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Rend. Mat. Acc. Lincei
5.9, v. 3:23-34 (1992)

Equazioni a derivate parziali. — Some new results on a Stefan problem in a concen-
trated capacity. Nota (*) del Socio Enrico MAGENES.

AsstrRACT, — An existence and uniqueness theorem for a nonlinear parabolic system of partial dif-
ferential equations, connected with the theory of heat conduction with a transition phase in a concentrat-
ed capacity, is given in sufficiently general hypotheses on the data.

Kevy worps: Nonlinear parabolic partial differential equations; Heat conduction; Phase changes.

Riassunto. — Nuovi risultati su un problema di Stefan in una capacita concentrata. Viene dato un teo-
rema di esistenza e di unicitd per un sistema non lineare parabolico di equazioni a derivate parziali, con-
nesso con la teoria della diffusione del calore con cambiamento di fase in una capacita concentrata, in
condizioni abbastanza generali sui dati del problema.

The theory of heat conduction with phase changes in a concentrated capacity
(see[1,4,10] and references therein) suggests the following problem.

Let Q be a bounded regular set in R”, #=2, I'=09Q, v the inward normal to I,
Q=0x10,T[, T>0, Z=IXx[0,T[, 4 the Laplace operator in R”, 4, the Laplace-
Beltrami operator on I" (with respect to a Riemannian structure g on I'). Given a non-
decreasing Lipschitz continuous function 8: R— R, such that £(0) = 0 and B grows at
least linearly at o (6= () is the constitutive equation relating the temperature 6 and
the enthalpy density #), and functions #,, 6,, f and ¢ defined on I', 2, £ and Q respect-
ively, the problem reads as follows: find the functions u and 0 such that

{86/8t-—40=¢ inQ, 60)=6 inQ, 6=8u) onX,

(1)
Ou/dt—A,0—030/dv=f on Z, u(0)=u on I,

Recently in[9] I have studied the case: % =0, 6, =0, ¢ =0 in some suitable Hilbert
spaces. Now, I want to consider the general case, which is not a straightforward con-
sequence of the previous one.

1. Let Q be an open bounded set of R”, »=2, whose boundary I'" is an oriented
connected C” (z — 1)-manifold. We shall use the usual L?-Sobolev spaces H* () and
H*(I), s real (see e.g.[6]). In particular H(I') = L?(I"). As usual we identify L?(I")
with its dual so that we have H' (I') c L* (I") c H™* (I'), with continuous and dense in-
jections. Let { #,v) denote either the scalar product in L2 (I") or the pairing between
H™'(I') and H* (I'). Let us denote by v the inward normal to I', by V and 4 the gradi-
ent vector and the Laplace operator in R”. Moreover we shall suppose that a (proper)
C”-Riemannian structure ¢ is defined on I' and we denote by 4, the Laplace-Beltrami
operator on I" with respect to g (see e.g. [3]) and by (%, v) the scalar product with re-
spect to g, either for # and v € L*(I") or for ue H™'(I') and v € H (I'). We recall that

(*) Presentata nella seduta del 16 novembre 1991.
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u— A,u is a linear continuous operator from H Yr) into H™ (I and that
(1.1) —(A,v,u) = (dv,du) Vu, ve H\(I,

where d is the exterior differential on I'. Moreover we shall use also the spaces H"*, »
and 5 non negative real numbers, as defined in [6, chapt. 4, n. 2.1], namely:

(1.2) H"™(Q)=L?(0, T; H'(2)) n H* (0, T; L* (),
(1.3) H™ (2)=L2(0, T; H'(I)) n H* (0, T; L2 (1)),

endowed with their natural norms. In addition let 0 <o < 1/2 be a fixed number and
let B° be given by

(1.4) B" =L2(0, T; H (1)) noHY?*7 (0, T; L*(I)
where
(1.5) oHY?2+2(0, T L2(I") = {v e H/?*7 (0, T; L*(I")), v(-,0) = 0} .

