flf(y'lx) = fx)| dx = || Alexp (=) x) = fx)le o) =
G

=||flexp (=Y)-p) = Ap)llrap SLIYP <1207,

This implies
Il <1207 [l )l dy< e 277
G
In a similar way, we estimate ||[X* £ |1y . Let X € § with |X| = 1. For every xe G
we have
X*f(xK) = XF; (x) = X(¢; *)x) = (X¢y) * fx).
Therefore
1X* £llr any = 10X * Al o)

Since ng]- has mean value zero (see [13, p.387]) we obtain
1 £l o sf J X [ Ay~ %) = fix)| dxdy < L2172 2C2 |X] = 20 7.

GG Lo

Conversely, let f= E /;, where the f; satisty the conditions (7) and (7).

LetpeMand Ye Q,wnte Y =X with |X| =1 and's=0. For every =0, 1, ... we
define ;
| hi[0,11>R, b)) = fexp 1Y +p).
Since
; +8) Y- p)— filexp tY-p)
b],(t)zhr%fi(exp (u+0)Y-p)—§ YD) et exp 1Y)

U
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we have

1 1
flexp Yp) = (o)l = | [} 00de | <5 [ |X*f(exp 15X -p)| do.
0 0 ‘

Moreover, the G-invariance of the measure p implies that

I/ (exp Y-p) = (Pl = f |fi(exp Y-p) = fi(p)| du(p) <
M

1 1
<s| [1X*fexp t5X-p) dulpyde=s | [1X*F(p)] du(p)dr < es20 7 = Y20
0 M 0 M

Therefore

2c27%
Ut -p =~ fipeon <oy

The conclusion follows from the same argument as in the second part of
Theorem 1.

Y.

CoroLrLary 1. Let f be a smooth function. Then fe E*(M).

Proor. Let fy = £, £ = 0 for every /> 0. It suffices to prove that there exists C>0
such that, for every X € ¢ with |X| = 1, ||X* f||.: &y < C. Choose an orthonormal basis
Xi,...,X, in G. Let X € § with unit norm; then it follows that 4;,...5, € R exist such

7 7
that X= 2 5,X;, with |5] <1. Since X* = X, b, X, the result is easily proven.
i=1 i=1

3. —In this Section we shall compare the spaces E* (M) introduced in n. 2, with the
Nikolskii spaces, defined on a riemannian manifold by coordinate maps.
Let M be a riemannian manifold; let {(U,,¢,)|« € A} be an atlas on M.

DerintrioN 4. For every X €]0, 1[, let
N*M)={feL'M)|Vae A,VEe C” (U,) (&) o ;' € N*(R")}.
It is easy to see that this definition is independent of the various choices of the atlas; in
fact one need only check Fo® e N*(R”), if F is a function in N*(R”) with compact

support and @ is a diffeomorphism (and this result follows, for example, from Theo-
rem 1). :

Now let M be a compact homogeneous space, as in the previous Section; let # be
its dimension.

Tueorem 4.
N* (M) = E* (M)

Proor. Let us assume that f& N* (M). Choose an atlas {(U;, ¢)|/=1,...,7} of M.



192 C. BONDIOLI

Select two open coverings {V;} and {W,} of M and a partition of unity {¢;} such that
suppy c W, c V¢V, cU,.

For every /, let f={;-f and F,=f0¢;" in ¢;(U)) (and F, =0 elsewhere). Since
fe N*(M), F; e N*(R"); therefore there exists a sequence (Fj); o, 1,... of functions satis-
fying the conditions of Theorem 1. Moreover, since supp F; ¢ ¢;(W}), we may suppose
that supp F; ¢ ¢;(V)).

If we define f; = Fj; q)z in U; (and f; = 0 elsewhere), then f; € C* (M). Furthermore

it is easily seen that f; = Z f,j in L' (M) and that there is a constant ¢; > 0 such that, for

every 7, | filloon < 2” '\’ .

Now we have to estimate | X* f;||.:ap), for X € § with |X| = 1. To do this, take an
orthonormal basis X, ..., X, ,, of G. Let X, ..., X, be the corresponding vector
fields on M. Let y,,...,y, be the system of coordinates on Uj; then, for every s=
=1,...,n+ k, there exist functions 4, ...,4; in C*(U,) such that

X*(p)= 3 4l (p) ai (p) Vpel,.
i=1 Vi

Let A= max max max |4 (p)|. Then
ISs<n+k 1<i<n peV,

K silown < 2 [l 0| 2= (01, | dp) <
Vi

$A-§1 Jl p)fy d#(p)<CZAZ f D, Fy (x)|dx < ¢ 2077

% A
I wtk o (Vi

Now let X€@ and |X|=1; then X= X b X, with |5,|<1; therefore
s=1

”X*fIfHLl o) = S(n+k)e20-V,

n+k
_\'gl bx X:*‘ﬁj

It follows from Theorem 3 that f; € E*(M). Since f =( > gbg) f= 2 f, we obtain
Fe B (M) =1 =1

To prove the other half of the Theorem, take an atlas {(U;, ¢;)|/=1, ..., 7} with the
propetty that for every coordinate neighborhood (Uj,¢;) there ate # unitary vectors
Xy, ..., X, € G such that the corresponding vector fields X7, ..., X}, generate the mod-
ule of all vector fields on Uj.

