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Analisi matematica. — The equations of viscous incompressible non-homogeneous
Sfluids in non-cylindrical domains: On the Existence and Regularity. Nota di Roporro
SaLvi, presentata (*) dal Socio L. AmErio.

AsstracT. — We prove the existence of a weak solution and of a strong solution (locally in time) of the
equations which govern the motion of viscous incompressible non-homogeneous fluids. Then we discuss
the decay problem.

Key worps: Non-homogeneous fluids; Time dependent domains; Weak solutions; Strong solu-
tions.

Ruassunto. — Le equazioni dei fluidi viscosi incomprimibili non omogenei in domini non cilindrici: esi-
stenza e regolarita. Si dimostra l'esistenza di una soluzione debole e di una soluzione forte (in piccolo) per
le equazioni che governano il moto dei fluidi viscosi incomprimibili con densita non costante. Inoltre si
discute il problema dell’andamento asintotico.

1. InTRODUCTION

We consider the motion of a viscous incompressible non-homogeneous fluid,
defined in a domain with moving boundaries. In other words, we have to deal not
with a space-time cylinder but with a non-cylindrical domain in R*> X [0, T]. To be
more precise, we consider a domain .QT=O<LIJ< TQ(t) X {t} where each Q(#) is a

bounded domain in R’ and T> 0 is a positive number. We will find, in the region Q7
a solution (#, ¢, p) of the systemr

(1.1) Q,u—uldu+eu-Vu+Vp—of=0; 0,0+uVe=0; V=0 in Qr
satisfying the initial-boundary conditions

{u(x, 0)=uy; p(0)=p, in Q(0),

(1.2)
- ulx,t)=0 on I'y,

where # = u(t) = (u; (x, ), u, (x, £), 45 (x, £)) is the velocity, ¢ = o(#) = o(x, £) the density,
p=p) =p(x, ¢) the pressure, f=£A6)= (£ (x,0), f5(x,8), f; (x,£)) the external force, u
the viscosity, and I'tr = o TF(t) X {¢} with I'(¢) the boundary of Q(?).
Problem (1.1), (1.2) was studied in[1,2,5], in cylindrical domains. The paper deals
with the existence of weak solutions and of strong (locally in time) solutions of (1.1),
(1.2). To prove this, we employ the method developed in[4].

Section 2 contains preliminaries. Section 3 contains the proof of the existence of a
weak solution and of a strong (locally in time) solution of (1.1), (1.2), and contains re-
sults on the decay problem.

(*) Nella seduta del 21 aprile 1990.
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2. PRELIMINARIES

All functions in this paper are R- or R>valued. The letter ¢ denotes different con-
stants depending on Q7 and «, 8 are positive constants. We employ the usual notations
of vector analysis; in particular, the j-th components of #-Vx and Az are

3 3
> 48,4 and 23,0, u,
i=1

i=1

respectively. Some additional notation is needed. We let

3 3
(u, V)ﬂ(t) = 21 f U v; dx ; |u|§(t) = (u, u)o(z); ((u, U))g(z) = Z:] f Vu,; Vv, dx;

Q) Q)

T T
[| 2 ”?2(:) = ((u,4))qq) 5 M?)T = f ’”|§)(1) dt; ”?)T = f”” ”?)(z) dt;
0 0

D(Q(1)={|¢e(C5 (Q(#))’, V-$=0}; DQr)={4l¢ € (C*(2r))’,supp¢ c Qr, V-$=0};
H(Q(#)) =completion of D(Q(#)) in the norm |¢|q( ; V(Q(#)) = completion of D(Q(2)) in
the norm [|¢ll,(, ; H(Qr) = completion of D(@7) in the norm |«|g, ; V(Qr) = completion
of D(Q7) in the norm |||y, P denotes the projection operator from L?(€(¢)) onto
H(Q(#)). We assume in the present paper that I'(¢) is smooth (at least uniformly of class
C?), and locally represented by the function x; = ¢(x;, x,, £) (or x; = (%, , x5, £), or X, =
=d(x3,%,4)). Now we are in the position to give the definitions of weak and strong so-
lutions of (1.1), (1.2).

