
ATTI ACCADEMIA NAZIONALE LINCEI CLASSE SCIENZE FISICHE MATEMATICHE NATURALI

RENDICONTI LINCEI
MATEMATICA E APPLICAZIONI

Enrico Magenes

Some new results on a Stefan problem in a
concentrated capacity

Atti della Accademia Nazionale dei Lincei. Classe di Scienze Fisiche,
Matematiche e Naturali. Rendiconti Lincei. Matematica e Applicazioni,
Serie 9, Vol. 3 (1992), n.1, p. 23–34.
Accademia Nazionale dei Lincei

<http://www.bdim.eu/item?id=RLIN_1992_9_3_1_23_0>

L’utilizzo e la stampa di questo documento digitale è consentito liberamente per motivi
di ricerca e studio. Non è consentito l’utilizzo dello stesso per motivi commerciali.
Tutte le copie di questo documento devono riportare questo avvertimento.

Articolo digitalizzato nel quadro del programma
bdim (Biblioteca Digitale Italiana di Matematica)

SIMAI & UMI
http://www.bdim.eu/

http://www.bdim.eu/item?id=RLIN_1992_9_3_1_23_0
http://www.bdim.eu/


Atti della Accademia Nazionale dei Lincei. Classe di Scienze Fisiche, Matematiche e
Naturali. Rendiconti Lincei. Matematica e Applicazioni, Accademia Nazionale dei
Lincei, 1992.



Rend. Mat. Ace. Lincei 
s. 9, v. 3:23-34 (1992) 

Equazioni a derivate parziali. — Some new results on a Stefan problem in a concen
trated capacity. Nota(*) del Socio ENRICO MAGENES. 

ABSTRACT. — An existence and uniqueness theorem for a nonlinear parabolic system of partial dif
ferential equations, connected with the theory of heat conduction with a transition phase in a concentrat
ed capacity, is given in sufficiently general hypotheses on the data. 

KEY WORDS: Nonlinear parabolic partial differential equations; Heat conduction; Phase changes. 

RIASSUNTO. — Nuovi risultati su un problema di Stefan in una capacità concentrata. Viene dato un teo
rema di esistenza e di unicità per un sistema non lineare parabolico di equazioni a derivate parziali, con
nesso con la teoria della diffusione del calore con cambiamento di fase in una capacità concentrata, in 
condizioni abbastanza generali sui dati del problema. 

The theory of heat conduction with phase changes in a concentrated capacity 
(see [1,4,10] and references therein) suggests the following problem. 

Let Q be a bounded regular set in Rn
y n>2, T= SQy v the inward normal to r, 

Q = Û x]0, T[, T > 0, E =T X [0, T[, A the Laplace operator in Rn
9 Ag the Laplace-

Beltrami operator on T (with respect to a Riemannian structure g o n f ) . Given a non-
decreasing Lipschitz continuous function p: R-+R, such that /3(0) = 0 and /3 grows at 
least linearly at o° (0 — P(u) is the constitutive equation relating the temperature 0 and 
the enthalpy density u), and functions u0y 0o ,/and <p defined on T, Q> E and Q respect
ively, the problem reads as follows: find the functions u and 0 such that 

\d6/dt-A6 = <p inQ, 0(0) = 0O in Q, d = p(u) on 2, 

[du/dt -Ag6- 36/dv = / on 2, «(0) = u0 on T, 

Recently in [9] I have studied the case: u0 = 0, 00 = 0, 9 = 0 in some suitable Hilbert 
spaces. Now, I want to consider the general case, which is not a straightforward con
sequence of the previous one. 

