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Calcolo delle variazioni. — Existence of discontinuous absolute minima for certain
multiple integrals without growth properties. Nota (*) del Socio Straniero LamsERTO
CESARL

AsstracT. — In the present paper the author discusses certain multiple integrals I(s) of the calculus
of variations satisfying convexity conditions, and no growth property, and the corresponding Serrin inte-
grals 3(u), to which the existence theorems in[3,4,5] do not apply. However, in the present paper, the
integrals I(z) and 3(x) are reduced to simpler form H(») and 9((v) to which the existence theorems above
apply. Thus, we derive that I(x) < 3(»), H(v) < 3((v), we obtain the existence of the absolute minimum
for the Serrin forms J(#) and 3((v), and such minimum is given by BV functions, possibly discontinuous
and not of Sobolev.

Kevy worbs: BV function; Property (Q); Property (F); Serrin integral.

Ruassunto. — Esistenza di minimi assoluti discontinui per certi integrali multipli senza proprieta di
crescita. Nel presente lavoro si discutono certi integrali multipli I(x) del calcolo delle variazioni, soddis-
facenti condizioni di convessitd, non aventi proprietd di crescita, e i corrispondenti integrali di Serrin
3(u), a cui i teoremi di esistenza in [3,4,5] non si applicano. Tuttavia, nel presente lavoro gli integrali
I(#) e 3(w) sono ridotti a forme pitt semplici H(«) e 3((v) a cui i teoremi di esistenza detti sopra sono appli-
cabili. Cosi ne risulta che I(x) < 5(»), H(v) < 3((v), e otteniamo lesistenza del minimo assoluto per le
forme di Serrin 3(x) e 3C(v), dato da funzioni BV, possibilmente discontinue e non di Sobolev.

InTRODUCTION

In 1936 Cesari[1] defined the concept of functions A#), € G cR’, of class L; (G)
and of bounded variation (BV). We say that £(¢) = A(#,,...,£,) is BV in an open interval G
of R, vZ 1, if fe L, (G) and there exists a set of measure zero E ¢ G such that the total
variations with respect to each variable ¢ are functions of class L, of the remaining
variables-total variations all computed by completely disregarding the values taken by
£ on the points of E. We shall state below the corresponding definition of BV func-
tions in a bounded open subset G of R’. Recently Cesari, Brandi and Sal-
vadori[3,4,5] proved existence theorems of the calculus of variations for functions
u(t), te GCR’, v=1, of class BV, thus possibly discontinuous and not of Sobolev.
Namely for a general integral

I(n) = ffo (¢, u, Du)dt
G

of the calculus of variations, Cesari, Brandi and Salvadori considered the corrispond-
ing integral of Serrin J(u), and proved existence theorems for.the absolute minimum
of the integral J(x) in classes Q of functions # of equibounded total variations, and in
such situation they proved that I(z) < 3(u).

In the present paper we discuss certain multiple integrals I(x) (2.1) satisfying con-
vexity conditions, but no growth property, and their corresponding Serrin integrals

(*) Presentata nella seduta del 14 maggio 1988.
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9(u). In the present paper the integrals I(z) and 3(«) are reduced to simpler forms H(»)
and J((v), to which the general existence theorem applies which was proved by Cesari;
Brandi and Salvadori in[5]. Thus, I(x) = 5(x), H(v) = 9C(v), and we obtain the exis-
tence of BV discontinuous absolute minima for the Serrin forms.

In §1 we recall definitions and a general existence theorem from [5], and in §2 we
discuss the integrals of the present paper.

