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Calcolo delle variazioni. — A result on equiabsolute integrability. Nota di CRISTINA 

MARCELLI e ANNA SALVATORI, presentata (*) dal Socio L. CESARI. 

ABSTRACT. — We prove the equiabsolute integrability of a class of gradients, for functions in W1,1. The 
present result appears as the localized version of well-known classical theorems. 

KEY WORDS: Equiabsolute integrability; Growth conditions; Calculus of variations. 

RIASSUNTO. — Un risultato di equiassoluta integrabilità. Si prova un teorema di equiassoluta integrabilità 
per una classe di gradienti di funzioni in W1'1, che si presenta come la versione localizzata di alcuni ben noti 
risultati classici. 

Let Q' be a class of gradients Dx of functions x: G->Rn, G e Rv open bounded, 
with xeWl\ n^l, v ^ l . 

As it is well known, the family Q' is equiabsolutely integrable under suitable growth 
assumptions, (see Cesari [2, Theor. 10.4.Ì, ii, iii]). Here we take into consideration a 
«localization» of these growth conditions and prove that they still allow to obtain a 
«local» result of equiabsolute integrability. The present theorem finds interesting 
applications in problems of calculus of variations [3]. 

Let A be a given subset of the (/,x)~space Rv+n such that G is contained in the 
projection of A on the ^-space Ry; for every teG, we denote by A(t) — 
= {xeR" : (t, x) e A}. For every (t0, x0) e A and o-0 > 0, tQ= (/J,..., ̂ o) a nd x0 = (xj,..., xg), 
let 

v . . n 

U(to>*o) = II W ~ fro, *o + -<7o] and V(x0, cr0) = [ ] [XQ - cr0, XQ + <J0]. 

We denote by |E| the measure of a measurable subset E of Rv. 
Given a function xeWl'l{G), for every l^i^n and 1^ /^v , let DJ'x1 be the 

partial derivative of x\t) with respect to tj in the sense of distributions and let 
Dx : G-^> Wv be the gradient of x, i.e. Dx = {Djx\j = 1,..., v, / = 1,..., n) e (L^G))™. 

Let Q be a class of pairs of functions (77, x) with rj : G—» R, r\ e Li(G) and x : G—> Rw, 
xe Whl(G), such that x(t) eA(t) for every te G. 

We denote by Di and Q2 the projections of Q on the spaces L^G) and Wlfl(G) 
respectively, that is: 

Qx = {y e U{G) : 3x e W^iQ with fa, X) e 0} 
and 

Q2={xeW1>l(G):3rieL1(G) with (ij,x)6Û}, 

Then we take Q' = {DA: : x e û 2 }-

Let (̂ o>̂ o) e^4 be fixed with £0.e G. For every cr0>0 and xeQ2 we set 

Eao>x ={te U(t09<r0): x(t) e V(x0) <J0)}. 

Let us consider now the following definition. 

(*) Nella seduta del 10 marzo 1990. 
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DEFINITION 1. We shall say that the class Qf is equiabsolutely integrable at the point 
(t0,XQ) if there exists a constant p0>0 such that the family 

{Dx\E :DxeQ'\ 

is equiabsolutely integrable; i.e. for every s > 0 there exists a constant 8 = 
= §(t0, x0; s) > 0 such that given any set F c G with |F| < S we have 

J ||Dx(/)||<fr<e. 

We recall some growth conditions which are well known and frequently adopted in 
problems of calculus of variations and optimization theory. Actually we present here 
their localization. 

DEFINITION 2. The class Q is said to satisfy the local growth condition (g{) at the 
point (Ab^o) if there are: 

a) a constant p0 > 0; 

h) a Nagumo function 90:Ro~^R; i.e. ?o(f)^4 f° r every <jf̂ 0 and 

Km 9o(0/?= + °°; 

such that for every (37,x)eO we have 

(1) vjMS^ofllDxMll) 

for almost every teEPQ}X. 

DEFINITION 3. The class Ó is said to satisfy the local growth condition (g2) at the point 
(t0,x0) if there is a constant p0>0 such that: for every e > 0 there is an L-integrable 
function <ps:U(t0,po)^Ro such that for every (r),x)eQ we have 

(2) IpxMll^M + s^) 

for almost every teEPo>x. 

DEFINITION 4. The class Q is said to satisfy the local growth condition (g3) at the 
point (to,x0) if there is a constant p0>0 such that: for every vector p e Rm there is an L-
integrable function $p: U{t0,p0)-^Ro such that for every (Y],X)EQ we have 

(3) v{t)^{pyDx(t))-$p(t) 

for almost every teEPOiX. 
Growth condition (gt) is the localization of the classical Tonelli-Nagumo condi­

tion [6,4]. Condition (g2) has been introduced by Cesari in [1]; as it is well known, it is 
a weakening of condition (gi) and it is equivalent to condition (g3), which is due to 
Rockafellar [5] (see Cesari [2]). 