1. Let Q be an open bounded set of Rn, n>2y whose boundary r is an oriented 
connected C00 (n — l)-manifold. We shall use the usual L2-Sobolev spaces Hs (Q) and 
HJCO, s real (see e.g. [6]). In particular H°(r)=L2(r). As usual we identify L2(r) 
with its dual so that we have H1 (r) c L2 (T) c H"1 (r), with continuous and dense in
jections. Let {u,v) denote either the scalar product in L2 CO or the pairing between 
H~l (r) and H1 (T). Let us denote by v the inward normal to r, by V and A the gradi
ent vector and the Laplace operator in Rn. Moreover we shall suppose that a (proper) 
C00-Riemannian structure g is defined on r and we denote by Ag the Laplace-Beltrami 
operator on F with respect to g (see e.g. [3]) and by (u, v) the scalar product with re
spect to g9 either for u and veL2 (F) or for ueH~l {!) and v e H1 (r). We recall that 

(*) Presentata nella seduta del 16 novembre 1991. 
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u—>Agu is a linear continuous operator from H1 (r) into H-1 (r) and that 

(1.1) -(Agv,u) = (dv,du) Vu, veHHr), 

where d is the exterior differential on r. Moreover we shall use also the spaces Hr,s, r 
and s non negative real numbers, as defined in [6, chapt. 4, n. 2.1], namely: 

(1.2) H ^ (Q) = L2 (0,1; H r (Û)) n H* (0, T; L2 (Û)), 

(1.3) H ^ ÇS) = L2 (0, T; Hr (r)) n HJ (0, T; L2 (r)), 

endowed with their natural norms. In addition let 0 < a- < l/2 be a fixed number and 
let Ba be given by 

(1.4) B° = L2 (0, T-Hl ÇT)) n0H
1/2 + ° (0, T;L2 (P)), 

where 

(1.5) 0H
i/2 + °(0j;L2(r)) = {veH1/2 + °{0j;L2(r)),v(-,0) = 0}. 

Ba is a Hilbert space with the norm | M IH11/2+*(£)• 
Now let h0 be fixed in H1 (T) and let us consider the set 

(1.6) Bl0 = {beHl'1'2 + '&),h(;0) = b0} 

which is a closed affine manifold of Hlyl'2 + <7Ç£). We can obviously represent any 
h e BlQ by the formula 

(1.7) h(x, t) = h0 (x) 4- v(x, i) with v e Ba. 

Let us consider the following problem: 

rgiven hoeHHr), heB^ with (1.7), <peL2{Q) and 60eHl(Q) 

(1.8) \ with 60 \r=h0, find 6 e H3/2>3/4 (Q) solution of 

^d6/dt-Ad = <p in Q, 6 = h on2, d(;0) = 60 in Q. 

We have the following 

PROPOSITION 1.1. Problem (1.8) has a unique solution 6 e H3'2,3'4 (Q) and we can de
fine dd/dv on Z with dd/dv e L2 ÇS) and 

(1.9) WdO/dvhw ^ COIAOIIH1^ + IMIB* + \MW(p) + IMIL2(Q)}> 

where C is a positive number independent of h0, v, d0, <p. 

PROOF. We can split (1.8) writing 6 = 6X 4- 62 + 6} where 6h i— 1,2,3, are respect
ively the solutions of the following problems: 

(1.10) d61/dt-A61 = 9 inQ, Qx=v onE, M«,0) = 0 o n U ; 

(1.11) de2/dt-Ad2 = 0 inQ, 02=0 oni; , 02(%O) = 0o,i onQ; 

(1.12) d03/dt-Ad3 = 0 inQ, 6} = h0 o n £ , 0i(-,0) = d0t2 onQ; 
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where 0o,i and 0O)2
 a r e determined by 0O =0o,i + 0o,2 with the following conditions 

(1.13) 0o,i e Ho1 (Û), 2100,1 = ^ 0 in H " 1 ^ ) , 

(1.14) 0O>2 e H 3 / 2 (Û), Z\<90,2 = 0 in Û , 0O>2 = ^ o n r . 

Now (1.10) can be studied by the methods used in [6, chapt. 4], and more precisely 
in [2, Teor. 3]; let us remark that B0" is contained, with continuous embedding, in the 
space JB defined by (2.4) of [9]. Then there exists a unique 0! eH3//2 '3/4(Q) solution 
of (1.10) and we have ddjdv eL2{Z) with 

(1.15) L2(2) = c(IHlB- + IHb(G))-

Problem (1.11) is a classical one and it is well known (see e.g. [6, chapt. 4]) that there 
exists a unique solution 02 eH2A{Q) such that 302/3v e H1/2 '1/4(2) cL2 ÇS) and 

(1.16) 
30, 

I 2 (T) 
<C| '(UllH1^) • 

Finally (1.12), recalling (1.14), has the obvious solution 03 (x,t) = 0O,2 (x), independent 
of t and from [6, chapt. 2], we have 

303 
(1.17) 

L2{2) 
^C\\h0\\H 1av 

Collecting the previous results we obtain the proof of Proposition 1.1. 
Now if we consider 9 and 0O (and consequently h0) fixed we can see dd/dv on H as 

an operator depending only on h (really only on v); so we shall call the operator by 
Te0,ç> z-e- we shall define 

(1.18) TeQt9:h->Te0t9h = dO/dv. 

