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Analisi matematica. — A continuous version of the Filippov-Gronwall inequality for
differential inclusions. Nota(*) di Anténio OrnELas, presentata dal Corrisp. R.
Conrr :

AsstracT. — We give an estimate for the distance between a given approximate solution for a Lipschitz
differential inclusion and a true solution, both depending continuously on initial data.

Key worps: Differential inclusions; Filippov-Gronwall inequality; Relaxed solutions.

Russsunto. — Una wversione continua della disuguaglianza di  Filippov-Gronwall per inclusioni
differenziali. Si determina una stima per la distanza fra una data soluzione approssimata di una inclusione
differenziale lipschitziana e una vera soluzione, con dipendenza continua dai dati iniziali.

1. INnTRODUCTION
Consider the Cauchy problem
(F) X eFlt,x), x(0)=&,

where F:I X R”— R” is a multifunction Lipschitz in x with closed values, without any
convexity or boundedness assumption. Filippov[5] proved that a solution x of (F)
exists iff there exists an approximate solution , Z.e. an absolutely continuous y: [— R”
such that the distance p(¢) := d[y'(¢), F(¢, y(¢))] is integrable. Moreover he showed that
the distance from the given approximate solution y to a true solution x verifies the
estimate:

[y - x @l des [ exp| [kir)dr |oz) e,
0 0 T

where £(f) is the Lipschitz constant of F(z-). It is easy to build simple examples in
which for most values of initial data & there exists a unique «Filippov solution», 7.e. a
true solution x which is the unique solution of (F) verifying the above estimate.
However this solution changes discontinuously with data at isolated points where
uniqueness lacks, showing that to obtain a solution depending continuously on data
one must relax the estimate.

Aim of this paper is to let y' vary continuously in L! with the parameter £ over a
compact & in R” and to construct a solution x(£) verifying Filippov’s estimate plus an
arbitrarily small error ¢ and such that ¥ and x’ depend continuously on &.

Himmelberg-Van Vleck [8] extended Filippov’s result from a jointly continuous to
a jointly measurable multifunction F. Solutions depending continuously on & were also
obtained in[3] and [4], starting from rather special approximate solutions. For more
information on differential inclusions like (F), see[2].

(*) Pervenuta all’Accademia il 25 ottobre 1989.
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2. AssumPTIONS

We say that F: A— B is a multifunction if F is a map associating to each point a € A
a nonempty subset F(a) of B. We denote by d/(A, B) the Hausdorff «distance» between
two sets A, B in R”, generated by the euclidian norm ||, as in [8]. The distance d(x, 4)
from a point x to a set A is inf{|x—al:aeA}. It is well-known that
d(x, B)<d(x, A) + dl(A, B) and |d(x, A) — d(y, B)| <|x —y| + dl(A, B). I is the interval
[0, T, and g is the characteristic function of a subset E of I. We consider the Banach
space AC of absolutely continuous maps x:I— R” with norm

T
[¥lac:= =) + [ |x'(2)] d,
0

and assume that = is a compact subset of R”, and:

Hypotugsis (H). F:I X R”—R” is a multifunction with:
a) values F(¢ x) closed;
b) t— F(t, x) Lebesgue measurable (see[7]);
) di{F(t,x),F(t, x)1 < k(t)|x — x| a.e. on I, for some ke L\(I);
d) t—dly' (9, F(t,y(#)] is in LY(I) for some y in AC.

3. Resurt

Tueorem. Let F satisfy bypothesis (H) and fix >0 and a continuous map
y:E— AC. Then there exists a continuous map x:EZ— AC verifying:

x(£)'(2) € Flt, x(£)(#)] ae on I,

[1x)' () = y) @) de <o+ [ exp [ [kt dr} oE)(2) e,
0 0 T

where p(E)(8) :=dly(&)'(#), Ft, y(&)(®))].

Proor. The proof is essentially Filippov’s construction of successive approxima-
tions. As a function of initial data & each approximation would not be continuous so we
modify it, in order to obtain continuity, by interpolating with continuous partitions of
the interval, as in[1]. However, unlike in [4], we need Fryszkowski’s version of the
Liapunov theorem on the range of a vector measure, since y(&)'(#) now depends on &
and we aim at a sharper result.

a) Set ¢:=3dexp[—2m(£)1/6, where

mis) = j k(z) d.

Consider the map p: &— L(I), with o(£)(#) as in the statement; using () of hypothesis
(H) one easily sees that ¢ is well-defined. Moreover p is continuous because

[le(er=e(@)lde< [Iy() ~5(@) |ds-+ [y =Bl de<|p(E) —y(@aclL+m(T].
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For each & € &, the maps §;,0;: Z— LY(I), (& = y(E)" () — y(&)' ()], o,(E) ) :=
=[o(£)(£) — p(§)(2)|, are continuous and verify ﬂ, )= c,(&,) 0 hence the set

[1]