1. THE STATEMENT OF AN EXISTENCE THEOREM OF THE CALCULUS OF VARIATIONS

Let us consider first an integral of the form
(1.1) I(u)=ff0(t, u,Du)dt, dt=4dt..dt,, (t,ut) €A, teG,
G

where G is a fixed bounded domain of the ¢-space R’, = (#,...,#,), with boundary 8G
possessing the cone property at every point ¢ € 3G, and where # denotes an #z-vector
function #(¢) = (#;...,4,,) of ¢ in G. Let A denote a fixed subset of the tu-space R™*”
whose projection on the #-space contains G. For every i = 1,..., m let [ /]; denote a finite
system 1 <7 <...</jj, <v of indices which may depend on 7 and []; can be empty for
some 7 Then Dx in (1.1) denotes the system of N=N; +... +N,, first order partial
derivatives Du = (D'w;,j € [7);,i=1,...,m). For every (¢,u4) € A let Q(¢,4) denote a sub-
set of the &space RY, £=(&,...,&), and let M denote the set of all (¢,4,&) with
(t,u) € A, £€ Q(t,u). Let f,(t,u,%) denote a fixed real valued function defined on M,
and for every (¢,4) € A let Q(¢,u) denote the augmented set

O, ) = (=, Ol = fo (1,4, 8), £ € Qlt, )] ¢ RIV.

As usual, we say that the sets Q(t u possess property (Q) at some (4),%y) € A
provided

Olty, 4y) = aQ) clco[ U Q(t,u)l It—tol+lu-—u0|S3,(t,u)eA].

We mention now the property F| with respect to %, one of a number of variants of
ptoperties (F) which we have introduced in [5].

We say that the sets Q(¢, ), (¢,4) € A, have property (F; ) with respect to # at the
point (4,#) €A provided, given any number ¢>0 there are constants C=
=Clty, uy,5) >0, 8¢y, 4y, o) > 0 such that, for any set of measurable vector functions
u(?), n(#), &), teL, on any measurable set L c G with (¢, u(¢) € A, |u(t) — uy| >0,
(n(0),&(2) € O(t, u(#)) for € L, |t — £,| <4, other measurable vector functlons u(t), 7(2),

E(#), te L, can be found such that

Gaw)ed, |@0—uwl<e  GO,E0) e Q).
5(0) — E(8)| < Cllu(t) — 50| + |t — 11,
70 <n(e) + Cllu(d) —u@)| + [t =[] for teL, |t—pn]<e.

Conditions (Q) and (F) are sometimes called seminormality conditions (cft. [2]).
A weaker version of them, leading to some extensions of theorems A and B, is dis-
cussed in [6].
~ Let G be a bounded open subset of the # space R’, t=(#,...,¢,). For every j=
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=1,..,v, let G/ denote the projection of G on the #/-space R'7!, # =
= (t,...,# 1,1, ...,t,) =1, and for any 7€ G/ let 7, denote the straight line £/ =r.
Then the intersection G N7, is the countable union of open intervals (a,,83;), or
Gnr, = (a,8;). We say that a function f€ L, (G) is of bounded variation in the
sense of Cesari in G(BV) ([1], 1936) if there exists a set E c G with |E| = 0 such that,
for every /= 1,...,v, and for almost all = € G/ the total variations V;; = V( £,7), (2, 8,)),
computed disregarding the values taken by f on E, are finite, V;(z) = 2 V is finite,
and V;() e L, (G}). ’

Cesari[1] also proved that fis BV in G if and only if the surface S:z2=£¢), t€ G,
has finite generalized Lebesgue area L(S); and thus the BV concept is independent of
the direction of the axes in the #-space R”. Krickeberg ([81, 1957) proved that fis BV
in G if and only if f€ L, (G) and the first order partial derivatives of  in the sense of
distributions are finite measure w;, 7= /,...,v, on G. Thus, a BV function in G has (gen-
eralized) partial derivatives (D'/)(¢), t€ G, j=1,...,v, (cfr.[3]) which are functions of
class L, (G), as well as derivatives w;, = /,...,v, in the sense of distributions, which are
finite measures on G. As proved by Cafiero and Fleming (cft. [3]), any sequence [£;]
of BV functions on G with equibounded total variations and equibounded mean val-
ues in G (say, V(f,) <Vp, |m.v.(f)|<M,), possesses a subsequence f, which is
strongly convergeng in L;(G) toward a BV function f (with V()<V,;
|m.v. (]| <M,). ‘