B’ is a Hilbert space with the norm ||t]|gv/2+- (5.
Now let A, be fixed in H'(I) and let us consider the set

(1.6) Bj, = {he H"/>**(2),h(-,0) = hy}

which is a closed affine manifold of H“2*°(X). We can obviously represent any
h € B, by the formula

(1.7) b(x,t) = hy(x) + v(x,£) with veB.
Let us consider the following problem:
given by e H'(I), heB; with (1.7), ¢el*(Q) and 6,eH'(Q)
(1.8) with 64\, =hy, find 6€ H>>*(Q) solution of
0/3t—Ab=¢ in Q, 6=h onX, 6(-,00=60 in Q.
We have the following
PropostTioN 1.1. Problem (1.8) has a unique solution 6 € H*>3/*(Q) and we can de-

fine 36/3v on X with 36/3ve L*(X) and

(1.9) 06/8v]lr2x) = Cllboller ¢y + s + ol @) + lellzz )} »

where C is a positive number independent of by, v, 8, ¢.

Proor. We can split (1.8) writing 6 = 6, + 6, + 6, where 6;, = 1,2, 3, are respect-
ively the solutions of the following problems:
(1.10) 86,/0t—46,=¢ inQ, 6,=v onX, 6,(-,0)=0 onQ;
(111) aez/at—A62=0 IIIQ, 02':0 01'12, 02(',0)=0071 OHQ;

(112) 303/at—A03 =0 in Q, 03 =/f70 01’12, 03 (’,0)=60’2 Oan;
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where 0, ; and 6, are determined by 6, =6, ; + 0y, with the following conditions
(1.13) 0y, € Hj (Q), 460, =46, in H'(Q),
(1.14) b, € H2(Q), 46, =0 in Q, 6,=h, onlI.

Now (1.10) can be studied by the methods used in [6, chapt. 4], and more precisely
in [2, Teor. 3]; let us remark that B’ is contained, with continuous embedding, in the
space B defined by (2.4) of [9]. Then there exists a unique 6, € H*>**(Q) solution
of (1.10) and we have 36,/9v € L? (£) with

36,

v

Problem (1.11) is a classical one and it is well known (see e.g. [6, chapt. 4]) that there
exists a unique solution 6, € H>!(Q) such that 36,/dv e HY/2Y4(2) c [2(X) and

36,

ov
Finally (1.12), recalling (1.14), has the obvious solution 65 (x, £) = 6, , (x), independent
of ¢ and from [6, chapt. 2], we have
30,
E3
Collecting the previous results we obtain the proof of Proposition 1.1.

Now if we consider ¢ and 6, (and consequently 5,) fixed we can see 36/3v on ¥ as

an operator depending only on 5 (really only on v); so we shall call the operator by
Tp.0» 1. we shall define

(1.18) Toot b= Ty 0h =036/,

Remark 1.1. Note that for a.e. £ € [0, T] the value (Ty, /) (#) depends on the val-
ues of » (and ¢) in the interval [0, £].

(1.15) ey = Clille + llellz ) -

12(2) = CNGO,l”Hl @ -

(1.16) ’

(1.17)

ey = Clbollnn

Finally let us introduce the function 8:
(1.19) B =aE—-1)"—bt" VEieR,

where @ and b are fixed positive numbers (for more general class of functions g see [9,
Remark 2.27).
Now we state the main result:

Tueorem 1.1. For any fel?(2), 9eL?(Q), uyeL*(I) with B(uy) € H (I,
b, € H' (Q) with 6y|; = Buy), there exists a unique function u, with
ue H (0, T; H Y (I) n L™ (0, T; L? (I")),
Bu) € L* (0, T; H'(I) n H* (0, T; L* ()
such that in the sense of H' (0, T;H™*(I) we have:
(1.20) du/at — A, Bu) — Ty o Bw)=f,  ul-,0)=1u,.
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With the above notation the first equation of (1.20) means that for a.e. # in [0, T]
we have

(Ou(t)/3t,) — (dB(u(®)),dp) — ((Ts,,, B)(®),¢) = — (An,¢)  Yye H(I).

Remark 1.2. Equation (1.20) gives an exact formulation of Problem (I) as a non-
linear evolution equation on X in the unknown #; this formulation can be viewed as a
usual Stefan problem on X perturbed by the nonlocal (in x and in #) term Ty , B().
The proof of Theorem 1.1 shall be given following the same techniques used
in[9].

