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Rend. Mat. Acc. Lincei
5. 9, v. 2:287-296 (1991)

Equazioni a derivate parziali. — Extension of a regularity result concerning the dam
problem. Nota di Giannt GrLarpr e StepHAN Luckuaus, presentata (*) dal Socio E.
MaAGENES.

AssTrACT. — One proves, in the case of piecewise smooth coefficients, that the time derivative of
the solution of the so called dam problem is a measure, extending the result proved by the same authors
in the case of Lipschitz continuous coefficients.

Key worps: Regularity; Porous media; Non negative subharmonic functions.

Ruassunto. — Estensione di un risultato di regolarita sul problema della diga. Si dimostra, nel caso di
coefficienti regolari a tratti, che la derivata rispetto alla variabile temporale della soluzione del cosiddetto
problema della diga & una misura, estendendo il risultato che gli stessi autori hanno gia dimostrato nel
caso di coefficienti lipschitziani.

INnTRODUCTION

We deal with the solution to the dam problem, that is

0.1) wel(0,T;H'(@) and  yeL®(Q);
0.2) 420, 0<y<1, ul—x) =0 in O;
(0.3) u=g on Xp;
(0.4) [ (=13, v+ a(Vu + xe)- V) <0

Q

for every v e H'(Q) such that
(05) v=0o0onZXp, ov=0o0nZpn{g>0}, v(-0)=0v(T)=0 in Q;
0.6) x(00=x" inQ. O

Here Q is a connected bounded open set in R” with Lipschitz boundary and repre-
sents the porous medium. The boundary dQ consists of the pervious part I'p and the
impervious part I'y, whose closures are C"! manifolds intersecting in a smooth
(n — 2)-dimensional submanifold of Q. @ = (4;) is the permeability matrix and e € R”
is a given unit vector, which takes gravity into account in the physical model. The
function # represents the unknown pressure and the velocity is given by —a(Vu + xe)
by Darcy’s law. Finally the following notations have been used

(0.7) 0=0x10,TlT and ZXp=Tpx]0,TI.
We assume the following regularity for the data
0.8) geCOY (R, g=20, 2L el”@Q), 0<x'<1. O

This problem has been studied by several authors from different points of view:

(*) Nella seduta del 20 aprile 1991.
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results deal mainly with the stationary case, but the evolution problem is also consid-
ered (see [1,3-6,8-11,13,14]; see also the lists of references of [2,5,7,12]).

In[11] it is proved that 8, is a measure whose negative part is a function, under
the assumption that & is a uniformly elliptic matrix with Lipschitz continuous coef-
ficients. Here we extend that result to the case of piecewise smooth coefficients, in or-
der to cover the case of layered materials. More precisely we assume

(0.9) ;€L Q), |aggl<1, 2a4x0)EE=ME  ae in Q, VEER,
i

(0.10) div(ee)=0in Q and ae-v<0 on Iy,

where A > 0 is fixed, and v is the outer unit normal vector to 8Q. Moreover we assume
the following regularity condition: there exists a smooth manifold with boundary,
whose interior Iy lies in Q, such that aI'y c 9Q and

(0.11) a; € C*1(Qy Vij,k and ae-v#0 on T,

where Q, are the connected components of Q\TI',, which we assume to be C%!.
Notice that no more than two Q,’s can have nonempty intersection. For technical
reasons we assume that 4 is continuous in a neighbourhood of I'y.

1. KNOWN RESULTS FOR SMOOTH &

In the paper[11] the idea of the proof was to use an inequality from below on the
term div(¢(V« + €)) in terms of the measure of the set where z = 0. We give a few of
the inequalities from this paper without proof.

We work on sets of the type described in the following definition.

1.1. DeFNtTION. Assume A >0 and o> 0. A set O ¢ R” is said to be a A, p-set if there
exists a connected set U such that

(1.1) diam U < Ag;
(12) 0=B,W), ie 0= U B (x.

x€U

A connected set U satisfying (1.1) and (1.2) is called a core of ©. O

Assuming that a is a uniformly elliptic matrix with L” coefficients, for these sets
the Harnack inequality holds. Moreover, if a is globally C%!, the Hopf maximum
principle holds too.