We shall consider the class Q of all BV »-vector functions #(£) = (#y,...,4,,), t€ G,
which are BV in G (7. e., each component is BV), satisfying (¢, #(¢)) € A a. e. in G; possi-
bly satisfying Dirichlet boundary conditions, say #(f) = w(#) on some part D of 9G.
We shall also restrict Q to all those # whose total variations on G, say V; (f) or V(f)
(cfr.[3]), do not exceed a fixed constant W, and whose mean values in G do not ex-
ceed a fixed constant K, say |m.v. (/)| <K. For any « € Q let I'(x) denote the class of all
sequences [#, ] of elements %, € Q, , € W' (G), w, — u in L, (G). Then we take J(x) =

3(u) = inf lim I().

This the Serrin-type integral J we have associated to I(«) in[3, 4,5]. If the total varia-
tions V(#) for u € Q are equibounded, then I(«#) < J(u) as proved in [4]. Moreover,
is an extension of I in the sense that 3(x) = I(») for u € W*(G) (cf. [5]).

TaeEOREM A (an existence theorem, cfr.[5]). Let G be a bounded domain of the
t-space R” whose boundary has the cone property, let A be a compact subset of the #4-
space R whose projection on the #-space covers G, and for every (¢,4) € A let Q(¢, %)
denote a given closed convex subset of the &-space RN, Let M denote the set of all
(t,u,&) with (t,4) € A, £ € Q(¢,u), and assume that M is closed, that the real valued
function £ (¢,#,£) is lower semicontinuous on M, and that there is a function A(#),

te G, xeL,(G), such that f,(z,u,&) = x(¢) for all (¢, 4,&) € M.

Let us assume that the sets Q(¢, %) possess property (Q) with respect to (¢, #) and
property (F{ ) with respect to « at every point (¢, %,) € A, with exception perhaps of a
set of points whose # coordinate lies on a set H of measure zero in G. Let Q denote a
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given closed class of BV vector functions #(¢), ¢ € G, whose total variations and mean
values in G are equibounded, and for which at least one class I'(#) is not empty. Then
the functional 3(z) has an absolute minimum in Q.

2. A CLASS OF INTEGRALS OF THE CALCULUS OF VARIATIONS
WITHOUT GROWTH PROPERTY

Let G be a bounded domain of the #-space R’, ¢= (#,...,£,), whose boundary 8G
has the cone property at every point. Let #(¢) = (u,...,4,,), t € G, denote an L; (G)
function, possibly discontinuous, of class BV. Let A be a compact subset of the tu-
space R"*” whose projection on the #-space covers G. Let u(¢) = w(¢), t € D c 3G, de-
note a system of Dirichlet data on some components of # on some part D of 3G. We
consider here multiple integrals of the calculus of variations with constraints

I(w) = 2 Em (Fy(t,0)), + F,(t, ) |dt, de=dn...ds,,
= 7elsl;
(2.1)
(¢, u(t)) € A, teG,
u(t) = w(t), teDcaG,

where the F; are functions of class C' on A, and the F, are Lipschitzian functions on 4,
hence |F;(t,u) — F;(2,%)|, |F;(t,u) — F,(2,0)| < Cllu —u| + |t = 7] for (t,u), (1, w) €A,
some constant C and all 7= 1,..., 7, j € [/];. In (2.1) for every i = 1,..., m, we denote by
[/]; a given system of integers 1 <j; <... <jy; <v, and we denote by N the total num-
ber of such indices, ot N= N, +... +N,,. Let F(¢t,u) = [F;(t,u),j € [/1;,i=1,...,m]. We
shall denote by Q the class of all vector functions u(¢) = (uy,...,4,), t€ G, with
(t,u(t)) € A, u e BV(G), V(u) < W, for some constant W;. We need not require ex-
plicitely that mean values of the functions # in G are equibounded. Instead, we re-
quire that D and G are so related that the boundedness of w in D and the equibound-
edness of the total variations of the function # in G with #(#) = w(¢) in D, implies that
the mean values of the functions # in G are equibounded. In Section 3 we shall see a
situation in which this occurs naturally.