2. In order to prove Theorem 1.1 let us introduce a regularization of problem
(1.20). For any ¢>0, let 8, be defined, e.g., as follows:
2.1 L) =P if £=0, B (O)=p®) +¢ if £=1,
B,€C*(R), le<p.(())<L VteR(, L positive numbers).

Then it is easy to prove the existence of #{ € H (I} and 6; € H*/?(Q) such that

(2.2) lim o5 =u in L2(I),  lim§, (u5) =Blue) in H'(D),
(2.3) 051r = B, (u45), lim0G =0, in H' Q).

Then, for any ¢> 0, the regularized problem reads as follows: find u, € H>' () such
that

(2'4) aut—:/at_Ag ﬂe (ue)_Tﬂf},p uBs (ue) =f) U, (')O)=u(§
and we shall prove the following

Tueorem 2.1. For any ¢>0, problem (2.4) has a unigue solution.

For the sake of simplicity, since no confusion is possible, we shall omit the subscript
¢ in all functions occurring in the formulation of the regularized problem, everywhere
in the present Sect. 2. Moreover, since we consider #, 65, ¢ fixed, we shall omit the
subscript 6, in Ty ,, so that problem (2.4) reads

2.5) : Oufdt— A, Bu) — TRW =f, (-,0)=1.

In order to prove Theorem 2.1, let us introduce the following family of problems: for
any w e B; and a €[0,1] find ve B "nH>' () such that

(2.6) v/ot— A, Bw)=aTBw) +f, 0(~0)= 1.
Since w € B, also B(w) € B, and (cfr. (1.6), (1.7)) we have B(w) = B(x) + k, with
ke B°. Now we can prove the following

PropositioN 2.1. Problem (2.6) has a unique solution so that

@7 el sy = CE{lollez ay + 18l iy + el + Boller @) + lellz @) + 1Az )} »
where B(w) = Buy) + k and C(e) is independent of « € [0,1].

Proor. Proposition 1.1 shows that F=a T (w) + f belongs to L?(Z). Let {F,}
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and {u,}, n=1,2,... be such that F, e ®(), #, € ®(I') and ﬂl'_n)rgo F,=Fin L*>(I") and
lim u, =u, in H Y(I"). The problem

(2.8) 81},,/81‘ —4,8(,)=F,, v,00)=u,

has a unique solution v, € C* () for classical results (see e.g. [5]). The following es-
timates can be easily proved, recalling that 8= g, satisfies (2.1):

2.9) o= 0, 7. 22 ) + 1Bz 0,710y = ClIFollez ) + Ntallz oy} 5

(2.10) 60, /3¢|lr2 5y < Ce){|IF 2 ) + 1Bl iy }

where C is independent of ¢, « and # and C(¢) is independent of « and #. Indeed (2.9)
(resp. (2.10)) can be obtained if we multiply for any ¢ (2.8) by v,(?)
(resp. 3B8(v,(#))/dt) and integrate on I" X]0, £[ (resp. on X). Hence from (2.8) we also
obtain

(2.11) loallzz 0,7 12 ) = CELIE N2y + letallez iy + 1Bl iy} -

Then, using standard compactness procedures and the monotonicity of 3, we obtain
the existence of a solution of (2.6) with v € H>'(Z) n B;,. The uniqueness is also easily
proved by the monotonicity of 3. Moreover (2.7) follows on using also Proposition 1.1
and the fact that « € [0, 1].

Now, letting #,,6y,¢ and f be fixed and writing w = #, + w with w € B° and v =
=y, + v, with v € B° (recall (1.6) and (1.7)), we can consider 7 as a function of w and «,
namely,

(2.12) v=0w,a), webB’, a€l0,1]

and © is an operator acting from B° X [0,1] in B° n H>!(Z). Proposition 2.1 guar-
anties that ® maps bounded sets of B’ in bounded sets of B> n H*! (X), uniformly with
respect to « € [0, 1]. Moreover, we shall prove the following property:

Prorosrrion 2.2. The operator ® is continuous in B°, uniformly with respect to
«a€[0,1].