The first Lemma holds for L* coefficients (see[11], Lemma 1.5):

1.2. LemmMa. Let O to be a A, p-set with core U. Suppose that u € H*(O) is nonnegative
and satisfies

(1.3) div(a(Vu+e)=0 in O,
and that weu+ HY(O) satisfies
(1.4) div(a(Vw+e)=0 in O.
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Then for any B=0 we have
(1.5) fdiv(d(Vu+e))>cl B{w—u=g} o~

(V]

where ¢, depends only on .
Furthermore, if for some x €U
(x)

<3 | w
(1.6) <3
B2 (x B2 (%)

then, for any y €U and every o' <p, we have the estimate

(1.7) fdiv(a(Vu+e))>c2 fu—c;p "2,

B2 (9)

where ¢, and c; depend only on X and A. 0O

Using 1.2. and also the Hopf maximum principle, the main results for «subhar-
monic» functions are (see[11], Lemmas 1.9 and 1.12):

1.3. MaN Lemma. Assume O to be a A, p-set, with o <1 and core U, and a to be Lip-
schitz continuous. If u e HY(O) is nonnegative and satisfies (1.3), then, for every x € U
and o' <p, we have the estimate

(1.8) J‘div(a(Vu+e))>c1 % ][u—cz + {u=0} Aot~V

B2 (x)

where ¢, and ¢, depend only on ), A, and the norm of a in C*'. O

1.4. Mamn LEmma (for NEUMANN BOUNDARY POINTS). Assume that a is Lipschitz
continuous and xy €'y, and let O be a A, p-set with core U such that

(1.9) BP(Xo)anOgBAP(Xo)mQ,
(1.10) 80M3Q cTy.

Moreover assume that ue H'(Q) is non negative and satisfies (1.3) and (in a suitable
sense, see[11])

(1.11) |aVu-v|<K on 30n3Q.
Then for any x € B,/; (%)) NQ and any o' <p/2 we have

(1.12) fdiv(a(Vu-%—e))?cl —:— Jtu—cz(1+K) {u=0} no)

B, (x)

where ¢, and ¢, depend only on 1,A,Q, and the norm of a in C*'. O
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From Lemma 1.10 and Remark 1.11 of[11] we derive the following:

1.5. MaNn Lemma (for DIRICHLET BOUNDARY POINTS). Assume that a is Lipschitz

continuous and x, € I'p , and let © be a A, p-set whose core U is contained in Q. We set © =
=Q NO and assume

(1.13) B, (%) N2 cO ¢ By, (%) NQ2;
| (1.14) [v(x) — vix')| <Alx—x"|/o  for x,x' €QN30O.
Finally let uwe H (Q) be nonnegative and satisfy (1.3). Then

(1.15) jdiv(a(VzH—e))Bcl(% ]Ludf)C”“—cz)-Hu:o} noft-v,

) B, (%) "9Q

e e—0

o B, () N30

(1.16) fdiv(a(Vu-i—e))Bc;(l ]LudDC”'l—c4)-lim sup %|As|

where A, = {d(x,00)<e} n{u=0}andc,,...,c, depend only on A, A, and the norm of a
m C*. 0O

We can apply these results because the following statements hold for the solution
(#, ) of the dam problem with L” coefficients (see[11], Proposition 2.2 and Lem-
ma 2.4):

1.6. Prorosition. The following inequalities hold
(1.17) div(q(Vu+e))>O and  8,(1—x) —div((1—y)ae)<0. O

1.7. Lemma. Assume that | is the characteristic function of an open subset of Q X R.
Assume moreover ¢ € BV(R** 1) and
(1.18) p—ae-VY<0 and OS¢<yoxr.

Then we have

(119) 8, ) (1= (1) < — [ div (a(Va(t) + €)) 0.
Q Q

In particular the left hand side of (1.19) is nonmpositive. O

1.8. Remark. The condition (1.18) can be replaced by the following one: (1.18)
holds in an open set w; of R**! y=1 in an open set w,, and w; Uw, D
JQXR. O
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2. THE PROOF OF THE RESULT

Here, as in[11], we use the following approximation of d,u:

t—bh
@.1) & ulx, ) = 32—/9 u(x,t)—% fb ulx,s)ds |,
=2

for xeQ, >0, and 2h<¢<T.
In the whole section we use the assumptions and the notations of the introduction
and denote by (#,%) the solution of the dam problem (0.1),...,(0.6).

2.1. Turorem. Suppose that O, c Q is a A, p-set such that a; € C*'(O,) and suppose
that Y(-, t) := yo, satisfies (1.18). Assume 2b <t <T. Then there exists a constant c,, de-
pending only on M A, |ldllcor@,, and o/b, such that either

(2.2) faf u(y,tydy=—c;  for all B, (x)CB,(x) ¢ n O, or

T t-2h<z<t
B, (%)

23) x(7)=1 in O, fort—h<z<t O

Proor. The proof of a quite similar statement is given in[11]. Here we sketch
the proof again. By 1.7 and 1.3 we get

aff(l —x(5))<-— f div (a(Vu(s) + e)) <
o, o,

I
B, (%)

S—Cz(l ]Lu(y,s)dy__Q)JrlQm{u(5)=0}|1—1/n.