We consider now the transformation @ which transforms any »z-vector function
w(t) = (uy,..., 4, ), t € G, of the class Q, hence (¢, 4(¢)) € A, u € BV(G), V(u) < W,, into
the (N + m)-vector function v defined by

v(t) =Pu=(vy,v;,/ € [/1;,=1,...,m) = (vy,v*),
vo(B)=ut), v;()=F;(t,u(0), v*=F¢u), teG.

Let Ay denote the projection of A onto the ¢-space R, hence G ¢ A; and A, is com-
pact. If A(#) denotes the section of A, that is, A(¢) = [u|(¢,4) € Al cR”, and for every
te AywetakeB(2) = [(vy,v* ), v, € A(t) CR” ,v* = F(t,u),u € A(t), t € G,v* e RV ], thus
B() cR™*N, Finally,

A= [(t, u)iteAO;uJEA(t)] CRv+m, B= [(t, ﬂ)'ter,v eB(t)] CRV+m+N,
(6, () € A, (t,0(2)) €B, teG.
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Let Q' =&(Q). Now problem (2.1) is reduced to another problem with con-
straints:

H) = 21 2 (vy), + Fi(t,00) | d dt=d...dt,,
= Jels;
(2.2) G
(t)v(t))EB7 » tEG, UEQ’,
vy () =w(?), v* ()= F(¢,w(?), teDcaG.

It we denote by Dv the N-vector of derivatives Dy = {(v,»,),/,, i=1,.m, jelsl;},
then we can write the problem above as

H(v)=fﬁ)(t,v,Dv)dt, dt=dt..dt,, veQ',
G
J[()(t>v>Dv)=Zl AZ[/](U{,’);}""‘FZ‘(ZL,U()) >
(¢,v(¢)) € B, teG, veQ',
v (&) =w(t), v*{)=F(w®), teDcG.
By writing
(El“': ENl ’ EN1+1»“'> £N1+N2)'-'7 EN—N,,, + 1)'“) SN)
in lieu of

D‘U= [(vy)t,’.]e [/]i’i'_— 1)'") m])

the integrand f; becomes

m

0(60,9 =2 2[:, EnriNty T8 20) ]
te G, v(H) eB() cR™N, £eRNV.

Tureorem B (an existence statement for the integral (2.1)).

Let G be a bounded domain of the # -space R’ whose boundary has the cone prop-
erty, let A be a compact subset of the #x-space whose projection on the #-space covers
G, let F, jeljl, i=1,.,m, be functions of class C' on A and let F,
i=1,...,m, be Lipschitzian functions on A. Let Q denote the class of all BV functions
u(t) = (4y,...;t,), t € G, with (¢, u(t)) € A a.e. in G, BV in G (that is, whose components
are all BV), satisfying some Dirichlet-type boundary condition «(¢) = w(¢), t € D c G,
and whose total variations are equibounded (say V() < W, for all # € Q and some con-
stant Wp). Then the Serrin form J(«) of the integral (2.1) has an absolute minimum #
in Q, and 0<I(%) < J(«).

Proof of Theorem B. First we study the integral (2.1).

We assumed A compact in the fu-space R**” and the functions Fy;, F, continuous
on the set A. Hence, the set B, as continuous transformation of A, is also compact in
the fv-space RN,

For integral (2.1) we had no constraints on the values of the derivatives of the funcnons
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u, or (Du)(t) € IQ(t, #) = RY. Hence, no constraints on the derivatives Dy of the functions v,
either, or £() € Q' (,v) =RY. The sets Q' (£,v) are now of the form

Q' (t,0)=[(n,On=fy(t,00,8,5€RN] =
= {(m £)n= Z

Hence, the sets Q (¢,v) depend only on ¢ and on the sole components v, = u

of v. These sets Q (¢,v) are obviously closed and convex and convex in the n-space
]RN+1 .