{Eeu (&) = y(E)|ac<e/2, f“f(f)d7<€/2}

is an open nbd of &. Therefore there exists an open cover &y, ...,5, of Z and a
subordinate continuous partition of unity =, ..., x,,: £— [0, 1]. Choose 4 > 0 such that

measure (E) <A = Jpl(f) ar<e/2,

where o, € L'(I) is such that o(&)(#) < p,(#) a.e. on I forj = 1 ,m. Foreach&eZ find a
map 2°(£) € LY(I) such that °(&)(¢) € Flz,y(£)(#)], [°(& £)' ()| = o(&)(#) a.e. on I,
using the measurable selection theorem of Kuratowski—Ryll Nardzewsk1 (see[7]). Apply
the technique of [1] or [6] to find sets E;(%),...,E,(&) such that:

J4)

A
measure [E;(£)] = T- (%), j X0 0(E) dr < m(&) f &) de+</2m
0

0
[15,086) de < 8) [8,(8) de + 2m <[ &) + U] e/2.
Define
(E)0) =)0 +f2xE (&) ds,

obtaining a continuous map x':Z— AC such that

flx &)~ 5@ ]df—fExE alsf(6) =@ |dr <

A ¢
= f EXE,(E)F(EI) dT + fsz/(s)ﬂ/(E) dT + fpl(T) d‘L’ =
7 A

i
5 I P lle, e
<y [W(f)JP(‘Sj)dT‘Fﬁ}+J§l|:ﬂj(5)+-”—l]2 +2S

¢

< [o@)de+ S5 [ o0 de+ der2< [p() de+5e/2.
J 0

0

If we fix el and let j be such that ¢ € E;(£) then

dlx"(&)'(9), F(¢,y(2)(9) 1= d[°(E)(9), F(2,y(¢)(8)] < dI[F(¢,y(8)(2)), F(£,y(E) ()] <

<k@)|yE) (@) — &) @) < k@)|y(E) — y(©)|ac< k(2) /2,
hence:

d[x'(8)' (1), F(e,x"(&)(#) ] < dlx'(&)'(2), F(£,9(E)(®)] + dl[F(2,5()(#)), F(¢,x'(€)(£))] <

<k [ EGEE 65/2:| .
0
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b) Claim. For n=1, 2, ..., it is possible to define a continuous map x": Z— AC

verifying x*(£)(0) = »(¢)(0) and:

0 [l @yl des [ im - e = D1 ) e+
0 0
+5-277¢+6:27"¢ 2 R2m())/d) ;

(i) L) (), Flo,()(0)] j [m(0) = m(=) Y~ 1 = D17 () () e+
+6:27" 2 R2m(H)Y/i" .

To prove this claim notice first that for #» = 1 it has been proved above. Supposing that
it holds true for » — 1, we prove it now for .
Consider the map ¢ Z— LY(I), o"(&)(8) :=d[x" "1 (&) (#), F(¢,x"(£)(#))]; since

n— 1

x""1:E— AC is continuous by hypothesis, reasoning as for ¢ at the beginning of the
proof one easily sees that ¢” is well-defined and continuous.
Moreover the estimate (ii) of the claim for »— 1 gives

[@) de< (k) [ Un3) = ) V=21 = 21760601 dr d= +
0

+6-27 1 f/e 7)2 Rm()1/il) de <

<f[m @O n— 1)1 eE)(r)dr +6-27 EE Rm(H)1/4!.

As for the case # =1 above, it is possible to find an open cover &7, ..., &}, of Z and a
subordinate continuous partition of unity =, ..., 7}, : £— [0, 1] such that each set &7 is
an open nbd of & given by:

7= {aezz beE) = e <27e, [a7(0) dr<2-"e},

where a7(£)(£) := [o"(£])(£) — "(£)(#)]. Set BXE)®) :=|x""1EY) (H) — x""}(£)'(#)], and
choose 47> 0 such that:

measure (E) < A" = fph(f) dr<2"¢
E

where p, is some map in LY(I) such that ¢"(£7)(¢ )\p,,( ) a.e. on I, Vj— 1,...,m,. Find a
map v" &) in L' such that v"~%()(¢) € Flt,x" ') (#)], [v" 1) (@) — x7HE)' ()] = ¢"(E)(#)
a.e. on I, and apply the technique of [1] or [6] to fmd sets E”(E ), ..., B (£) such that
i i
measure [E}(£)] =T =}(¢), f xere) " (&) dr<=}(€) j "N de+27"e/m,,
¢ 6

fXE}(f)ﬁ}' dr< ”7(5)f:37(5) dv+27"e/m, < [x}(E) + 1/m,]127"¢
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Define

lmn

X"(E)(8):=yE)0) + | X g " (&) dr,
o /=1
obtaining a continuous map x”:Z— AC such that, reasoning as for the case #=1
above,

[le@y — i@y des [ @) de 45277,
0 0

dLe(E)' (0, Fle, @) < k)| [@)dr+6:277¢ |,
0

t
and, using the estimate obtained above for j ¢"(£) dz, obtain the estimates (i) and (ii),
thus completing the proof of the claim. 0

¢) From the claim it is clear that

[le@) =) | de < [l = @)Y~ = D117 ()7 de + 6270,
0 0

so that the sequence of continuous maps x":Z— AC converges uniformly to a

continuous map x: Z— AC verifying, by (ii), x(&)'(#) € F[¢ x(£)(£)] a.e. on I. Moreover
we have:

[y 5@y |de< [exp| [ktndr [oB)R de 2. @
0 0 T
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