Let ¢; be any positive number and assume (2.2) to be false for some ball B, (x): we
prove that if ¢ is large enough then (2.3) holds. Our assumption implies

t—h
(2.4) ][ f u(y,s)ds|dy>3c h?*/2.
Bix) \t—2b

But setting f(s) = f (1 — x(s5)), we have f(s) < |0, N {u(s) = 0}|; so the previous inequal-
ities give
’ 1 + 1-1/n
Fo<-a|l furad-o| oy
By(x)
From this it follows that either f(¢t—5h)=0 or
t—h

f””(t—Zb)—fV”(t—/?)?7 % }’ J u(y,s)ds|dy—ch)|.

Bi(x) \t—2h

Y
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Using (2.4) this gives fY*(t —2b) = (/n) [3/2) cihpe™' — ¢;1h. As f7(t —2b) < ¢4,
this gives for ¢; an upper bound depending on ¢/b. So, if ¢; is large enough (depending
on p/h), we have f(¢—2h) =0 and the monotonicity of f gives the result. [

For points on I'y we have to split the argument into two parts: «above» and «be-
low» the interface.

2.2. TueoreM. Assume 2b<t<T, x, €Iy, e.g. x €2y n@._Tben_ there exists a
constant c=1 depending on the geometry such that, if B, (xy) CQ;NQ,, then either

25) f Quly,t)dy=—c¢,  for all B, (x)CB, (%) or
e x0=1 in  B(x) fort—h<z<t. O

Proor. We can assume a(x,) e+ v< 0 where v is the outer normal at x; to Q; . For
t—2h<t<tlet O(r) be a A, p-set whose core U(r) contains %, and satisfying (1.18)
with ¢(-,7) = o) - Let also O;(7) be a A, p-set whose core U, (7) intersects U(r) and
assume that also (-, 7) = xo, () satisties (1.18). Assume moreover that O;(r) cQ, for
t—2h<7<s and that O;(r) contains a B(r — s)-neighbourhood of I'; N O(z) for
s<t<t—h.

Here A depends essentially on #, on the norm of @, and on the infimum of #e- vin a
neighbourhood of x;; the constant ¢ must be larger than a uniform A; 3 obviously de-
pends on infae-v; s will be chosen later.

Take ¢; > 0 and assume (2.5) to be false for some x and o' as in the statement. Thus
(for some ¢, depending on A)

t=h
f ( fu(y, )dy)dr =g b,
t=2bh \O(7)
Choose s such that
2.6) I ( ]Lu(y,r)dy)dr=czclb2/2.
t=2h \O(7)

Define w(-, 7) € #(,7) + H(O(7)) by div (a(Vw(:, 7) + €)) = 0 in O(7), and call I the set
of all v e€l¢t—2h,¢t— h[ such that

{x €0(1): w(x,7) — ulx,7) >a ]L u(r)} > ap”

O(z)

where « will be specified later. From (1.5) and (1.19) we get

t=h
c;af ]Lu(r)-al‘”” "2 dr< f fdiv(a(Vu(r)+e))dr$
T O(r) t=2h O(7)

t—h

< f a,f(l—x(r))dr$64p”-

t—2h  O(r)
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Hence

j ](’ u(r)dr<c ¥ 22

T 0O(7)
and, if ¢ > (¢5/46)a?" 2 (o/h)?, then
2.7) f]fu(f)drzfszl, i=12,
J; O(7)

where J; =1t —2b,s[\J and I, =I5, — [\ J.
Suppose that y’ is such that B, (y’) c O(r): then by Harnack’s inequality

w(y',7) Z¢ ]L u(t) — ¢ p.
O(t)

Therefore, if « < /2, a < |Byy|, 7 ¢ J, and B,; (y) c O(c), then there exists y € B4 ()
such that

wly ,n)=w(y',7)—a ]ﬁu(r)B% :’:u('r)—q e.

0(z) O(r)

Taking y € U, (r) N U(z), by the Main Lemma 1.3 we obtain

J div (@(Vu(z) + e)) = (—? JL u(z) — c‘9)+ {u(z) =0} O, (T)|1_1/”.

0,(7) o(z)
As in the previous proof we derive the differential inequality
G + 1-1/n
o, | U—x()s—| 2 Jul) -6 (1—x(2) ,
O,(7) O(r) 0, ()

which gives as a consequence, after integration over J;, either

(2.8) %l(‘)l (¢—2b)|V Bf(% j[u(r) —6‘9) dr or
s O(z)
2.9) [ =z =0 for s<e<r.

0;(7)
By (2.7), from (2.8) it follows that
o) e=c e h?/o— @b ie. o <(/b)cype/h+cy).