Proor. Let w; € B’ and v, = ®(w;,a), i=1,2 and w; = uy + w;, v; = uy + v;. Then
v, — vy =1, — v satisfies
2.13) 3w, —v1)/dt = A, (B(rz) = B(v1) = «(T B(wy) — T Bwr)), 2,(0) —2;(0)=0,

which can be written, for any #€ [0, T], as follows

(226) = 0. (6,9) + | d [ (Blo 5)) = Blor 5))) ds, dp | =
0

=°‘f [{Tﬂ(wz (5)) — T B(w, (5))} ds g do, Yy e H (D).
0

r
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Taking ¢ = B(v, (#)) —B(v; (9) and integrating from 0 to T, we obtain

214 | [(oa0— 0 (0) (603 0) ~ 0y ) dode +

L
=°‘f f f {T By (5) = T Blawy (9)} ds { ez (1) — Bler (1)} do dit.

o r o

Now, since B(=p,) satisfies (2.1), we have

(2.15) |BE) — B <LE-n)(8® —B(x), V& neR.

Therefore from (2.14) and Proposition 1.1 (note that T B(w,) — T Blw,) =
= Ty,0(B(w,) — B(wy))), we obtain ||8(z;) — Bz =< C|| T Bwy) — T Bw)|r2e =
< C||B(w,) — Bw,)||- with C independent of « and e.

Finally, noting again that 8(=p,) satisfies (2.1), we obtain

(2.16) ”1)2 - Ul"LZ(z) “7)2 - Ul”LZ @ = Cle ”wz wl”B Cle ”wz 17)1“37

where C(¢) is independent of a.
Now let us recall that from the interpolation inequality (see, e.g. [6, chapt. 1]) we
have, for any ze H*!(£) n B°

2.17) ”Z”LZ(O,T;HI(I')) = C”'ZHZZ(O,T;LZ(F) ”Z”LZ 0, T, H2(T"
”z”H‘/““(O,T;LZ o = C“Z“iéz(o,;;ﬁ @) ”z”llLI/‘2(3—; 12(I)

Hence, using (2.17) for 2, — 7y and (2.16), (1.6) and Proposition 2.1, we have that if
w, — w; in B°, then 0, — v; in B°, uniformly with respect to «.
We shall now prove the following

Prorosition 2.3. There exists a positive number C(e), independent of a, such that, if
v is any fixed point of ® and 0=<=a =<1, then

[ells: = Ce) {Il Al ) + llelliz @) + Nollez iy + 11BCaler ay + 1Boller @y -

Proor. If v is a fixed point of @, then v =, + v is a solution of problem
(2.18) dv/ot— A4, Bv) —aT ) =f, v(0)=u

and we have v € H>'(2) n B, by Proposition 1.1 and Proposition 2.1. Setting

MO =[Bn)dy  VEeR,
0
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we can multiply (2.18) by B(v(#)) for ae. ¢ in[0,T] and integrate on I' and we
obtain

(2.19) (% fl(v) ds + (df(v), d(v)) — affﬁ(v)ﬁ(v) do = ffﬁ(v) do
r r

r
By definition T 8(v) = 86/3v when 6 is the solution of the following problem
(2.20) 80/0t—Ab=¢ inQ, 6=8@) onX, 60)=6, inQ.

Then, for a.e. ¢ in [0,T], we have

—fT,B(v)-,B(v)dc=f|V6|2dx+jA0-0dx=J'|V0|2dx+f g% de—ngdx,

r Q Q Q Q Q

so that (2.19) becomes

S fz(u ) do + (dB(v), dB(v)) +af|V0l2dx+ fl@lzdx—af¢0dx+ffﬂ v)do.