Let us consider now the following growth condition which is inspired to those 
introduced by Tonelli in [7]. 
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DEFINITION 5. We shall say that the class Q satisfies the local growth condition {g4) 
at the point (t0)x0) if there are: 

a) three constants p0 > 0 , a0 > 0, /x0 ^ 0; 

b) a continuous function a0:U0= U(/0)po)—>Ro with a0(t)>aQ(t0) = 0 for every 
t^t0; 

c) a monotone nondecreasing function 0̂-Ro"—*Ro"; 

J) a function xo- [0>So\—>Ro"? where 50~max<2oM> such that ^ o ^ e L i a n d 
/eU0 

(4') lim^(/){xoU>W) tokotaW)]}"0 = + °° ; 

such that for every (rj, x) e Q we have 

(4) ri(t) ^ *o(/)||D*(/)||1+-° [^o(||DxW||)]ao - ^ 

for almost every teEPOiX. 
A comparison between condition (g4) and the other ones is given in [3]. 

THEOREM 6. Suppose that the class Q satisfies at the point (t0, x0) anyone of the 
growth conditions (gz), i = 1,..., 4. Moreover assume that there exists M0 > 0 such that, 
for every (rj,x) eu, we have 

J r]{t)dt<M0. 

Then the class Q' is equiabsolutely integrable at the point {t0>x0). 

PROOF. Let us distinguish four cases. 

a) First we suppose that growth condition (gi) holds at(/0,x0). We consider the 
class Q of the functions Dx : U(t0,p0)-^Rnv defined by 

f Dx{t) for teE,oX 

Dx(t) = \ 
IO for teU(t0,po)\EPO!X 

for every xeQ2. 
Then for every (v},x) eQ from (1) we have 

| 9o(\\Dx(t)\\)dt=9o(0)\U(t0yp0)\EpJ + / ^ ) ^ ^ ( 2 p 0 ) l 9 o ( 0 ) | + M 0 . 
U(tQ,pQ) EpQyX 

Thus, by virtue of equivalence theorem 10.3.i in Cesari [2], the class Q is equiabsolutely 
integrable and consequently the class Q' is locally equiabsolutely integrable at the point 
(*o>*o). 

b) Now we suppose that growth condition (g2) holds at (to,x0). Let </̂ : U0 = 
= U(t0,p0)->R£ be the L-integrable function given by (g2) for e = l, and let 

L0 = M0+ jfoWdt. 
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Let e > 0 be fixed. We put a- = min {1, £/2L0} and consider the L-integrable function fa 
given by ig2); then there is a constant $ — $(t0, x0 ; o", s) > 0 such that for every F cUQ 

with |F| <(?we have 

jfa{t)dt^e/2. 
F 

Now let F c I/o be any measurable set with \F\<8. Then for every (17,x)eDwe have 
that >?(/) + fa{t) ^ 0 on EPo>x and therefore 

J ||DxM||<&^ J [fa(t) + ^(t)]dt^ 

fi J fa{t) dt + o- J b M + ^(f)] <& ^ e/2 + CTLQ = £ , 

which proves the thesis. 

c) Then we suppose that growth condition (g3) holds at (t0,x0). Let U0 = U(/0,po) 
and <f> : U0—» Ro"> </; : Uo—> Ro" be the L-integrable functions of assumption (g3) given in 
correspondence to the /zv-vectors «j = (1,0,,.., 0) and u2 ~ (— 1,0,..,, 0). Then D1*1^) ^ 
^ q M + ^M and - D V M ^ M + ^U), for a.e. teEPQyX, hence we have 

1) 0 ̂  \l>xl(t)\ < rj(t) + <f>(t) + #*), *.*. in FC0?X. 

Put 

Mi = / [ # ( / ) + *(/)] A. 

Let £ > 0 be fixed. Let L > 0 be an integer such that nvM0L~l ^ s/3 and nvM1L~ì ^ 
^ e / 3 . If #„ vs denote the unit /zv-vectors us= (8sr,r = 1, ...,«v), ẑ  = 
= (~ ^0?* = 1,...«,«v), then again by assumption (g3), for p = Lus, and p = Lvs, there 
are two L-integrable functions &:U0—>Ro and <^:Uo-»Ro, s u c n that LDJxl(t)^ 
^ q(f) + fait), and - LDjx\t) ^ q(f) + ^(^). Then for any (rj, x) e Q we have 

2) 0^L|(Dx),| ^ rjit) + &M + fa{t) a.e. in £0o,x, 

5=1, . . . , «v, where (Dx)5 is the 5-th component of the vector Dx. Let $0- U0-* Ro and 
Y0:U0-^^o be the L-integrable functions defined by 

vn vn 

*oM = 2 fcW and v0(t) = S &M ; 
5 = 1 s=l 

then from 2) we have 

3) L||Dx«|| ^ nv rtit) + <P0« + n W , *•*• in K0,*. 