REMARK 1.1. Note that for a.e. te [0,T] the value (Tdot9h) (t) depends on the val
ues of h (and <p) in the interval [0,/]. 

Finally let us introduce the function /3: 

(1.19) p(Ç) = a(Z-l)+-br VÇei?, 

where a and b are fixed positive numbers (for more general class of functions /3 see [9, 
Remark 2.2]). 

Now we state the main result: 

THEOREM 1.1. For any feL2{2), veL2(Q\ u0eL2(r) with fifa) e H1 ( A 
0O e H1 (Q) with d0\r=p{u0)> there exists a unique function u, with 

ueH1 (0, T; H~l (J1)) n L00 (0, T- L2 ÇT)), 

P(u) e L00 (0, T; H1 (r)) n H1 (0, T; L2 CO) 

«̂cA that in the sense of H*(0, T\H~l CO) ẑ e Z^e: 

(1.20) 9«/9/ - Zlg /3(a) - Td0)9 p(u) = / , «(•, 0) = «b. 
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With the above notation the first equation of (1.20) means that for a.e. / in [0, T] 
we have 

(du(t)/dt,<i>) - (dp(u(t)),dp) - ((r^miuu) = - (f(tw) v^ t fd i . 
REMARK 1.2. Equation (1.20) gives an exact formulation of Problem (I) as a non

linear evolution equation on E in the unknown u\ this formulation can be viewed as a 
usual Stefan problem on E perturbed by the nonlocal (in x and in /) term Tdo>9 p(u). 
The proof of Theorem 1.1 shall be given following the same techniques used 
in [9]. 

2. In order to prove Theorem 1.1 let us introduce a regularization of problem 
(1.20). For any s > 0 , let fis be defined, e.g., as follows: 

j A ( 0 = 0 « ) if f < 0 , A(Q=/3(0 + e i £ Ç > l , 

{& e C00 (R), k < ft (0 < L Vf e R(l L positive numbers). 

Then it is easy to prove the existence of UQ e H1 CO and 6£
0 e H3//2 (Q) such that 

(2.2) lim «g = u0 in L2 (r), lim ft (ag) = /3(*b) in H1 (JT), 
£—»0 £-»0 

(2.3) fig Ir = A («g), lim 0J = 0O in H1 (Û). 
£-*0 

Then, for any e> 0, the regularized problem reads as follows: / /W &£ e H2 '1 (JC) such 
that 

(2.4) 3uJdt-Agpt(ut)-TQt9PM)=f, u£(%0) = u^ 

and we shall prove the following 

THEOREM 2.1. For any e > 0 , problem (2.4) ^ # unique solution. 

For the sake of simplicity, since no confusion is possible, we shall omit the subscript 
e in all functions occurring in the formulation of the regularized problem, everywhere 
in the present Sect. 2. Moreover, since we consider Uo,6£

0,<p fixed, we shall omit the 
subscript 0Q>9 in TpQ>9, so that problem (2.4) reads 

(2.5) du/dt-Agp(u)-Tp{u)=f, «6 (•, 0) = «b . 

In order to prove Theorem 2.1, let us introduce the following family of problems: for 
any w e B°Uo and a e [0,1] find veB°on H2,1 (E) such that 

(2.6) Sv/dt ~ Ag P(V) = OL T P(U>) + / , V(% 0) = UQ . 

Since weBlo, also p(w)eB${Uo) and (cfr. (1.6), (1.7)) we have p(w) = p(u0)+k, with 
k e B°. Now we can prove the following 

PROPOSITION 24 . Problem (2.6) has a unique solution so that 

(2.7) IIHIH2 '1^) ^C(s ){ lk l l i 2 ( r ) + ||/3(Z/O)||H1(D + ||*|[B" + \\6O\\HHO) + IMIL2(Q) + I I / I I L 2 ^ ) } , 

where /2{w) = P(u0) + k and C(e) is independent of a e [0,1]. 