Now suppose that fe E*(M). Let £eC”(U); we have to prove that
Efoort € N*(R"). Choose W, and V, open sets of M such that
supp&c W, ¢ V, ¢ V, ¢ U, Since £f € E* (M) (the proof is similar to that of Corollary 1),
there exists a sequence (f;) of functions of C” (M) satisfying the following condi-
tions:

(2) supp iV, and Eif= i;]ﬁ in L'M);
i
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there exists ¢>0 such that, Vj
I£lan <275 IX*flloan <c2'™Y, VX eGuwith |X]=1.
We define F=£fog; ! in ¢;(U) (and F =0 elsewhere); F, =f09; ' in ¢;(U; ) (and
F; =0 elsewhere). Then F; e C” (R"), E F,=Fin L'(R") and there exists ¢; >0 such

7

(72)

that, for every j, ||F; ||L1(Rn) <27
It only remains to estimate the norms ||DbF It gey for h=1,.
Let y,...,9, be local coordinates with respect to (Uj, ¢,). Then

1D Bl gy = f |D, F;( }Idec,f
; T,

a(V)

JAYAN

9
L

From our hypothesis on the atlas, it follows that there are # functions 47, ..., 4’ in

C* (U)) such that

aa,, Z & () Xi(p)  for every peU.

Let A= max max max Ia,- ().
1<shsn 1<isn peV,

We obtain

Iy
<A 2 X5 £l 0y S Ac E 2074 < g, 207
i=1
Hence, by Theorem 1, Fe N*(R").

Ll

J <2 [l 0K @)l dutp) <
Vi

Remark 2. Nikolskii spaces on open sets of R” naturally occur in the study of par-
tial differential equations. By analogy, the function spaces E* (M), that we have intro-
duced here, could prove interesting in problems concerning differential equations on
manifolds, particularly if we have to consider differential operators, which are invari-
ant under global transformations of the manifold.

An example of such a situation is the following.

In[6] a regularity result is proven for the solution of the two-phase Stefan prob-
lem in a bounded domain Q of R”, under the assumption that the initial data are as-
signed in a suitable Nikolskii space on Q. The demonstration makes use, among other
things, of the invariance property of the Laplacian with respect to the translations of
R™: A(fix+ b)) = A4f)(x + b).

Also for applications, it is interesting to study a similar problem no longer in Q, but
rather on a riemannian manifold M (for instance, on the boundary of Q) and — also in
this case — to take the initial data in N* (M) (this problem is proposed in [5, 5.c]). The
definition of N* (M) utilizes coordinate maps; therefore, it is not clear how to use the in-
variance property of the Laplace-Beltrami operator of M under all isometries of M:

(%) A(flg-x)) = (4f)(g-x)  for every isometry g of M.
If however M is a homogeneous space of a compact Lie group, the definition of E* (M)
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(which makes use of a transitive group of isometries of M) and Theorem 4 allow us to
avail ourselves of the property (*). In this case therefore it seems possible to extend
the techniques of [6] and consequently to obtain a similar regularity result.

ACKNOWLEDGEMENTS

I wish to thank E. Magenes and C. Baiocchi for helpful discussions on this subject. I especially ex-

press my gratitude to F. Ricci for valuable advice. This research was supported in part by
M.URS.T.

REeFERENCES

[1] M. P. Bernaror - C. Bonorovs, Osservazioni ed esempi sugli spazi di Nikolskii. To appear.

[2] J. BercH - J. LorstrOM, Interpolation Spaces. Springer Verlag, Berlin - New York 1976.

[3]1 S. HercasoN, Differential Geometry and Symmetric Spaces. Academic Press, New York - London
1962.

[4] A. Kurner - O. Joun - S. Fucik, Function Spaces. Academia, Prague 1977.

[51 E. Macenes, On a Stefan problem on the boundary of a domain. Proceedings of the Intern. Meeting
on Partial Differential Equations and related Problems (in honour to L. Nirenberg) (Trento, 3-
8/9/1990), to appear.

[6] E. Macenes - C. Verpi - A. VISINTIN, Somee theoretical and numerical results on the two-phase Stefan
problem. SIAM ]. Numer. Anal., 26, 1989, 1425-1438.

[71 Y. Matsusuma, Differentiable Manifolds. Marcel Dekker Inc., New York 1972.

[8] Y. MEver, Ondelettes. Ondelettes et opérateurs I. Hermann, Paris 1990.

[9] S. M. Nixovsku, Approximation of Functions of Several Variables and Imbedding Theorems. Springer
Verlag, Betlin - New York 1975.

[10] F. Riccr - E. M. StewN, Harmonic analysis on nilpotent groups and singular integrals. II: Singular ker-
nels supported on submanifolds. J. Funct. Anal.,, 78, 1988, 56-84.

[11] E. M. Stew, Singular Integrals and Differentiability Properties of Functions. Princeton University
Press, Princeton, N.J., 1970.

[12] M. H. TasLeson, On the theory of Lipschitz spaces of distributions on euclidean n-space. 1. J. Math.
Mech., 13, 1964, 407-479.

[13] V. S. VaraDARAJAN, An Introduction to Harmonic Analysis on Semisimple Lie Groups. Cambridge
University Press, Cambridge, N.J., 1989.

Dipartimento di Matematica
Universita degli Studi di Pavia
Strada Nuova, 65 - 27100 Pavia