(#,0) is a weak solution of (1.1), (1.2) if # and p satisfy the following
conditions:

) #eL?(0,T;V(Q®)) n L™ (0, T; H(2), p€L”@Qr), asp<p;

T
(i) J {(ets,8; $)a + (ot~ Ve, ey — (24, ) + (of, )iy } dE =
0

=—(oothy,$(0))gq V¢ €D@r) with ¢(T)=0,
3,0+ u-Vo=0 in the sense of the distributions;

t t
(i) alu(t)’é(,)+2yJ’ e ) do < Blas(s) gy + 2 J(Pf’ U)o do

holds for almost all s> 0, including s=0, and all #>s.
(#,0) is a strong solution of (1.1), (1.2) if # and o satisfy the following
conditions:
(i) #eL?(0,T; H*(Q(»)) n L= (0, T; V(Q(2)), 3,u4€L?Qr),
p€L"(Qr), as<psp;
(i) P(ed,u+ou-Vu—pldu—of)=0 a.e. in Qr
d,6+u-Vo=0 in the sense of the distributions;
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t t
@@ Ve u@)lbn + 2 J lleltee) do = [V ols) () + 2 J(pf, ) do

holds for almost all s> 0, including s =0, and all £>5.
Our results are now given by the following theorems.

Tueorem 1. Let #y € H(Q(0)), fe L (Qr), and a < g, <pB. Then there exists a weak
solution of (1.1), (1.2).

'I_’HEOREM 2. Let uy € V(Q®), feL?2(Qg), and a<gy<p. Then there <exists a
0<T<T such that there exists a strong solution of (1.1), (1.2) in Q5.

Cororrary 3. The assumptions of theorem 2 hold. Further, we assume that
ll# llo@y and | £lq, are sufficiently small. Then there exists a strong solution of (1.1),
(1.2) for every T>0.

Tueorem 4. The assumptions of theorem 1 hold, Q(¢) tends to a bounded domain
Qgas t—> 0, and |Pf|yy < ct~Y2. Then there exists a Ty > 0 such that the weak solution
of theorem 1 is a strong solution in (T, ) and # decays like ||#|f3) < ct™! where ¢ is
some positive constant,

Tueorem 5. The assumptions of Corollary 3 hold, 2(#) tends to a bounded domain
Qpas t— %, and |Pfly, < ¢t~ 2. Then there exists a strong solution of (1.1), (1.2) for
every T>0 and # decays as |[#f3, <ct™' where ¢ is some positive constant.

3. PROOFs OF THEOREMS

First we prove theorem 1. We consider the following auxiliary problem. Let F=
= {gl¢ € L2(0, T; H*(Q(#))), ¢=0 on It with the natural norm}, and &=
= {g|¢ e L2(0, T; H*(Q(2))),8,¢ € L*(0, T; H2(Q(#))),4 = OonI', $(T) = 0}. We consid-
er on § the norm [[¢s = |l¢]l7+ |¢(0) oo -

Find a =, € F such that for all $€ G,

T
(3.1 J{(ﬂ'e , A8, $)a + £(Ar. , Aoy — (- V., Ao — k(. , Ad)ayy } dt =
0
T
= Jé’_k'(ZU,A@a(t) dt = ((r0— (0)), 4% }o0) 5
0

herew=—8,9+cdg— #-Vg; % and g are given functions, £ is a positive constant, and
u is a regularization of z through the use of a mollifier depending on a parameter 2,
which is omitted for semplicity.

We denote by E(x,,$) the left-hand side of (3.1), and by direct computation we
have E(¢,¢) = c||¢|f& (for suitable £); hence by [6, p.208], there exists a =, € F such
that (3.1) holds. Now —A is one to one and onto from H?(Q(#)) n H; (Q(2)) to
L?(Q(#), then we have that =, satisfies

(3.2) d,m.—eAm,+u-Vr,+kr,=e®w a.e in Qr.
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Now multiplying (3.2) by exp &¢ and setting p, = exp k¢ =, + g, we have proved the ex-
istence of a solution of the system

(3.3) 8,0.—eAp.+u-Vo,=0 in Qp, e, =g on I.
Further, it is a-routine matter to prove a<p, <p.

By using the same method we can prove the existence of a solution #, of
(3.4) P(e. 8,18, — pAu+ p,u- Vi — p. f— k(1 — p,) (5 — 1)) = 0.

Now combining fixed point arguments and @ priori estimates proved in[3], passing
to limit e— 0, and after A— 0, we have the existence of a weak solution of (1.1),
(1.2).

To prove theorem 2, we consider the approximating system (3.3), (3.4) in which
there is not the regularization of #, in other words we have the tetms % - Ve, and . % - Vu
instead of #- Vp,and ¢, % Vz, respectively. Using fixed point arguments, and then pass-
ing to limit e— 0, we prove the existence, locally in time, of a strong solution of (1.1),
(1.2).

The proof of corollary 3 consists in finding a suitable bound for the data such that
fixed point arguments of theorem 2 hold true for every T> 0. Now combining the es-
timates of theorem 2 and the results in[4], we can prove theorems 4, 5.
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