PROOF. Proposition 1.1 shows that F = a T fi(w) + / belongs to L2(E). Let {Fn} 
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and {«„}, n = 1,2,... be such that Fn e (DCS), un e Q(r) and lim F„ = F in L2 (JT) and 
lim un = «o in H1 (T). The problem 

«—» 00 

(2.8) dvn/dt-Agp(vH) = Fn9 vn(0) = un 

has a unique solution v„ e C00 (X) for classical results (see e.g. [5]). The following es
timates can be easily proved, recalling that /3 = /3e satisfies (2.1): 

(2.9) |ML-(0,T;L2(T)) + \\PM\\mOtT;Hl(jn) ~ C{\\Fnh (Z) + lklL2(r)} , 

(2.io) WavJdtWmz) ^ c w f l l F l ^ + 1^)11^^)}, 

where C is independent of e, a and « and C(s) is independent of a and /z. Indeed (2.9) 
(resp. (2.10)) can be obtained if we multiply for any / (2.8) by v„(t) 
(resp. dp(vn (t))/dt) and integrate on Tx]0 , t[ (resp. onE). Hence from (2.8) we also 
obtain 

(2.11) lkllL2(05T;H2(D) ^ C(£){||Fj|L2(i;) + |k||L2(r) + \\p{un)\\Hi{r)} . 

Then, using standard compactness procedures and the monotonicity of /3, we obtain 
the existence of a solution of (2.6) with v e H2,1 (E) n B°0. The uniqueness is also easily 
proved by the monotonicity of /3. Moreover (2.7) follows on using also Proposition 1.1 
and the fact that a e [0,1]. 

Now, letting uOy0Oy<p a n d / b e fixed and writing w = u0 + w with weB* and v = 
= u0 + v, with v e Ba (recall (1.6) and (1.7)), we can consider v as a function of w and a, 
namely, 

(2.12) v = $(wy*)y weB9, a e [0,1] 

and $ is an operator acting from Ba X [0,1] in B° nH2,l(E). Proposition 2.1 guar
anties that $ maps bounded sets of Ba in bounded sets of J3a n H2,* (E)y uniformly with 
respect to a e [0,1]. Moreover, we shall prove the following property: 

PROPOSITION 2.2. The operator $ is continuous in Ba, uniformly with respect to 
a e [0,1]. 

PROOF. Let îb; e BG and v{ = <!>{wiy(x)y i= 1,2 and Wj = u0 4- wiy Vj = u0 + vim Then 
v2 ~ v\ = V2 ~ V\ satisfies 

(2.13) d(v2-v1)/dt-Ag(p(v2)~p(v1)) = oc(T^w2)-Tp(w1))y v2(0)-v1(0) = 0, 

which can be written, for any te [0,T], as follows 

(V2 (/) - Vi (t),<P) + \dj(P(V2 (S)) -fa (S))) ds,d<P 

= a\ | { T i 3 f e W ) - T j 3 ( W l ( s ) ) } J ^ ^ WeHHr)-
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Taking <p = P(v2 (t)) — P(Vì (t)) and integrating from 0 to T, we obtain 

T 

(2.14) j j(v2 (t) - vx (/))(/3fe (/)) -p(Vl (/))) dadt + 

T T \ 

J(/3fe W) -/3(*i W)) ^ | ( / 3 f e W) -fifa W)) * = 

o r 

I T 

4 
= « / J |{T/3(u;2W)-T^iW)}^{/3feW)-^iW)}^^-

o r o 

Now, since /3(=/3£) satisfies (2.1), we have 

(2.15) \m-P(r])\
2<L(Ç-v)(m--p(r])), VÇ, yjei?. 

Therefore from (2.14) and Proposition 1.1 (note that T fi(w2) - Tp(u>i) = 
= W / 3 ( ^ 2 ) - / 3 ( ^ i ) ) ) , w e o b t a i n WPW-PWhw ^C\\Tp(w2)-T!3(w1)\\L2{s) < 
<C\\ft(w2) —p(u>i)\\B° with C independent of a and e. 

