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Analisi matematica. — The equations of viscous incompressible non-homogeneous 
fluids in non-cylindrical domains: On the Existence and Regularity. Nota di RODOLFO 

SALVI, presentata (*) dal Socio L. AMERIO. 

ABSTRACT. — We prove the existence of a weak solution and of a strong solution (locally in time) of the 
equations which govern the motion of viscous incompressible non-homogeneous fluids. Then we discuss 
the decay problem. 

KEY WORDS: Non-homogeneous fluids; Time dependent domains; Weak solutions; Strong solu­
tions. 

RIASSUNTO. — Le equazioni dei fluidi viscosi incomprimibili non omogenei in domini non cilindrici: esi­
stenza e regolarità. Si dimostra l'esistenza di una soluzione debole e di una soluzione forte (in piccolo) per 
le equazioni che governano il moto dei fluidi viscosi incomprimibili con densità non costante. Inoltre si 
discute il problema dell'andamento asintotico. 

1. INTRODUCTION 

We consider the motion of a viscous incompressible non-homogeneous fluid, 
defined in a domain with moving boundaries. In other words, we have to deal not 
with a space-time cylinder but with a non-cylindrical domain in R3 X [0, T]. To be 
more precise, we consider a domain QT = u Q(t) X {t\ where each Q(t) is a 

Osï^T 

bounded domain in R , and T > 0 is a positive number. We will find, in the region Qj 
a solution {u,p,p) of the system' 
(1.1) pdt u-(xAu +pu- Vu + Vp-pf=0 ; dt p + wVp = 0; V-u = 0 in QT 

satisfying the initial-boundary conditions 

u(x, 0) = u0; p(0) = po in O(0), 
(1.2) 

\u{x,t) = 0 on rT, 

where u = u{t) = (ux (x, /), u2 (x, /), u3 (x, t)) is the velocity, p = p(t) = p(x, t) the density, 
p=p{t)=p{x,t) the pressure, f=f(t)= ifi{x,t), f2{x,t), f3(x,t)) the external force, (J. 
the viscosity, and rT = u r(t) X it] with r{t) the boundary of Qlt). 

Problem (1.1), (1.2) was studied in [1,2,5], in cylindrical domains. The paper deals 
with the existence of weak solutions and of strong (locally in time) solutions of (1.1), 
(1.2). To prove this, we employ the method developed in [4]. 

Section 2 contains preliminaries. Section 3 contains the proof of the existence of a 
weak solution and of a strong (locally in time) solution of (1.1), (1.2), and contains re­
sults on the decay problem. 

(*) Nella seduta del 21 aprile 1990. 
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2. PRELIMINARIES 

All functions in this paper are R- or R3-valued. The letter c denotes different con­
stants depending on QT and a, /3 are positive constants. We employ the usual notations 
of vector analysis; in particular, the y'-th components of u-Vu and Au are 

3 3 

S ui 3 Uj and 2 dx. dXi «/, 

respectively. Some additional notation is needed. We let 

(UyV)Q{t) = E \ Ui Vi dx ; \u\2
Q{t) = (u, u)Q{t) ; ((u,v))Q{t) = E V«,- Vt>, dx; 

Q(t) Q(t) 

T T 

II « IHK/) = ((«, «))ÛW ; \U\QT = J |«Ê(/) ^ ; h l l r = J ll« l w ^ ; 
0 0 

D ( ^ ( / ) ) = {^|^G(C0
OO(^W))3

> V-0=O}; D(ÛT) = {$|$e (C°°(DT))3,supp^ c ^ r , V ^ = 0 } ; 

H(Q(t)) =completion of D(Q(/)) in the norm |$|ÛW ; V{Q(t)) = completion o£D(Q{t)) in 
the norm \\4>\\o(t) ; H{QT) = completion of D(QT) in the norm \u\ÛT; V(QT) = completion 
of D(QT) in the norm ||«||ûT. P denotes the projection operator from L2 (Q(t)) onto 
H(Q{t)). We assume in the present paper that T{t) is smooth (at least uniformly of class 
C3), and locally represented by the function xò = <p{xx ,x2, t) (or xx = <p{x2, x3, /), or x2 = 
= 0(x3, Xx, /)). Now we are in the position to give the definitions of weak and strong so­
lutions of (1.1), (1.2). 

(u,p) is a weak solution of (1.1), (1.2) if u and p satisfy the following 
conditions: 

(i) «€L2(0,T;V(û(/)))nL°°(0,T;H(û(/))), p e L" (ÛT), a ^ p ^ f t 

T 

(ii) J {(p«, a, $ Û W + (p« • v<p, u ) m - [x({u, <j>))û{t) + (p/, ^)Û W} it = 
0 

= - (p0 «o, #0))û(0) W 6 D(ÛT) with #T) = 0, 

dtp + « • Vp = 0 in the sense of the distributions; 

(iii) a|«(/)!£</) + 2(i J ||« ||â(a)d<J**p\u{s)\l{s) + 2 J (p/, u)Q{(r) de 

holds for almost all s > 0, including ^ = 0, and all / > s. 

