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Matematica. — Dependence of fractional powers of elliptic operators on boundary 

conditions. N o t a d i P A V E L E . S O B O L E V S K I I , p re sen ta t a (*) da l Socio E . Vesent in i . 

ABSTRACT. — The realization of an elliptic operator A under suitable boundary conditions is consid­
ered and the dependence of the square-root of A from the various conditions is studied. 

KEY WORDS: Elliptic operators; Fractional powers of operators; Resolvent function. 

RIASSUNTO. — Dipendenza di potenze frazionarie di operatori dalle condizioni al contorno. Viene consi­
derata la realizzazione di un operatore ellittico A sotto opportune condizioni al contorno e viene studiata 
la dipendenza della radice quadrata di A dalle diverse condizioni. 

1. The character of the results obtained is demonstrated by the following example. 
Let 0 be a bounded domain in W with boundary dû of class C2 and let o-(x) be a 
(smooth) nonnegative function defined on dû. We define the operator A^ which acts 
in Lp (0) (Kp < oo) by the formula 

(1) A9v(x) = -Av(x) + v{x), (xeû), 

for the function v(x) e W2 (Q) which satisfy the boundary condition 

(2) dv(x)/dNx + <i(x)v(x) = 0, {xedû). 

Here A is the Laplace's operator, Nx is an outward normal vector to the boundary dû 
in the point x. This set is called the domain of the operator AQ in the space Lp (Q), and 
it is denoted by ©(4,,p) = 3 ) (4 ) . Evidently ®(Aai) = 2)(42) iff <JX (x) = a2 (x). 

The operator Aa defined in (l)-(2) is positive and therefore any integral or frac­
tional AZ is defined [1]. It is known (Seeley[2]) that ®(41/2) doesn't depend 
on a. 

THEOREM 1. The operator K = A^2 -A^2, A{ =Aa.y has a closure K which is a 
bounded operator, and the following estimate 

(3) \\K\\LP^LP ^Mp2 (p - I)"1 max h (*) - a2 (x)| 

holds. 
Here M is a positive constant depending on p. 
The case p — 2 of this statement was earlier proved in [3]. 

2. We shall prove Theorem 1 for the case when Q = R+ = {x =(Xi, ...,x„), 
— oo <Xj < +oo? / = 1,...,« — 1, X» > 0} and oy(x) are uniformly continuous functions 
defined on dû. We can investigate the general case by means of the localization 
principle [4]. 

(*) Nella seduta dell'll maggio 1991. 
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By formulati] for fractional powers of positive operators given in[ l ] , we ob­
tain the identity 

00 

G=(Ap<t>1,t2)-(t1,Ay2$2)=±jx1'2{(A1[X + A1T
lt1,[X + A2T

1h)-
0 

-(&+A1T
1fi,A2[X + A2t

1<h)}<h, M % , ? ) , fee®(i42,?), l/p+l/q=l 

and 

(<Pi><p2) = \<Pi(x)'<p2(x)dx. 
Û 

Integrating by parts and using the boundary conditions (2) for <r = ay we 
obtain 

00 

G = 7 J A1/2 [[ci! (k) - a2 (x)][A + A J - 1 fc (x) • [A + A 2 ] - 1 fc {x)dxdX. 
o SQ* 

Let G/foy; A) be a Green-function of the resolvent equation for the operator Aj. The 
integral representation given in[l] 

^\-Ar1Mx) = JGi(x9y;X)<pi(y)dy 

yields 
00 

G = £ J A1/2 dX J [ffl (x| - 02 (x)] ix J G, (x, y; A) fc (y) iy J G2 (x, z; A) fe (z) &. 

0 dùx ûy ùz 

It follows from the maximum principle that 0 ^ Gj(x,y; A) ^G0(x — y; A). Here 
G0(x;A) is the fundamental solution of the resolvent equation for the operator — A. 
Hence the inequality 

00 

\G\^~jX^2dxj l^M-r^WldxJGoix-y^^WldyjG0(x-y;X)\$2(z)\dz 

o dax w; R* 

holds, where 

„• ffc(x) if xeQ, 

[0 if x$Q. 

Further we represent G0 (tf; A) by 

r / I I2 \ n 

(4) G0 (x; A) = J (2 V**)"* exp I - - j - - A/1 J/, |x|2 = E *2 

o 
with the help of the fundamental solution of the heat equation [1]. That implies the 
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identity G0(x;X) = X^2 1G0(x^/X;iJ, and therefore the inequality 
00 

\G\ ^ ^ J A~3/2"ndx j la!(x) - <J2Ml <** J G0(y V^; i) tèi(* + y)l<*yx 

0 Bùx RJ 

X J G 0 . (ZVA;1) |# 2 (^ + Z)|& 

holds. The replacements y^Jx->y, z^/x-^z, X~^2-^X lead then to the inequali­
ty 

00 

|G |*sJ J dX J | œ 1 ( X ) - œ 2 M | ^ J G0(3;;l)fe(x + A);)|iyj G0fc l)fe (x + Az)|<fe. 
0 9QX RJ R* 

By means of the Holder inequality we obtain the inequality 

\G\ ^ — max lo-i (xj -*2(x)\JG0(y;l)dyJG0(z;l)dz\ jdX j \h{x + Xy)\pdx 
l o ao* 

00 

J JA J |&>(X + AZ)NX 

1/p 

0 dûx 

p ? 

As Û = Rn
+, then 

00 

jdX jlfaix + Xy^dx 
) dQx 

The identity 

I/P 
jdx j\$l[x + MO,...Ayn)l\pdx 

0 dùx 

1/P 

= kri/ii^iiLP(o). 

1/* 
- 1 / * HfclL *(û) p A I |£2(x + Az)|*ix 

\0 dûx ) 

is established in a similar way, and therefore the inequality 

|G|«(2/*) max h(*)-«r2(x)| ||^||Lp(û) ||fc||^(û) f G0(y; 1) b>„l_1/p^ f Q f c D WV""dz 
R; R* 

holds. 
By (4) we obtain the identity 

00 

JG0(y;l)\ya\-^dy = jexp(-t)dt j {l V ^ P " 1 ' x 

R; RF' 

b'12 
Xexp f-^i - b/=/(2V^rexp - ^ U , , kï 
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n - \ 

y ' = (yi>-->yn-i)> \y'\2 = 2 yf, 
i=l 

and, by direct computations, 

JG0(y; 1) \yn\-^dy = 2-ri TC* r(l-j-\r 
R? P ' 

and 

\ G0(z; 1) \zn\~llqdz = 2-* iT* Wl - ±-\ r 
R? 

i l - i 
2 V P 

7 I " 2 \ ? 

In conclusion the inequality 

|G| *s (*r2 r(i - i/(2p))r(i/2 +1/(2/0) x 
XP[(1 - l/p)/2]r(l/(2p)) max |ffl (x) - *2 (x)| X | y |L (Q) ||&||L (Q) 

x e 3 Q F q 

holds. 
As the sets S)(Ai) and (S)(A2) are dense in Lp(Q) and L^(Q) respectively, then the 

last inequality leads to inequality (3). 
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