ATTI ACCADEMIA NAZIONALE LINCEI CLASSE SCIENZE FISICHE MATEMATICHE NATURALI

RENDICONTI LINCEI
MATEMATICA E APPLICAZIONI

MIROSLAV SILHAVY

On Cauchy’s stress theorem

Atti della Accademia Nazionale dei Lincei. Classe di Scienze Fisiche,
Matematiche e Naturali. Rendiconti Lincei. Matematica e
Applicazioni, Serie 9, Vol. 1 (1990), n.3, p. 259-263.

Accademia Nazionale dei Lincei

<http://www.bdim.eu/item?id=RLIN_1990_9_1_3_259_0>

L’utilizzo e la stampa di questo documento digitale é consentito liberamente per mo-
tivi di ricerca e studio. Non é consentito 1'utilizzo dello stesso per motivi commerciali.
Tutte le copie di questo documento devono riportare questo avvertimento.

Articolo digitalizzato nel quadro del programma
bdim (Biblioteca Digitale Italiana di Matematica)
SIMAI & UMI
http://www.bdim.eu/


http://www.bdim.eu/item?id=RLIN_1990_9_1_3_259_0
http://www.bdim.eu/

Atti della Accademia Nazionale dei Lincei. Classe di Scienze Fisiche, Matematiche e
Naturali. Rendiconti Lincei. Matematica e Applicazioni, Accademia Nazionale dei
Lincei, 1990.



Rend. Mat. Acc. Lincei
5. 9, v. 1:259-263 (1990)

Meccanica dei continui. — On Cauchy’s stress theorem. Nota di MirosLav Siv-
HavY, presentata (¥) dal Socio C. TRUESDELL.

AsstracT. — In this work a new proof of the theorem of Cauchy on the existence of the stress tensor is
given which does not use the tetrahedron argument.

Key worps: Stress tensor; Continuous body; Balance equations.

Ruassunto. — Teorema di Cauchy sull’esistenza del tensore degli sforzi. In questo lavoro viene data una
nuova dimostrazione del teorema di Cauchy sull’esistenza del tensore degli sforzi che non fa uso
dell’argomento del tetraedro.

1. InTRODUCTION

The classical theorem of Cauchy, describing the contact forces in a continuous
body in terms of the stress tensor, has been reconsidered by several authors [1-6] in the
last three decades. These works have gradually removed various conceptual or
technical assumptions made by Cauchy. The proofs in[1-4] use Cauchy’s original
tetrahedron argument or refinements of it. In[5, 6] I gave proofs using a different kind
of argument based on the «slicing of the body». This method permits one to establish
the existence of the stress tensor under assumptions more general than those
considered hitherto. For instance, in[6] the surface tractions are required to be well
defined only for «almost every surface» and the class of all such contact forces is shown
to be isomorphic with the space of all integrable vector fields with integrable
distributional divergences. This result gives not only the existence of the stress tensor,
but also the validity of the divergence theorem without extra hypotheses of
smoothnesss on the stress tensot.

In this note I give another proof of the stress theorem which does not use the
tetrahedron argument. The proof leads to an explicit, coordinate-free formula for the
stress tensor in terms of the surface tractions (see eq. (4) below). I do not aim at the
greatest generality here; rather I wish to give a relatively simple proof which uses ideas
somewhat different from the traditional ones. My assumptions are very close to
Cauchy’s. Notably, I adopt Cauchy’s postulate, 7., I assume that the tractions
associated with a surface at a point depend upon that surface only through its normal.

2. ASSUMPTIONS AND STATEMENT OF THE THEOREM

The body is identified with an open set R in a three-dimensional Euclidean space.
We denote by B(x, ) the open ball of radius  centered at x and by e = e(y) the unit

(*) Nella seduta del 10 marzo 1990.
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outward normal to the boundary 9B(x,r) given by

(1) e(y) =y —x)/r

for every y € 3B(x, 7).

The density of the surface traction on an oriented surface with normal n, |n| =1, is
given by a vector-valued function t = t(x, n), x € R, |n| = 1 and I assume that for every
fixed n the function #(x,n) is continuous in x and that the function #(y, e(y)) is
integrable on every sphere contained in R. The volume density of the external body
force is given by a continuous vector valued function &= b(x), x € R. The integral
equation of balance of forces

2) ft(x,n)dAJrfde:o
3P P

is postulated to hold for every solid spherical cap P, i.e., for every set P of the form
(3) Bix,n)n{y:(y —x) n<s}

for some x, unit vector 7, and real number s. In (2), 8P is the boundary of P, n = n(x) is
the unit outward normal to 9P, dA is the elernent of area of AP, and dV the element of
volume of P.

Under the above assumptions, the following version of Cauchy’s stress theorem

holds.