So, if ¢ is larger than the last number, then (2.9) holds, ze. x(r)=1 in O, (1) for
s<r<lt.
Now we construct ©, (7) ¢ 2, such that y(t) =1in 0, (1) for t —bh <t <?. A naive
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construction of such an O, (t) satisfying (1.18) will produce a gap between O, (r) and
O, (7) for 7>, since 8 is small. This can be avoided by constructing ©, (t) ¢ Q, such
that we have (1.18) outside of O, (r) (with ¢(-,7) = x0,()-

There is a difficult in constructing the «upper» boundary of ©, (r): changing coor-
dinates, fix a(xy) e to be parallel to the #-th axis and represent I'y locally by x, = ¢(x")
(where x=(x',x,)). Then give the «upper» boundary by x, = ®(x',7):= ¢(x') —
= M|x" = x| — g o+ s B2 (e(x — 5))V2 )% . We have 8,8(x’ , 7) < —c¢;5 at those x'
such that ¢(x") — ®(x',7) =B(r — 5). So we choose ¢;5 according to the velocity of the
solutions of x = —a(x)e, and ¢4 large enough, namely ¢, = c;587 Y2 ((2h/e)? + 1).
So, applying Remark 1.8, we conclude che proof. 0O

Now we deal with points on I'y "I, and distinguish between Dirichlet boundary
values which are larger or smaller than a number of order 5.

2.3. Lemma. Let x eTynI'p. Then for every a>0 there exists 10 such that if
w(x,0)>nb then xy=1 in (Q N B, (x)) X1t — b, ¢t + b[ provided 2ah <d(x,T'y). O

Proor. Let Q; and Q, be the components of Q\I'; whose closures contain x and
choose open subsets O; c Q; and O, c Q, satisfying the following conditions (where A
will depend e.g in the C"! structure of I): |v(x)— v(x')|<A(ah)™!|x— x|
Vx,x' €2,n80; i=1,2; By, (x)NQcO,U0O, C By (x); Ax; € O, : By (x,)NQ2CO;,
i=1,2. If n is large enough, #(x;, t) > 1h/2 for |z — ¢ < 2h. Then we can apply Lemma
1.5 with ¢ =ab and deduce

fdiV(a(Vu(rHe)) (l _inf u(, 7 _Cz)l{X(')T)<1}noi|l—l/n

b Oﬂ['u
f div(a(Vu(r)+e))>cj<% i . T)—c4) lim sup + |4, ()]
O e—0

O;

where A;, = {d(-,Q2 N 3Q,) <&} N {u(r) = 0}. Now we argue as in the smooth case and
deduce

: f (1-p=- fdw @Vute)+limswp s [ lalgmg <

O; {d(,QN30;)<e}
1-1/n 1-1/n
s—cs(}? inf ul, < )“Ce)'( f(l—;o) s—c7( f(l—x)) .
O;NIp
O; O;
From this differential inequality we conclude the result as in[11]. O

As in[11] we can find a «parallel> boundary to 8Q N {g<ph} such that &« is
bounded there.
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2.4, LEmMa. Assume a,8>0 and define we H*(Q) by
div(@Vw+e) =0 inQ; w=g onlp and aVw+e)-v=0 onIy.
Then there exists a smooth Q) cQ such that d(Q),,{g<ph})>ab and

[ lwl<a
QnaQ,

for some ¢>0, where ¢ depends on o and 8. O

2.5. REMARK ON THE PROOF. The estimate follows from an estimate on 8,w. Near
the points of I'y N Iy 8, w has a singularity which can be estimate by the e-Holder con-
tinuity of w. O

2.6. MaN Tueorem. Under the assumptions of the introduction, let (u,y) be the so-
lution to the dam problem. Then 3,u is a measure on Q X10, + [ whose negative part is a
locally bounded function.

More precisely, for every T>0 and 8> 0 there exists a constant ¢, wich depends only
on T, 8, A, on the norm of a in C** of the components Qy,, on the norm of g in C** , and on
the geometry, such that

(2.10) duu=—c in QUT,8), where
2.11) Q(T,8) = {(x,) €2 x10, T: dx, [ " {g<e})>38)}. O
Proor. Arguing as in[11], but using Theorems 2.1 and 2.2 in the interior,

a similar statement for I'y (see[11] Lemma 2.9), and Lemma 2.3, we see that
wy = (32 u) N\ (—¢;) fulfills

dlv(an,,)$0 in .Qb,
w, = u)N(—¢)) on I'nnaR,(s),
aVuw,-v=0 on I'y,

where Q, is as in the Lemma 2.4. So one can estimate w), from below by the solution of
the corresponding equalities.

Since on Q N 8Q,, is estimated by —w/b from below, with w given in Lemma 2.4,
one finally gets the estimate

f(w;?)ESQ
Q

and, more precisely, w, is bounded pointwise from below away from the set where

¢g<O®p). 0.
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