Moreover there is a constant S = £(70, x0, po ; e) > 0 such that if F is a subset of U0 with 
|F |<£ then 

4) J[^oW + nW]^<^/3. 
F 

Then from 3), 1) and 4), we have that for every DxeQ' 

j \\Dx(t)\\dt^L-lm \ YiWdt + L'1 j[$0it) + Y0it)]dt^ 
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^ L"1 m \ h(/) + #/) + #*)] it + L"1 | [*oW + FoM] <& ^ 

^ L"1 ^vM0 + IT1
 «VM! + L"1 e/3 ^ e , 

which proves the assertion. 

d) Finally we suppose that growth condition (g4) holds at (t0,x0). Let e>0 be 
fixed. From the hypothesis Xo°a0eLx it follows that there is a constant $x = ^(ej > 0 
such that for every F cU0 with \F\ <Sly we have 

5) Jxo(*oW)<fc<e/3. 
F 

Moreover from (4') there is a constant 0 < r = r ( £ ) < p 0 such that if ||/ — t0\\<r, we 
have 

6) ^oW{zoUoW)^o[zoUoW)]}ao>3(M0 + 2po^o)/^ 

Now, by the monotonicity of <£0 it follows that 

lim y<p0(y) = + °° ; 

then put m = min {a0(t), t e U0\U(t0> **)} > 0, there is a constant 0 < y = 3;(s, r) = 3;(s) 
such that 

7) Woty)?0 > 3(M0 + 2poi*o)/(we) for every y > y . 

Let S=â(e) = min {£1? e/33;} and let F c £P0;X be fixed with \F\ < 8. For any function 
DxeQ' we set 

F ^ ^ e F r l l D x W H y } ; F2= {teF:\\Dx(t)\\^Xo(a0(t))}; 

F3 = [ F X ^ uF2)] n U(/0,r); F4 = F\(F1 u F 2 u F 3 ) . 

From (4) and the monotonicity of 0O> it follows that 

riit) ^ a0(t)\\Dx(t)\\{Xo(ao(t)) <po [xoUoM)]}"0 ~ H-o 

for #.6\ teF\F2; and then, by virtue of 6), we have 

8) \\Dx{t)\\ < [rj(t) + fa] £/3(M0 + 2p0[j.0) for a.e. teF3. 

Again from (4) it follows that >;(̂ ) ^ ^||JDx(/)|| [||JDX(^)|| ^0(l|Dx(/)||)]ao — /x0 for a.e. 

teF\U(t0,r) and then, taking into account of 7), we have 

9) ||Dx(/)|| < me(rj(t) + ^0)/3w(M0 + 2Po^o) 

fot a.e. teF\(FiuU(t0ir)). 
Finally, by 8), 9) and 5), we have 

j\\Dx(t)\\dt^ ylF,] + jXo(a0(t))dt+[e/3(M0 + 2po[x0)] j [rj(t) + ^ dt ^ 
F F2 F3KJF4 

^3^/33/+ s/3 +e/3 = £, 

which concludes the proof. 
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The following result is a slightly modified version of Theorem 6. 

THEOREM 6'. Suppose that the class Q satisfies at the point (t0>x0) anyone of the 
growth conditions (gt), z '=l, ...,4. Moreover assume that the functions rjeûx are 
equibounded in L1 [U( / 0 ,p 0 ) ] -

Then the class Q' is equiahsolutely integrahle at the point {t0,x0). 

COROLLARY 7. Let A he compact and suppose that the class Q has the property that at 
every point (t0, XQ) e A one of the growth conditions (&•), / = 1,..., 4, holds (not necessarily 
the same). Moreover suppose that the class Qi is equibounded in Li(G). 

Then the class Qf is equiabsolutely integrable in G. 

REMARK 8. Note that the assumption that Qx is equibounded in LX(G) is satisfied if 
we know that there exist a constant L > 0 and a function h eL^G) such that for every 

rjeQi: rj(t)^h{t) for almost every teG and r](t)dt^L. 
G 

Indeed we have 

\\rì{t)\dt= jr)(t)dt + 2 j r)-(t)dt^L + 2 j\h(t)\dt = M. 
G G G G 

In [3] we shall present a problem of calculus of variations where different local 
growth conditions are assumed and for which our results imply the existence of the 
absolute minimum. 

This research has been carried out within the GNAFA-CNR. 
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