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Funzioni di variabili complesse. — Levi-equation in higher dimensions. Nota di 
ZBGINIEW SLODKOWSKI e GIUSEPPE TOMASSINI, presentata (*) dal Socio E. 
VESENTINI. 

ABSTRACT. — We announce some results concerning the Dirichlet problem for the Levi-equation in 
C \ We consider for the sake of simplicity the case « = 3. 

KEY WORDS: Levi form; Monge-Ampère equation; Dirichlet problem. 

RIASSUNTO. — L'equazione di Levi in dimensioni superiori. Si annunciano alcuni risultati ottenuti nello 
studio del problema di Dirichlet per l'equazione di Levi in C considerando per semplicità il caso 
n = 3. 

1. We consider the case C3. The proofs in the general case are based on the same 
techniques. Let Z\ = X\ + ix2, Zj — x3 + ix4, z3 = x$ + ix&, be complex coordinates in C3, 
let Q be a bounded domain contained in x6 = 0 with a connected boundary, and let 
x=(xi,...,x5) denote a generic point in Q. For a given u e C° (Q) let T(u) be the graph 
of u in C3 and r+ (u) = {u-x6< 0}, T_ (u) = {u - x6 > 0}. If u e C2 (Û) and if Tz

c de­
notes the complex tangent plane to r(u) at z then, as is well known, T+ (u) is a domain 
of holomorphy if and only if Levi (u — x6)|xc ̂  0 for every zer(u); i.e., T(u) is Levi-
convex. In terms of u this condition can be written: 

(1) S ^MMC^o 

for every xeQ. The A^ (u) are quasi-linear differential operators of second order, 
A0p(u)=Ap-(u) and A^(u)y A^(u) are degenerate elliptic. Let us set LMA(u) = 
= det (Aj («)); then (1) is equivalent to LMA(u)(x) ^ 0, Aa- (u)(x) ̂  0, a = 1,2. We say 
that r(u) is Levi-flat at x° if r(u) is Levi-convex at (z® ,z$ ,x$ + iu{x0)) and 
LMA{u)(x°) = 0. We also say that u is Levi-convex respectively Levi-flat whenever T(u) 
satisfies the condition above at each point. 

In the notation LMA(u), L stands for «Levi» and MA for «Monge-Ampère», 
due to the fact that LMA{u) is obtained as determinant of the hermitian form Levi 
(u-x6)\jf, zer{u). 

The problem we will be dealing with is the following: 

(2) LMA(u) = *(-,«)(l + \Du\2)2 in Qy 

u = g on dQ, u is Levi-convex and k e C° (Û X R), g e C° (dû). It is the natural generali­
zation in C3 of the Dirichlet problem for the Levi-equation in C2 [1,2,7,8]. Here k 
represents a sort of «total Levi-curvature» of r(u) (as the boundary of T+ (u) [8]). In 
the general case of a C2 hypersurface S in C3 given by p = 0, we define the total Levi-

(*) Nella seduta delTll maggio 1991. 
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curvature of S (as the boundary of {p<0}) to be the function 

kLevi(S)(z) = X(z)( S k l 2 ] 2 , z e S 

where A(z) is given by dpAdpAddp = X(z)dz\ Adz[A<iz2 Ad~z2-
Of particular interest is the case k = 0. As has already been pointed out in [7], 

the «natural solutions» for this kind of problem seems to be the «weak ones» {i.e. in 
the sense of «viscosity»). 

In our case we first must generalize the notion of Levi-convexity to a C° function 
u\ we say that u is Levi-convex at x° if LMA{<p){x°) ^ 0, Aa- {<p){x°) ^ 0, a = 1,2 whene­
ver u — 9 has a local maximum at x° and 9 e C00 (Û). Under these assumptions we say 
that u e C° (Q) is a weak subsolution of (2) if u = g on 3D and LMA{<p){x°) ^ &(x°, u{x0)) • 
•(1 4- |D9(x°)|2)2, Aa- {<p){x°) ^ 0, a = 1,2, at any local maximum point x° of u — 9, for 
9 € C°° (Û); u is a z^#£ super solution if & = g on 3D and either LM/4(9)(x°) ̂ £(x°, ^(x0)) • 
•(1 +|D9(x°)|2)2 or LM^(9)(x0)>Mx0,^(x0))(l+|D9(x°)|2)2 and A^{9){x°)<0y 

a = 1,2 at any local minimum point x° of u — 9, for 9 e C00 (Û). Finally we say that ^ is 
a ^e^yè solution if it is both a weak subsolution and a weak supersolution. 

PROPOSITION l.Ifue C°{Q) is a weak solution of {2) with k = 0, then JH+ (u), T_ (u) 
<zre not strictly pseudoconvex at any point of T(u). 

We recall that a domain D ^ C , « ^ 2 is called strictly pseudoconvex (s.p.c.) at a 
point z° 6 3D if there exists a neighbourhood U of z° and YeC00 (U) which is strictly 
plurisubharmonic on U, such that: T{z°) = 0 and F < 0 on UnD. 

2. Problem (2) can be reduced to a «Belltiian problem» for a family of quasi-linear 
degenerate elliptic operators. Indeed if u e C2 (Q) is Levi-convex and A{u) = {A^ («)) 
then inf TtB-A{u) = {LMA{u))l/2, where Vis the space of hermitian, positive definite 

BeV 

2 X 2 matrices with det.B = 1/4 (see [3]). 

PROPOSITION 2. If u e C°{Q) is a weak solution of {2'): inf TtB-A{u) = h{-yu) • 
BEV 

•(1 + \Du\2) in Q, u = g on 3D, h = kl/2, then u is a weak solution of (2). 

In what follows we shall sketch the main steps of the proof of the existence theo­
rem for {2'). 

Fix a countable everywhere dense subset {Bm} in V and set Lm{u) = {\ + 
+ |D«|2) -1 TtBm -A{u), Fm (u) = inf (Li («), ...,Lm («)). As Fm does not depend smoothly 
on the first and second derivatives uiy Uy of u, we provide a «good approximation» of 
Fm (u) by an operator Fm>ri («), which is C00 in «,-, «^, and then let rj—» 0+ . So we consi­
der the approximate problem: 

(3) FWt„(«) + e4« = £(-,«) in 0 , 
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u = g on dQ and (under suitable conditions for dQ, g, h) we prove for (3) the following 
«a priori» estimates: 

(A) max \u\, max |D«| < const uniformly with respect to s, rj, m {i.e. for s, 

17—> 0 + , W - > +00); 

(B) |«|*,à;û < const uniformly with respect to r), m. 

Then starting from (A), (B) and using the «continuity methods» (see [4]) it is 
possible to prove for (2') (and consequently for (2)) the existence of a weak solution u 
under the following conditions: 

1) S = 3D X R is strictly Levi-convex, k e C1'* (Q X R), g e C2>a (Su), 0 < a < 1, 
and sup k(; t) < £Levi (S) at each point of dQ X {0}; 

2) S*/S/+|DX*|^Ò, Dx@/dx1}...yd/dx5); 

3) |*(x,/)|^fx(M); |^(x,/)|, |^(x^) |^?( | / | ) ; \kxx(x,t)\, \kx>t(x,t)\, \ktt(x,t)\^tX\t\) 

where ^,/x are non decreasing (here kxx{x,t) = {kx.x.{xyt))y kxt{xyt) = (^^(x,^))). 
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