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5. 9, v. 1:189-194 (1990)

Calcolo delle variazioni. — A result on equiabsolute integrability. Nota di CrisTiNa
MarcerLLr e ANNA SaLvaDpori, presentata (*) dal Socio L. Cesarr.

AssTtraCT. — We prove the equiabsolute integrability of a class of gradients, for functions in W*1. The
present result appears as the localized version of well-known classical theorems.

Kev worps: Equiabsolute integrability; Growth conditions; Calculus of variations.

Ruiassunto. — Un risultato di equiassoluta integrabilita. Si prova un teorema di equiassoluta integrabilita
per una classe di gradienti di funzioni in W1, che si presenta come la versione localizzata di alcuni ben noti
risultati classici.

Let Q' be a class of gradients Dx of functions x: G—R”, G c R’ open bounded,
with xe Wb, n=1 v=1.

As it is well known, the family Q' is equiabsolutely integrable under suitable growth
assumptions, (see Cesari [2, Theor. 10.4.i, ii, iii]). Here we take into consideration a
«localization» of these growth conditions and prove that they still allow to obtain a
«local» result of equiabsolute integrability. The present theorem finds interesting
applications in problems of calculus of variations[3].

Let A be a given subset of the (¢, x)-space R**” such that G is contained in the
projection of A on the fspace R for every te€ G, we denote by A()=
={xeR":(¢,x) € A}. For every (t,x) € A and 5,> 0, t,= (£, ..., ) and x, = (x{, ..., x3),
let ,

Ulzy, a0) = H (£} — o, th + o] and V(xy,a) = H (x5 — a0, x5+ o).

We denote by |E| the measure of a measurable subset E of R".

Given a function x € W'Y(G), for every 1</<#u and 1<;<v, let D/x’ be the
partial derivative of x(#) with respect to # in the sense of distributions and let
Dx: G—R™ be the gradient of x, ze. Dx=(D/x',j=1,..,v,i=1,..,n) € (L(G))".

Let Q be a class of pairs of functions (4, x) with 5: G— R, n € L;(G) and x: G— R”,
x € W'Y(G), such that x(¢) € A(¢) for every teG.

We denote by Q; and Q, the projections of Q on the spaces L,(G) and W"(G)
respectively, that is:

Q,={neL,(G):Ixe W' (G) with (4,x) € Q}
and
Q,={xe W'(G):3n e L(G) with (n,x) € 2}.
Then we take Q' = {Dx:xe€0,}.
Let (2, %,) € A be fixed with £, € G. For every go>0 and x € 2, we set

00 x {t € U [0) GO) (t) € V(x()) GO)}-

Let us consider now the following definition.

(*) Nella seduta del 10 marzo 1990.



190 C. MARCELLI - A. SALVADORI

Dermarion 1. We shall say that the class Q' is equiabsolutely integrable at the point
(to, o) if there exists a constant go>>0 such that the family

{Dx‘EPOYX:Dx eQ'}

is equiabsolutely integrable; re. for every ¢>0 there exists a constant &=
= 3(ty,%0;€) >0 such that given any set Fc G with |F| <& we have

| Ip=lde<c.
Fr\EP0 x
We recall some growth conditions which are well known and frequently adopted in
problems of calculus of variations and optimization theory. Actually we present here

their localization.

Derinrrion 2. The class Q is said to satisfy the local growth condition (g,) at the
point (ty,x,) if there are:

a) a constant po>>0;

b) a Nagumo function ¢o:R§—R; ze. (&) =/, for every £=0 and
5_11;% eo(8)/E=+ o
such that for every (n,x) €2 we have

(1) 7(8) = gol|IDx(2)])
for almost every ¢t€E, ,

Dermrrion 3. The class Q is said to satisfy the local growth condition (g;) at the point
(fo,x0) if there is a constant goy>>0 such that: for every ¢>0 there is an L-integrable
function ¢,: U(%y, e0) — R¢ such that for every (n,x) € Q2 we have

) IDx ()] < u(8) + en(e)
for almost every ¢t€E, ,.

Dernrrion 4. The class Q is said to satisfy the local growth condition (gs) at the
point (t,, %) if there is a constant ¢, > 0 such that: for every vector p € R” there is an L-
integrable function ¢,: U(#y, e0) — R such that for every (n,x) €2 we have

3) n(#) = (p, Dx(£)) — ¢,(¢)

for almost every ¢€E, ..