Finally, noting again that /3(=/3e) satisfies (2.1), we obtain 

(2.16) \\v2 - Silltfp) = ||t>2 - ^i||L2(l;) < C(e ) | | ^ - bills' = C(e)|fe - ^ i | | ^ 

where C(e) is independent of a. 
Now let us recall that from the interpolation inequality (see, e.g. [6, chapt. 1]) we 

have, for any zeH2*1 (2) n B° 

(2.17) 
Il II < r l l II1/2 II II1/2 

I H I L ^ T J H 1 ^ ) ) — Cll%2(o,T;L2(r)) lNlL2(0,T;H2(r)) > 
H || ^ ^ M l j l / 2 - 0 - || l l l /2 + o-

iKllH^ + ̂ CT;!2^) — ClHIL2(0,T;L2(r)) IKHH1 (0,T;L2 (r)) 
Hence, using (2.17) for £2 ~V\ and (2.16), (1.6) and Proposition 2 .1 , we have that if 
w2 —» z^! in Bc, then £2 -* #i i n B°> uniformly with respect to a. 

W e shall now prove the following 

PROPOSITION 2.3. There exists a positive number C{e)} independent of a, such that, if 
v is any fixed point of $ and 0 < a < 1, //?£# 

ft* < C(e) {||/||L2U;) + IMIL2(Q) + lk>l|i2(r) + ||^(«o)||fji (r) + I N I H 1 ^ ) } • 

P R O O F . If v is a fixed point of <P, then t> = u0 +t> is a solution of problem 

(2.18) dv/dt-Ag p(v) -aTp(v) = / , 0(0) = u0 

and we have z; 6 H2,1 (2) n J3£0, by Proposition 1.1 and Proposition 2.1. Setting 

A(0 = / ^ ) ^ V£ei?, 
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we can multiply (2.18) by p(v(t)) for a.e. t in[0, T] and integrate on r and we 
obtain 

(2.19) ^Jx(v)d^(dp(v)Jp(v))-ajzp(v)P(v)d^ = jmv)da. 
r r r 

By definition T /3(f) = dd/dv when 6 is the solution of the following problem 

(2.20) dd/dt-Ad = <p inQ, 6= p(v) on27, 0(0) = 60 inQ. 

Then, for a.e. t in [0, T], we have 

- I Tp(v)-p{v)d<i= I |V0|2</x + J 40-0ix = J |V0 | 2 ^ + J Yedx~ J ? 0 ^> 
r û û û G & 

so that (2.19) becomes 

y J X(v)da+(dp(v),dp(v)) + a\ \Vd\2dx+ J J " J l<?N* = « J <fldx + (/flu) <fe. 
r Q Q Q Q 

Therefore, integrating from 0 to 7, 0 < 1 < T, we get 

7 7 

J X(v(i))d<j+\ {dp(v),dp{v))dt + al \ \Vd\2dxdt + ^ l\6(i)\2dx== 
0 Q 

= \ X{u0)da+j \\00\
2dx + a\ \<p6dxdt+\ \fp(v)d<j. 

r « o Q or 

Hence on using the elementary inequalities |/3(£)|2/2L:<A(£) <L£ 2 /2 we obtain 
finally 

(2.21) |/3M||L»(OJ;L2(r)H^ 

where C is independent of a and s. Recalling again (2.1) (since /3 = /3£) we deduce from 
(2.21) 

(2.22) IHIL-(O,T;L2(T)) - C{H/IIL2(2:) + \\?\\L2(Q) + II«OIIL2(T) + WIL2(G)} + C, 

(2.23) 1Mb(0,75^(0) - C(£) {II/IIL2(ì:) + IMIL2(Q) + II«OIIL2(T) + INIL2(D)} > 

where C is independent of a and e and C(e) independent of a. 
Now we shall also prove the inequality 

(2.24) \\dv/dt\\L2is) < C(e) {||/|b(£) + ||p|b(Q) + Iklb , , ! + ||j8(«b)|lH.(o + W I H ' W }, 

where C(e) is independent of a. Since v e H2'1 (S), we can multiply (2.18) by dfi{v)/dt 
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and integrate on f x [0,/], 0 < / < T ; we obtain 

