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Equazioni a derivate parziali. — Levi's forms of higher codimensional submanifolds. 
Nota di ANDREA D'AGNOLO e GIUSEPPE ZAMPIéRI, presentata (*) dal Socio G. SCORZA 

DRAGONI. 

ABSTRACT. — Let X = Cn, let M be a C2 hypersurface of X, S be a C2 submanifold of M. Denote by LM 

the Levi form of M at z0 eS. In a previous paper [3] two numbers s± (S,p), p e (T*X)Z0 are defined; for 
S = M they are the numbers of positive and negative eigenvalues for LM. For ScM, peSxMT^X, we 
show here that s± (S, p) are still the numbers of positive and negative eigenvalues for LM when restricted 
to TfQS. Applications to the concentration in degree for microfunctions at the boundary are given. 

KEY WORDS: Partial differential equations on manifolds; Boundary value problems; Theory of 
functions. 

RIASSUNTO. — Forme di Levi a sottovarietà di codimensione superiore. Sia X = C", M una ipersuperficie 
di classe C2 di X, S una sottovarietà C2 di M. Sia LM la forma di Levi di M al punto z0 e S. In un precedente 
lavoro [3] si definiscono dei numeri s± (S,p), p e (T*X)Z0 che per S = M coincidono con i numeri di auto­
valori positivi e negativi di LM. Per S e M, p e S XMTMX, si prova che s± (S, p) sono ancora i numeri di au­
tovalori positivi e negativi di LM ristretta a Tf0S. Se ne dà applicazione alla concentrazione in grado di mi­
crofunzioni al bordo. 

1. Let X be a complex analytic manifold of dimension n. We denote by T : TX—> X 
the tangent bundle and by n\ T* X—> X the cotangent bundle to X. If X^ denotes the 
underlying real analytic manifold structure on X, we recall that there is a natural iden­
tification T*(XR) = (T*X)*. We will denote by d the holomorphic differential on X, 
and by d=d + 3 the differential on XR. 

Let M be a C2 hypersurface of X and S be a C2 submanifold of M of real codimen-
sion s— 1. We denote by TfX the conormal bundle to S in X, a closed submanifold of 
T*XR. 

Take a point z0
 e$ a n d assume that, locally at ZQ, one may express M as 

{z e X; $(z) = 0} and S as the set of zeros for the functions &• (/ = 1,..., s). Here $ and 
the fa are real valued C2 functions on X. Let p = d <p{zo) ESXMTMXC TfX. Let LM be 
the Levi form of M at zQ. Recall that, in a local system of coordinates (z) eX at z0, one 
has LM = {dPftzoydZidZf^j. 

Let us set 

TZ0 S={ze TZo X; Re(z, 3$, ) = 0 Vi), l £ 5 = {z e TZo X; (z, 9ft ) = 0 V/}, 

\s(p) = TpT!Xy \Q{p) = TpK-ln{p), 

r(S,p) = dimc (Ay (/>) n /A5 (p) n A0 (p)), j(5,p) = T{XS (p), /A5 (p), A0 (p))/2, 

r(S,p) = n- QO&mxS + 2y(S,p) - dimc (A5 (p) n /A5 (p)), 

(*) Nella seduta del 14 giugno 1990. 
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here r(-, -, •) denotes the Maslov index for three Lagrangean planes and cod im^ 
is the real codimension of S in X (cf. [3, §7]). 

PROPOSITION 1.1. On has s{S,p) = sgn(LM\Tcs)> where sgn denotes the signature. 

PROOF. The proof goes as in [2, Prop. 11.2.7] so we point out only the main 
lines. 

Define the map: 

Let fa :C®RTZoS^>Xs(p) + iXs(p) c TpT*X, be the map induced by 0 on the com-
plexification C ®R TZoS of TZoS. If we identify C ®R TZoS to the subset of TZoX 0 T^X 
defined by {(v, w); (v,dfo) + (w,d<f>j) = 0, V/}, we have: <p* (v, w) = (v;Z = 
= d(d4>,v)+d(dj,w)). We have Xs(p) = {(*,Q; Re(v,dh) =Q, Z = 2tj3fy(z0) + 
+ d(d<f>,v) +d(d<f>9v)}. 

We need now a lemma. 

LEMMA 1.2. One has ip*T^+(X0(p) nXs(p))c ^X0(p) n(Xs(p) +iXs(p)). 

PROOF. Recall that one has the identification ip*TZQS= {(0, £); Z) = d{d$, w), 
(w,dh)=0, Vi^s}, and also (X0(p) n Xs(p)f = { ( O ^ j ^ E r ^ f c t o ^ C } . 