Growth condition (g;) is the localization of the classical Tonelli-Nagumo condi-
tion [6,4]. Condition (g,) has been introduced by Cesari in [1]; as it is well known, it is
a weakening of condition (g;) and it is equivalent to condition (g;), Wthh is due to
Rockafellar [5] (see Cesari[2]).

Let us consider now the following growth condition which is inspired to those
introduced by Tonelli in [7]. '
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Derinrion 5. We shall say that the class Q satisfies the local growth condition (gs)
at the point (¢y,x,) if there are:
4) three constants go>0, ay>0, ue=0;
b) a continuous function 2,: Uy = Ulty, eo) — Ry with ao(£) > ay(t,) = 0 for every
¢) a monotone nondecreasing function ¢;: R — R{;

d) a function y,: [0, 5] — R§, where s,= maxao( ), such that yy0a,€ L, and

teUy

4" }i_I)Tt}’ﬂo(t){Xo(do ) dolxolae(2) 1} = +
such that for every (n,x) € Q we have
“ 7(2) 2 @) [Dx (1] [o(IDx(A) ] — o

for almost every € E

£0,% "
A comparison between condition (g;) and the other ones is given in[3].

THEOREM 6. Suppose that the class Q satisfies at the point (ty,x,) anyone of the
growth conditions (g), i=1,...,4. Moreover assume that there exists My> 0 such that,
for every (,x) € Q, we have

f' (&) dt<M,.
Epo:"

Then the class Q' is equiabsolutely integrable at the point (¢y,x).
Proor. Let us distinguish four cases.
a) First we suppose that growth condition (g;) holds at (¢, x,). We consider the
class Q of the functions Dx : Ul(t, o9) — R™ defined by

L Dx(?) for teE, .
Dx(y) =
0 for te U(to,PO)\ 00, %
for every x € Q,.
Then for every (n,x) € 2 from (1) we have

f oo(|IDx(8)]) dt = 9o(0)|U(te, o) \E,, | + J (2) dt < (200)"|90(0)| + M.
Uldy, 00) Eogox

Thus, by virtue of equivalence theorem 10.3.i in Cesari [2], the class Q is equiabsolutely
integrable and consequently the class Q' is locally equiabsolutely integrable at the point

(29, %0)-

b) Now we suppose that growth condition (g) holds at (¢, ). Let ¢1: Uy=
= Ulty,e0)—> R7 be the L-integrable function given by (g,) for e =1, and let

Uo
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Let ¢ > 0 be fixed. We put ¢ = min {1, ¢/2L,} and consider the L-integrable function ¢,
given by (g); then there is a constant &= 4(¢y,x,; 7, ¢) >0 such that for every F c U,
with |F| <& we have

j L dt<e/2.
F

Now let F c U, be any measurable set with |F| <2. Then for every (n, x) € 2 we have
that »(#) +¢() =0 on E, , and therefore

f D (2)|| dt < f [4.(8) + ay()]dt <

FRE;  « FnE;) x
< [gdete [ 0 +p@1di<er2 +olo=c,
F E. .

0
which proves the thesis.

¢) Then we suppose that growth condition (g;) holds at (¢, x,). Let Uy = U(#), go)
and ¢: Uy— Ry, ¢: Uy— R{ be the L-integrable functions of assumption (g;) given in
correspondence to the mv-vectors #; = (1,0, ...,0) and % = (— 1,0, ...,0). Then D'x'(s) <
<n(t) + ¢(t) and — D'x'(2) <n(2) + Y(2), for ae. teE, ., hence we have

1) 0= [DU!(0) < 7(8) +8(5) + (o), ae inE, .
Put
M= [ 1g(0 + 0 dr.
Up

Let ¢>0 be fixed. Let L >0 be an integer such that 7vM,L'<¢/3 and nw M, L' <
<¢/3. If wu, v, denote the wunit mv-vectors u=(0,,r=1,..,m), v,=
=(—=&,,7r=1,...,nv), then again by assumption (g;), for p = Lu,, and p = Luv;, there
are two L-integrable functions ¢,: Uy;— R{ and {,: Uy— R§, such that LD/x'(f) <
<y(f) + ¢,(t), and — LD’ x(¢) < n(¢) + 4(¢). Then for any (4, x) € 2 we have

2) 0<L|(Dx),| < n(2) + ¢,(8) + 4(2) ae inE, .,

s=1,...,nv, where (Dx);, is the s-th component of the vector Dx. Let @;: U,— R{ and
¥y: Uy— R be the L-integrable functions defined by

o(=3 60 and W)= 40
s=1 s=1
then from 2) we have
3) L|IDx(2)|| < nv n(£) + Bo(2) + Fo(2), ae inkE, ..