[ [ dv « , . ( [A M , dftv) , -

o r o r 

o r o r 

Assuming /3(i>) sufficiently regular, we have 

(2.25) - J JAg^v)~-dadt = j ldp(v)yd^-)dGdt== 
o r 

= 2 \ Jj m v ) ' d m ) dt=2 ^{v(i))' * W ? ) ) ) ~ 2 {dl3{Uo) dPiUo)) • 
o 

Since p(v) e H2-ï {S) e C° ([0,71; H1 (T)) the final result in (2.25) is still valid (by densi
ty and continuity arguments). Similarly, we have 

- 1 h » * ^ » - ! / ( • dt dt 
o r 0 13 

o a o c 

as 
9/ 

dxdt- "J J ? f dxdt = 

o Û 

Q Q 0 Q 

Collecting the previous estimates we obtain 

0 Q 

dp(v) 

dt 
dadt+z; (dfi{vQ)), #(»(/))) + 

o r 

+ dxdt = | \\m)\2dx+«\ \ î 
12 o £ 

7 

o r o £ 
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Then, again from (2.1) (since /3 = /3£) we obtain 
2 

i'(o,>,i2<r>) + (#("fô), #(*>(*))) +«||Vô(ï)|^(p) + « 
a/3(^) 

3/ 
96 
5/ 

<: 
L2(0,7;L2(G)) ~ 

qiW! IL2(£) 
d$(v) 

dt L2(o,7;L2(r)) + (dPMJP(uo)) + «||V0O||L*<P) + «IMIL2((2) ' 

§1 
dt L2(0,1;L2(Q)) I' 

Therefore, using also (2.21) and elementary inequalities, we conclude 

(2.26) HSfliO/Sflbp) + \\$(V)\\L»(O,T;HHD) + « I N I L » ( O , T ; L
2 ( G ) ) + 4^l^h(Q) ^ 

^ Cd l / lbu ; ) + hh(Q) + lkllL2(T) + II^(«ò)IIH1CT> + \\6O\\HHO) }> 

where C is independent of a and e. A n d again from (2.1) w e obtain in part icular 
(2.24). Finally Proposi t ion 2.3 follows from (2.23) and (2.24) and recalling that 
v = u0 + v. 

Now the existence part of Theorem 2.1 follows from the classical Leray-Schauder 
theorem applied to (2.12), on using Propositions 2.1, 2.2, 2.3 and the compactness of 
the injection of H2'1 (E) n B* in Ba and noting that for a = 0 (2.18) has a unique sol
ution and for a = 1 (2.18) becomes (2.5). 

In order to prove the uniqueness, let Uj{i— 1,2) be a solution of (2.5) and denote 
by 0/ the solution of (2.20) coresponding to fi(ut). Then we have, for a.e. / in 
[0,21, 

(2.27) 
3(U2 — Uy) 

Ft 
\ r d ie , - e, ) 

<p) + (d(e2 - e1), òp) - J K2
d{

 v <pd* = o, V^ e H1 (D. 

Noting that d(62 - Oj/dt -A(62 - 0i) = 0 in Q, (2.27) becomes 

3(#2 — ux) 
,7l) + {d{02-0: i),dv) + J V(e2-e1)Vr1dx + 

+ \ -ndx = 0, Vr,eH}/2(Q). 
J dt 

Then, if we integrate from 0 to t, 0 < t < T, we obtain 

(2.28) {u2(t)-u1(t),r1) + M ^ W ^ i M ) <M>? + 

+ J V|(e2 (f) - Sj (5))dsVr)dx + j(62 (t) -el(t))rìdx = 0, Vrj e H3/2 (Û). 
Q 0 
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We can take rj = 02 (/) — Q\ (/) in (2.28) and integrate again from 0 to T, obtain
ing 

T / T T \ 

J J(u2-u1)(P(u2)-P(u1))d(jdt+ j Id J (d2 - dì) dtj J (62 - Oì) dt + 
o r \ o o / 

+ y JI vJ (02-0i)<fej ufx + J J |e2-0il2^c^ = o. 