In conclusion: 

^ 7 V ? + (A0(p)nA,(/?))c = { (0 ,0 ;C=2T z a^fe 0 ) + 

+9<9#,^>,<S# f-tt;>=OV/^j}=Ao(p)ri(A5(p) + /^(p)) . Q.E.D. 
One sees that <£* (0, v) + <£* (?, 0) € Xs (p) and <p* (0, v) - $* (v, 0) e iXs (p) and thus 

0*(?,O) is the «conjugate» to <p*(0,v) in TpT*X/(Xs(p) niXs(p)) with respect to 
Xs(p)/(Xs(p) niXs(p)). The conclusion is then as in [2]. Q.E.D. 

PROPOSITION 1.3. 0#e Z?<w r(S,p) = rank(LM|;rc5). 

PROOF. One has 

A5(p)n/A5(p) = { ( ^ 0 ; < M & > = 0 V * ^ j , C = E/f-9fckb) + .d(3^v) + 9<3M>> 

c=2«,-a^(zb) + 3<3#,«'>-3<a#,i'>} = 

i 

Z = ltidh(z0) + d(d4>,v) +d(d$,v), 2(~ti + isi)d<l>i(xo)=2d(d^v)}. 
i i 

Thus £ — d{d$,v) — d(d<f>y v) is the first term in a decomposition: —29(9$,^) = 
= E tjdfaizo) — i^Zsjd&izo), th s( eR. This last decomposition being unique modulo 

Xs (p) n iXs (p) n A0 (p), we get: 

dimc(Xs(p)niXs(p)) = dimc{v e T%S; (d(d^v)}wj = 0, VweT%S] + 

+dimc(A^(p) n /A5(p) n A0 (p)). 
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r C c -

dimc (TfS) = n- codimx5 + dimc (Xs (p) n iXs (p) n A0 (p)), 

We have, recalling that TZQS=TZoSniTZoS: 

and hence: 

rankLM |Tc, = d i m c ( T ^ ) - dimc{z; e T ^ ; <3<S^>, w) =0,VweT*S} = 

= (n- codimx5 + dimc(Xs (p) n iXs(p) n A0 (p))) -

-{dimc(Xs(p) n iXs(p)) - dimc(Xs{p) n A^(p) n A0 (p))) = K^p). Q.E.D. 
Let us define s± (S,p) as the solutions of the system: 

's(S,p) = s+(S,p)-s-(S,p) 

\r(S,p) = s+(S,p) + s-(S>p)) 

and s° (S,p) as: *° (S,p) = dimc (Xs (p) n /Ay (p)) - y(S,p). Due to Propositions 1.1, 1.3, 
we get at once the following theorem. 

THEOREM 1.4. s+(S,p), s~ (S,p) and s°(S,p) are the numbers of positive, negative 
and null eigenvalues for the form LM\jcs. 

2. We give now application of the preceding results to the concentration in degree 
for microfunctions at the boundary. 

We shall be working with the derived category Db (X) of the category of bounded 
complexes of sheaves of abelian groups on X. In [2] a bifunctor phom: Db (X)° X 
X Db (X) -> Db (T* X) is defined. For a subset Z c X one sets [xz (Ox ) = [xhom(Cz, Ox ), 
where 0X denotes the sheaf of holomorphic functions on X and Cz is the sheaf which 
is 0 on X \ Z and the constant sheaf with fiber C on Z. 

In what follows nM will denote the projection nM\ TMX—>M, co will denote the 
complex canonical 1-form on X, H the hamiltonian isomorphism T* T*X= TT*X in­
duced by the symplectic 2-form dco and, in the case of 7MX being afa/-symplectic, H1 

will denote the hamiltonian isomorphism T* T&X= TT&X induced by the symplectic 
2-form dco1 (co1 being the imaginary part of co). 

PROPOSITION 2.1. Let ScMcX be C2 submanifolds ofX, M being an hypersurface. 
Then, for peS XM f^X: 

(i) 0 ^ (Myp) - s± (S,p) ^ codimMS - [r(S,p) - y(M,p)], 

(ii) - c o d i m i + [y(S,p)- r(M,p)l *£*° (M,p) - s° (S,p) ^ c o d i n g - [y(S,p) -
-y(M,p)l 

PROOF. Recall that T^M=TZoMniTZoM. We have: àimcl£S = dimc T ^ M -
- [codimM S-{y(S,p) ~ y(M,p))]. Let us define (for * = +, - , 0): 

f f> 0 for * = + 
VM=*VET%M; v and vL generate T^M/vLMv\<0 for * = -

[ = 0 for * = 0 

(where v1 = {w e T%M; fvLMw = 0}), and similarly for V*. One has that s* (Mtp) is 
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the maximal dimension for subspaces of VM, and similarly for S. In order to prove that 
the right hand side estimates on (i) and (ii) hold, it is enough to observe that 
V ? c V £ n 7 * S . 