Moreover there is a constant 8= &(¢y, x,, e0; €) > 0 such that if F is a subset of U, with
|F| < ¢ then

4) [ @) + w01 de<ess.
i
Then from 3), 1) and 4), we have that for every Dx € Q'

[ Ipxollde<itme | worde+ L7 o0 + v de<
F

FrE,, FrE,,
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<L [ [n0)+ () + 900 ]dt+L1j[q>0 L wlde<

Eeo

Sl Mo+ L imwM+ L7 e/3<e,
which proves the assertion.

d) Finally we suppose that growth condition (g,) holds at (¢, x,). Let £>0 be
fixed. From the hypothesis y,04, € L, it follows that there is a constant &, = &,(¢) >0
such that for every Fc U, with |F| <4, we have

5) f xolao(d)) dt < e/3 .
F

Moreover from (4') there is a constant 0<r= r(c) <g, such that if ||t — z,)| <7, we
have

6) {XO ao(#)) o [xo(ao(# ]}10 >3(Mo + 2p0x0)/< -
Now, by the monotonicity of ¢, it follows that
Jim ydo(y) =
then put »z = min {ay(2), £ € Uy \ U(ty, 7)} > 0, there is a constant 0 <y =7(e,7) = y(e)
such that
7) Do) 1> 3(Mo + 20010)/ (722) for every y>7.

Let ¢=8(c) = min {8,,¢/3y} and let FcE
Dx e Q' we set

Fi={teF:|Dx@||<7}; F={teF:|Dx@|<xolao(®)};
E,=[F\(F,uR)nUl,n; FE=F\FUVEUE).

be fixed with |F| <¢. For any function

°0,%

From (4) and the monotonicity of {,, it follows that
n(t) = ﬂo(f)lle(f)||{Xo(do(f)) o Lzo(ao() 1} — o
for a.e. t€ F\ F,; and then, by virtue of 6), we have

8) [IDx(A) < [n(#) + ol /3 (Mo + 260 o) for a.e. teF;.

Again from (4) it follows that #(£) = | Dx(2)|| [|Dx(&)|| Le(IDx(2)]) 1% — uo for a.e.
te F\Ul(¢,r) and then, taking into account of 7), we have

9) IDx (@) < 126 ((£) + o)/ 31m2(Mo + 200 10)

for a.e. te FN(FiuUl(4,7)).
Finally, by 8), 9) and 5), we have

[ IDx(e) de<51E| + j $olao®)) de + [e/3(My + 2600)] [ T(t) + o] di <
F F3UF,

<ye/3y+e/3+e/3=¢,

which concludes the proof.
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The following result is a slightly modified version of Theorem 6.

Tueorem 6'. Suppose that the class Q satisfies at the point (ty,%,) anyone of the
growth conditions (g), i=1,...,4. Moreover assume that the functions n€Q, are
equibounded in L,[U(¢y,00)].

Then the class Q' is equiabsolutely integrable at the point (t,x).

CoroLLary 7. Let A be compact and suppose that the class Q has the property that at
every point (ty, x,) € A one of the growth conditions (g,), i =1, ..., 4, holds (not necessarily
the same). Moreover suppose that the class Q, is equibounded in L,(G).

Then the class Q' is equiabsolutely integrable in G.

Remark 8. Note that the assumption that Q, is equibounded in L,(G) is satisfied if
we know that there exist a constant L > 0 and a function /» € L,(G) such that for every

n€Qy: y(¢) = h(¢) for almost every t€ G and er(t) dt<L.
é
Indeed we have

[lwlde= [ qwde+2 [@de<i+2 [ |bo]de=M.
G G G G

In[3] we shall present a problem of calculus of variations where different local
growth conditions are assumed and for which our results imply the existence of the
absolute minimum.

This research has been carried out within the GNAFA-CNR.
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