(u,p) is a strong solution of (1.1), (1.2) if u and p satisfy the following 
conditions: 

(i) u e L2 (0, T; H2 (û(/))) n L00 (0, T; V(û(/))), 9,« e L2 (0T), 

PeL°°(D r), a ^ p ^ / 3 ; 

(ii) P{pdt u + pu-Vu-p Au- pf) = 0 a. e. in QT 

dtP + u-Vp = 0 in the sense of the distributions; 
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t t 

{iti) |VpW*Mlû(*) + 2pJ | | « | | û W ^ = I yp(s)u{s)\lis) + 2j (pf,u)û{a)d<j 
s s 

holds for almost all s > 0, including s = 0, and all / > J. 
Our results are now given by the following theorems. 

THEOREM 1. Let u0 e H(O(0)), feL2 (QT), and a^p0^p. Then there exists a weak 
solution of (1.1), (1.2). 

THEOREM 2. Let u0 e V(Q(t)), feL2(QT), and a ^ p 0 ^ / 3 . Then there exists a 
0 < T ^ T such that there exists a strong solution of (1.1), (1.2) in Of. 

COROLLARY 3. The assumptions of theorem 2 hold. Further, we assume that 
IkoL(o) a n d \f\oj are sufficiently small. Then there exists a strong solution of (1.1), 
(1.2) for every T > 0 . 

THEOREM 4. The assumptions of theorem 1 hold, Q(t) tends to a bounded domain 
QQ as /—» oo, and |-P/|G(/) ^ c/-1'2. Then there exists a T0 > 0 such that the weak solution 
of theorem 1 is a strong solution in (T0, oo) and u decays like \\U\\Q^ ^cr1 where c is 
some positive constant. 

THEOREM 5. The assumptions of Corollary 3 hold, Q{t) tends to a bounded domain 
&o as / -» oo, and |P/|o(/) ^ ct~^2. Then there exists a strong solution of (1.1), (1.2) for 
every T > 0 and u decays as IHlow^^ - 1 where c is some positive constant. 

3. PROOFS OF THEOREMS 

First we prove theorem 1. We consider the following auxiliary problem. Let <^= 
= { ^ | ^ G L 2 ( 0 , T ; H 2 ( D ( / ) ) ) , £ = 0 on TT with the natural norm}, and g = 
= {^eL 2 (0 ,r ; H

2 ^^ 
er on g the norm \$\ = | | ^ + U(0)Uo). 

Find a n£ e & such that for all <f> e G, 
T 

(3.1) / { f o ^ a ^ û f l + e t ^ 

- / • 

r 
e-kt(wyA$)m it - ((po ~ q(0)),A$}m , 

o 
here w= —dtq+ sAq — &• V#; u and # are given functions, k is a positive constant, and 
u is a regularization of « through the use of a mollifier depending on a parameter A, 
which is omitted for semplicity. 

We denote by E(jzti§) the left-hand side of (3.1), and by direct computation we 
have E((j>, <p) ^C£\\<P\\G (for suitable k); hence by [6, p.208], there exists a TZE e $ such 
that (3.1) holds. Now -A is one to one and onto from H2(Q(t)) C\HQ ( û ( / ) ) to 
L2 (£}(/)), then we have that nt satisfies 

(3.2) dt^s— ZATZS+ u-V7re + /br£ = e~ktw a.e. in QT. 
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Now multiplying (3.2) by expkt and setting p£ = exp£/7r£ + q, we have proved the ex­
istence of a solution of the system 

(3.3) dtp£-eApe+û-VPe = 0 in'QT> p£ = q onT T . 

Further, it is a routine matter to prove a ^ p £ ^ / 3 . 
By using the same method we can prove the existence of a solution u£ of 

(3.4) P(p£dtu£-(j.Au£ + p£u-lu- p£f- k(l — pe)(u — u£)) = 0. 

Now combining fixed point arguments and a priori estimates proved in [3], passing 
to limit a—> 0, and after A—»0, we have the existence of a weak solution of (1.1), 
(1.2). 

To prove theorem 2, we consider the approximating system (3.3), (3.4) in which 
there is not the regularization of «, in other words we have the terms « • Vp£ and p£ u • Vìi 
instead of u • Vp£ and p£ u • Vu, respectively. Using fixed point arguments, and then pass­
ing to limit e—» 0, we prove the existence, locally in time, of a strong solution of (1.1), 
(1.2). 

The proof of corollary 3 consists in finding a suitable bound for the data such that 
fixed point arguments of theorem 2 hold true for every T > 0. Now combining the es­
timates of theorem 2 and the results in [4], we can prove theorems 4, 5. 

REFERENCES 

[1] A. V. KAZHIKHOV, Resolution of boundary value problems for non-homogeneous fluids. Dokl. Akad. 
Nauk., 216, 1974, 1008-1010. 

[2] O. A. LADYZENSKAYA - V. A. SOLONNIKOV, Unique solvability of an initial boundary value problem 
for the viscous incompressible non-homogeneous fluids. J. Sov. Math., 9, 1978, 697-749. 

[3] R. SALVI, On the existence of weak solutions of a non-linear mixed problem for non-homogeneous flu­
ids in a time dependent domain. C.M.U.C., 26, 1985, 185-199. 

[4] R. SALVI, On the Navier-Stokes equations in non-cylindrical domains: On the Existence and Regulari­
ty. Math. Z., 199, 1988, 153-170. 

[5] R. SALVI, The equations of viscous incompressible non-homogeneous fluid: On the Existence and Reg­
ularity. Submitted to J. Australian Math. Soc. 

[6] F. TREVES, Basic linear partial differential equations. Academic Press, New York 1975. 

Dipartimento di Matematica 
Politecnico di Milano 

Piazza L. da Vinci, 32 - 20133 MILANO 