Q Q

Therefore, integrating from 0 to 7, 0<?<T, we get
7

J’)\(v(I‘))da—FJ' (dﬁ(v),dﬁ(v))dt+af f’V@F dx dt + %flﬁ(?)]z dx =

r 0 0 Q

J Mup) do + & j]@olzdx+af fgo@dxdﬂrf ff,B v) do.

r o r

Hence on using the elementary inequalities |8(£)]?/2L <x(6)<L&?/2 we obtain
finally

221 |BOr=o .20y BNz, 180 = CU Al lellzcorH leollzay 160l @) »

where C is independent of « and ¢. Recalling again (2.1) (since 8 = 3,) we deduce from
2.21)

(2.22) Ielle= 0,722y = CUA e ) + lellie ) + llollzz ey + ollz i} + €,

(2.23) lellez 0,751 ) = C(&) {1 Az ) + lelliz 0 + etllez oy + ollz

where C is independent of a and ¢ and C(¢) independent of «.
Now we shall also prove the inequality

(2.24) o/t = Cle) (o) + llellezi) + lleollz i + 18 Moty + 66l 3

where C(e) is independent of «. Since » € H>! (2), we can multiply (2.18) by 38(v)/ 8¢
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and integrate on I' X [0,7], 0 <?< T, we obtain
7

f avaﬁ(vdadt—f fAﬁ ﬂ()dad—

ot ot
—af J"L',B

Assuming f(v) sufficiently regular, we have

(2.25) fjAﬁ ) g de = f(dﬁ aﬁ(:))dcrdt=

"2 f - (d8(0), dp(w)) di = 2 (dB0), dB(o(®)) — 3 (d(o) d()

0 r

dcd fffa'g dodt.

Since B(v) € H>1(2) ¢ C°([0, T1; H' (I") the final result in (2.25) is still valid (by densi-

ty and continuity arguments). Similarly, we have

ffw %) gy di = ff(vev f)dm:
lf atfwow dt+f ”3"
——JJVOt)Ide——flvoOPd +J ” yddf ff~—dxd¢

Collecting the previous estimates we obtain

f |7

f 90 eds=

d dt+ = ( B(v(2)), dB(v(®))) +

+% flve(?)|2dx+af Hg—f 2
0o Q

f |75

(d,B(uo), dB(uy f V6,2 dx + af f — dxdt.
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Then, again from (2.1) (since 8=4,) we obtain

H ' 2(0, % L2 (1)) + (dB(v(2)), dB(v(®)) + of|V6() ”LZ(Q) +a

26 <
A E0)

IPBlv)
8t

<cfifles

roxrm) T (dB(wo), dB(y)) + | V802 o) + allellz ) -

a0
ot

L2(0,%L? 0))]
Therefore, using also (2.21) and elementary inequalities, we conclude
(226)  [188@)/3¢|li2 5y + 1B@ 0,715 ) + AV (0,712 @) + 206/ 8¢ 12 ) =

< C{llAlle ) + lellez i + lollez ey + 1Bl ey + WBoller ) } »

where C is independent of « and e. And again from (2.1) we obtain in particular
(2.24). Finally Proposition 2.3 follows from (2.23) and (2.24) and recalling that
v=uy+ 0.

Now the existence part of Theorem 2.1 follows from the classical Leray-Schauder
theorem applied to (2.12), on using Propositions 2.1, 2.2, 2.3 and the compactness of
the injection of H*!(Z) n B’ in B* and noting that for « =0 (2.18) has a unique sol-
ution and for a =1 (2.18) becomes (2.5).

In order to prove the uniqueness, let #;( = 1,2) be a solution of (2.5) and denote
by 6; the solution of (2.20) coresponding to B(#;). Then we have, for ae. ¢ in

[0) ﬂ)

AN, — 6—-6
(2.27) <ﬁz——l¢> +(d(6, - 0,), dp) — f—%wﬁo, Vo e H ().