Tueorem. For every x € R the limit

@) Tix )—hm<—m3'> / fty, ) ® (y —x) dA(y)
exists and satisfies
’) tix,n)=T(x)n

for every unit vector n.
In (4), e =e(y) is given by (1), the tensor product of two vectors is given in indices
by (a® b);= a;b; and T(x)n denotes the vector with components (T(x) n),= T;(x) ;.

3. Proor

Let B(x, 7) be a ball such that its closure is contained in R and let n be any unit
vector. Denote, for s € [— 7, r], by P(s) the solid spherical cap (3). Its boundary is given
by 8P(s) = §(s) U T(s), where S(s) is the portion of dP(s) contained in B(x, ) and T(s)
is the open circular disc forming the complement of T(s) in 8P(s). The equation of
balance of forces (2) applied to P(s) gives

©) fty,n)dA+Jty, dA+fde 0
S(s)

for every s € (— 7, r]. Here we have taken into account the fact that the normal to P(s) is
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equal to 7 on T(s) and to e(y) on S(s). Rearrange (6):
jt(y,n)dA= - Jt(y,e)dA— fde
1(s) 56

P(s)
and integrate with respect to s from —r to :

) f( ft(y,n)dA)ds=—f< [tt9,0)da+ fbdv)ds.
—-r \ T(s) —r \ S(s) P(s)

By Fubini’s theorem

(8) f( [t(y,n)dA)dF [ty.mavey).
B(x,7r)

-r T(s)

I now claim that

9 - f( [t,00da+ fbdv)ds=
- P(s)

S(s)

OB(x,r)

=l: ft(y,e)@(y—x)dA(y)+ fb@(y—x)dV]‘n.
B(x,7)

Indeed, consider the integral
1= [ b(y) dviy) ds
B

over the set B = {(y,5):y€Blx,r),s€[—r,r],s=(y —x) n}. Fubini’s theorem tells us

that
(10) I= j( fbdv)ds= f(jbds)dwy)
-\, B \ B

where E*,, and E},’* are, respectively, the horizontal and the vertical sections of B,
defined by B, ,= {y: (y,s5) € B} and BM ={s:(y,5) € B}. Using these definitions, we
see easily that E*J = P(s) and that BM is the closed interval [(y —x)-n, r]. Equation
(10), then reduces to

pa

—x)n B(x,7)

(11) f( fbdv>4s= f( fb(y)ds)dV(y)= [b0) -~y —x)m)av.
=r \ P(s) B(x,r)

A similar argument provides

r

(12) f( ft(y,e)dA)ds= [ 00— —2-n)da
S(s) 3B

—-r x,7)
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and hence

f( ft(y,e)dA+ fbdv)ds=— ft(y,e)(y—x)mdA
S(s) P(s)

= B(x, 7)

B(x,7)

- fb(y)(y—x)-ndv+r( | t,e1da+ jde).
3B(x, ) B(x,r)

Noticing that the last term in the last expression vanishes because of the equation of
balance of forces (2) and using elementary properties of the tensor product, we arrive
at (9). Equations (7), (8) and (9) give the following important formula:

W) [ ty,mdv= [ | o®@p-xdt+ [b® (y—x)dV:| n

B(x,7) 3B(x,7) Blx,7)
We now divide (13) by (4/3) = * and let »— 0. Because of the assumption that #(x, n) is
continuous, the limit of the left-hand side of the equation (13) after division exists and
equals #(x, 7). In the limit contribution of the volume-integral on the right-hand side of
equation (13) after division, being generally the value of the integrand at x, is 0 in the
present case. This fact and the existence of the limit of the left-hand side implies that
the limit

hm<——ﬂr> [ ty,0® 5 -xdap) n

r—0
3Bix,7)
exists and equals the limit of the left-hand side, 7.e.,

t(x,n)=lri_r)13<§7rr3)_l ft(ye ) ® (y —x)dAy) n.

9B(x,7)

Since 7 is an arbitrary unit vector, this gives the existence of the limit (4) and the
formula (5). The proof is complete.

4. SYMMETRY OF THE STRESS TENSOR

I shall now show that the formula (4) gives a very natural proof of the symmetry of
the stress tensor T(x). Accordingly, suppose now additionally that also the angular
momentum is balanced in the sense that

(14) | o0 xuyeda+ [p-xxbpav=0
3B(x,7) B(x,r)

for every B(x, r) whose closure is contained in R. Equation (14) amounts to saying that
the skew part of the tensor

(15) | o-n@iyedi+ [p-x@byav

3B(x,7) B(x,7)

vanishes. Dividing (15) by (4/3) 77’ and letting 7— 0, we deduce that the skew part of
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the corresponding limit (if it exists) vanishes. But the limit of the first term of the
expression (15) after division is the transpose of T(x) by (4) while the limit of the
second term in (15) after division is O as in the proof of the Theorem. Hence the skew
part of the transpose of T(x) is 0 and this is the symmetry of T(x).
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