Let now viy ...,vs be a base for a subspace of VJ", completed in a basis Vi,...,vs> 

vs+i,..., vr of TZoM, and let (a^)^^ be the matrix of LM in such a base. If we write 
vs+i ='vs+i ~~ (ais+i/an vx + ... + ass+i/assvs), and similarly for vj9 s + 1 < / ^ r, we get a 

new base for T^M such that ^ L M ^ = 0, v7=^ 5, V/'^ #z. This proves that the left hand 
side estimate on (i) holds. 

In order to prove that the left hand side estimates on (ii) holds, assume at first that 
dimcT%M - dimc T%S=1 and let u e T%M\XjS. Let vh v2 e T%S, with 
*Vi (LM \jcs )w = Q,ytfi = 1,2, Vw e T^S. Assume that *V\ LMu¥=0 and hence there exists 
an a e C with f(avx + v2)LMu = 0. This means (av 1 + v2)

L = TjM. The case 
dimcT^M-dimcTz

<; lS
,> 1 is similarly proven. Q.E.D. 

PROPOSITION 2.2. Let S cMcX be C2 submanifolds of X, Ma hyper surf ace, and 
take pò e S XMT^X. Let Q = M\S. Assume the following conditions for p in a neigh­
borhood of po'. 

(1) dimR(Xs(p) n v(p)) = 1 (here v(p) = CH(oj(p)) is the radial direction), 

(2) s~ (S,p) — y(S,p) is locally constant, 

(3) s~ (M,p)-y(M,p) is locally constant, 

Then (JLQ{OX) is concentrated in degrees [a —l,a' V a], where we set a = 
= codimxM 4- s~ (M,p) - y(M,p), a = a + codimMlS - [y(5,p) - r(^">P)3 ~ 1-

PROOF. By[2, Prop. 2.3] we have that (JLM(OX) is concentrated in degree a and 
Us (Ox) is concentrated in degree a" = codimx5 H- s~ (S,p) — y(S,p). Due to Corollary 
2.1 we then have a ^ a ' ^ a ' + 1 and we conclude. Q.E.D. 

REMARK 2.3. If we assume in addition that: 

T^X is doi symplectic(codimxM= 1), 

<SxMT^X is dol involutive, 

ip0$T$M in the identification TfM^iH1 (^(TfM)) 

then (JLQ (Ox ) is concentrated in degrees [a, a + cod im^ — 1]. In fact [xM (Ox ) is con­
centrated in degree a = codimxM + s~(M,p). By a complex quantized contact trans­
formation it is not restrictive to assume s~(M,p) = 0, and hence s~(S,p) = 0 due to 
Proposition 2.1. Moreover, since (T^X,dol) is symplectic and SXMTMX is regular in­
volutive, then y(S,p) = 0 (cf. [1]). This implies (cf. [3, Prop. 11.2.8]) that (xs(Ox) is 
concentrated in degree codimXlS-l-.y~(lS,p). Note that if codimxM + s~ (M,p) = 
= codimx£ + s~(S,p), the concentration in degree a for (xQ (Ox) follows by applying a 
quantized contact transformation that interchanges TMX with TM'X' (for M' =Rn) 
and SxMTùX with S' XM'TM>X'. The concentration for (j.Q,(Ox)(Q' =M'\S') is 
then a classical argument due to P. Schapira. 
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REMARK 2.4. If we assume that: 

TMX is dcJ symplectic(codimxM= 1), 

< codimMlS= 1, 

ipo$T§M in the identification T$M = iH!
 ( T ^ ( 7 ? M ) ) 

then |UD(©x) is concentrated in degree a = codingM + .y~(M,p). In fact, by a quan­
tized contact transformation, we can reduce to the case s~(S,p) = 0, s~(M,p) = 0, M 
being the boundary of a strictly pseudo-convex set, moreover, in this case of 
coding X = 2, we have y(S,p) = 0. 

PROPOSITION 2.5. Let ScMcX be C2 submanifolds of X, set Q = M\S and take 
p0 e S X 7MX. T/?e/z ^ (©x) ^ concentrated in degrees [a — 1, £ + c o d i m ^ - 1 1 where 
we set a = codimxM + j ~ (M,p) — y(M,p) <W [3 = n-s+ {Myp) + y(M,p). 

PROOF. Due to [3, Th. 2.2] one has that ^M(^X) is concentrated in degree [a,/3] 
and ^(©x) is concentrated in degree [a',/3']> for: 

a' = c o d i n g + s~(S,p) - y{Syp), ft = n - s+ (S,p) + y(S,p). 

Due to Corollary 2.1 we have 

s± (S;p) ^ s± (M,p) - codimM5 + [y(S,p) - r(M,p)] 

and hence: 

a ^ a , 

0' ^ n - s+ {M,p) + codimMS - (r(S,p) - y{M,p)) + r(S,p) = /3 + codimM5. Q.E.D. 
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