15}
r
Noting that 8(6, — 6,)/3¢ —A(6, — 6;) =0 in Q, (2.27) becomes
a —_
(2 )+ o, 0, +fv<ez — ) Vds+
Q

(6
f ndx 0, VneH'? Q).
Then, if we integrate from 0 to ¢, 0<¢< T, we obtain

228)  (wm()—m(®),) +(d f (6,(5)—04(5)) s, dn)+
0

+ [V (6,05~ 0,(6)) ds Vo dse + [(6: ()= 6, (9) e =0,  Vne B (@).
Q 0 ¢ Q
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We can take n=160,(#) —6;(f) in (2.28) and integrate again from 0 to T, obtain-
ing
T

T T
f J'(uz — ) (B(wy) — Buy)) do dt + ';‘ (df(oz —0) dl‘,df(ez —6,) df) +
0o r 0

0

T T
2
. f(v f@_endﬁ) s [ [m-npasamo
0 0

Q Q

Using (2.15) we have
T

f J’iﬁ(uz) —B(w)Pdsdt=0,
or
whence B(z,) —B(#;) =0 and u, — ;=0 a.e. in X, because #, (,0) = #, (-,0).

Remark 2.1. The estimate (2.22) can be improved by the following one

(2.29) “V”L“‘ (0, T; L2 (1)) = C{”f”LZ(E) + ||99”L2 Q + ””o”U ) + H.B(”O)”H‘ () + HOOHH‘ Q) } »

where C is independent of « and ¢. In fact we can multiply (2.18) by » and integrate on
I'x[0,£], 0<¢<T, thus obtaining

t t
—;- f|u(t)|2dasaf fm(v)-vdadHf jfvdadt+%J'|uo|2das
r 0 r 0 r r

={I7T B0z + 1) el e + luliz e /2.
Hence (2.29) follows from Proposition 1.1 and (2.26).

3. The existence of a solution of problem (1.20) follows using the compactness
and monotonicity procedures well known for the usual Stefan problems and the esti-
mates which we have proved for the solution of the regularized problem (2.4). Indeed,
putting again the subscript ¢ in all the functions, we can summarize the estimates ob-
tained for #, and B, (#,) (cfr. (2.22) and (2.26)) by

lltcll= 0,722 07) = CUl A2 ) + llllez ) + ez oy + 662 @} + €,
“ﬁs (us)”Lm (0, T;H1 n) + “a‘Bs (ué:)/at”L2 ) =
= C{|IAllez @) + llellzz @ + Nl oy + 118 @) lere oy + 103l )}

where C is independent of e. Then from (2.4) and Proposition 1.1 we also
obtain

02, /3|12 0, 7.5 (ry) = CH{lI Az 2y + lellz @) + b llez o + 118, @6)ler ay + 16511 @)} -

Coupling these estimates with (2.2), (2.3), we can pass to the limit in (2.4) thus prov-
ing the existence of a solution of (1.20). The uniqueness follows by the same proof
used for the uniqueness of the solution of the regularized problem (2.4). We only have
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to replace (2.15) for 8, by the analogous estimate for 8: |8(§) — B(y)]* < max (a,b)"
(E=1)(B(&) — B(n)), V& n € R and to recall that, from the results of [6, chapt. 4] and
Proposition 1.1, 6, — 6; belongs at least to the space H>>'(Q).

Remark 3.1. Theorem 1.1 has been proved here under proper assumptions on the
initial enthalpy %, and temperature B(z,), namely u, € L? (I'), B(«,) € H* (I"). In fact,
typically, the enthalpy and the temperature gradient jump in the Stefan problem. The
demonstration of existence and uniqueness of the solution of problem (1.20) under
the weakest assumption #, € L* (I') needs further investigations and seems to rely on a
deeper use of the techniques of[6,vol.2],[2],[11],[12]. The hypotheses on the
domain Q can be obviously weakened by requiring, e.g., that I' is an oriented connect-
ed C?(# — 1)-manifold. The final comments of [9] and the theoretical and numerical
questions presented in[7] and [8] apply also for the present Problem (I).

Remark. Let me point out some mistakes in[9]:

page line Errata Corrige
21 21 [24] [8]
221 21 B.(,)(®) v, (2)
224 1 We obtain Setting A, (§) = fﬁ: () dy we obtain
0
224 2 and 14 B;I(v) 18, () A ()
1 2 -
2 —_— A
24 17 and 20 700 |8. (v®)] . (0(®)
225 1 (3.11) (.1
225 5 Clfllz ey ClA e + 1
226 18, 20, 21, 25 a 1
226 21 Vn =0, Vq
227 3 a 1
227 17 clf "LZ():) C("f “LZ(E) +1)
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