Using (2.15) we have 
£ \ 0 / O D 

J J|^2)-/3(^i)|2^J/<0, 

o r 
whence fi(u2) — f}{ux) = 0 and u2 - ux = 0 a.e. in I, because u2 (•, 0) = ^ (•, 0). 

REMARK 2.1. The estimate (2.22) can be improved by the following one 

(2.29) |Mlr°(o, T;L2(D) — Cfll/lltfp) 4- ||9||L2(Q) + lk|li2(r) + ^(«ofccn + INIH1^) }, 

where C is independent of a and s. In fact we can multiply (2.18) by v and integrate on 
r x [ 0 , / ] , 0 < / < T , thus obtaining 

/ t 

y J \v{t)\2d<j<0L\ J Tp(v)-vdvdt + J \fvdcrdt+ 1- \\u0\
2d<j< 

r or or r 

^ {|| T ^ l b ^ + H/lltf^} IHbd;) + N Ê ^ / 2 . 
Hence (2.29) follows from Proposition 1.1 and (2.26). 

3. The existence of a solution of problem (1.20) follows using the compactness 
and monotonicity procedures well known for the usual Stefan problems and the esti
mates which we have proved for the solution of the regularized problem (2.4). Indeed, 
putting again the subscript s in all the functions, we can summarize the estimates ob
tained for uz and fie(ue) (cfr. (2.22) and (2.26)) by 

lkllL-(o,T;i2(r)) - C{II/IIL2(£) + IMIL2(Q) + \\UO\\L2(D + tolli2^)} + c, 

llj8.Mk-(o,r;H'(n) + l|9&(«.)/94*<s) ^ 

^ C{||/IIL2(I:) + IMIL2(Q) + IklbcF) + II& («5)11^(0 + I | 0 O I I H W 

where C is independent of e. Then from (2.4) and Proposition 1.1 we also 
obtain 

\\duJdt\\L2{0J;H-i{r)) < C{||/||L2(i:) + HPIIX^Q) + ||«g||L2(r) + lift («0)11^(0 + II^OIIH1^)} • 

Coupling these estimates with (2.2), (2.3), we can pass to the limit in (2.4) thus prov
ing the existence of a solution of (1.20). The uniqueness follows by the same proof 
used for the uniqueness of the solution of the regularized problem (2.4). We only have 
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to replace (2.15) for fie by the analogous estimate for /3: |/3(£) — P(r))\2 < max(ayb)-
•(£- rj)(f}(Ç) -p(rj)), VÇ,Y)eR and to recall that, from the results of [6, chapt. 4] and 
Proposition 1.1, 62 — 0X belongs at least to the space H3//2,1(Q). 

REMARK 3.1. Theorem 1.1 has been proved here under proper assumptions on the 
initial enthalpy u0 and temperature /3(&0), namely u0 eL2(r), p(u0)eHi(r). In fact, 
typically, the enthalpy and the temperature gradient jump in the Stefan problem. The 
demonstration of existence and uniqueness of the solution of problem (1.20) under 
the weakest assumption u0 e L2 (T) needs further investigations and seems to rely on a 
deeper use of the techniques of [6, vol.2], [2], [11], [12]. The hypotheses on the 
domain Û can be obviously weakened by requiring, e.g., that r is an oriented connect
ed C2(n— l)-man|fold. The, final comments of [9] and the theoretical and numerical 
questions presented in [7] and [8] apply also for the present Problem (I). 

REMARK. Let me point out some mistakes in [9]: 

page 

221 

221 

224 

224 

99zl 
ZZ Ĵ-

225 

225 

226 

226 

227 

227 

line 

21 

21 

1 

2 and 14 

17 and 20 

1 

5 

18, 20, 21, 25 

21 

3 

17 

Errata 

[24] 

Afa,)M 

We obtain 

* > W F 

1 io (nrA\\' 

A W)) 

(3.11) 

c\\f\y{s) 

Cf. 

V, 

a 

CII/IU-

Corrige 

[8] 

vn{t) 

Setting A£ (£) = & (YJ) at] we obtain 

o 

A » 

KM) 

(3.1) 

ail/Il^+ i) 
i 

= 0, VTJ 

1 

ali/Il^+ i) 
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