:| CRN+I.

2 En+. 4N+ T Ei (1)
selil;

We have assumed all functions F; (¢, ) continuous on the compact set A; hence the
functions F; (¢, 1) are continuous on the compact set B. Given ¢ > 0 there is §> 0 such
that, for any two points (,7) € B, (¢,v) € B with |£ — 7| + |v — 1| <& we have |F;(¢,1,) —
—F.(Z,1,)| <e/m. Then, for (n,&) € Q' (¢,v), we have

m
n?Z % NN R 0) | 2
JELIi

m
=
=1

=

> &Nt +N 4+ T Fi(8,1)
7€l

__ IE(t)vO)—Fi(t,ZO)l'

For

m

70 =2

=1

> Entan T Ei(00) |,

7elil;

we have

n=n—mefm =7—¢ (1,5€Q (t0).
By the arbitrary of ¢ we see that the sets Q (¢,v) have property (Q) at (¢,v). Also, given
measurable functlons v(®), 3(t), teL, |t—7<é, L measurable, with (z,0(¢) €A,
lo(s) — 2| =0, ) € Q' (¢,v(9), then we take

WH=v EH=£r, 70O=2

=

> Evsoan T EED),
selil;

and as before we have

z ‘EN1+ +Ni ,+/+F(f v)

=1 i—1| jely

n(t) = z EEN+ AN 1+;+F(tvo(f ’>2

~|Ei(t, 2 (9) = (2, vo)I/n 8) = mCllv(e) — 2| + |1 = 7],
where t€ L, |t —7 <& and C is a Lipschitz constant for the functions F,. Thus, the sets
Q' (t,v) satisfy property (F})[5, p. 108].

Note that M is here the set M = [(2, v, §)|(¢,v) € B, £ € RN ] which is certainly a closed
subset of R”*?N | and that f, is nonnegative, or f, (¢,7,,%) = A(£) =0 on M. Recall that Q
is the class of all #z-vector functions #(f) = (u;,..., %, ), t € G, with (¢, 4(¢)) € A a.e. in G,
and BV in G (ie, with components which are all BV), equibounded total
variations,

Viw) = 2 Vi) < Wy, ) =wl(?) on DcaG.
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Let Q' denote the class of all vector functions v = Qu, ueQ, or
Q" = {v(t) = (vg,v*), 00 (t) = u(t),v* (t) = F(t, u(t)), t € G,u € Q},
hence
(t,v(H)€B a.e. in G,  BcRY™, v, =F,(t,u(?).

Thus, V() = V(u) < W, and by the Lipschitzianity of F in (¢, ) of costant C, we have
Vi(v*) < CV(u) < CW,, and finally V(v) < (C+ 1)W, for v € Q’. Since w is bounded on
D, the mean values on G of the functions # are equibounded, or |7.v. (u)| <K for
some constant K. Analogously, since w is bounded on D, and F is continuous, then
F(¢,w(?)) is bounded on D, and hence, the mean values on G of the functions v are
equibounded, or |m.n. (v)] <K' for some constant K’, because of the assumption at
the beginning of Section 2. By Cafiero’s and Fleming’s compactness theorem the class
Q' is compact in L;.

Thus, for any sequence [7;] in ', there is a subsequence, say still (£), such that
v — v in L; with v, = ®uy, u, € Q. By the same theorem, there is a subsequence, say
still [£], such that #, — # in L. Thus v, = (v, vF), vs0 = t, vF (£) = F(t, u. (2)), t € G,
and for

v* (£) = F(t, u(?)), teG,
also
oz — v [le, =11F(¢, 1 (8) = F(t, w(®)|e, < Cllig = oy,

that is, vF — v*, vy — vy, or v, — v in L;. Thus, the class Q' is relatively compact. The
class Q' is also closed in L;. Indeed, if (1) is any sequence in Q' with v — v in L,
then, v, = (040, 0 ), v = (vg, v*), 1o = vy, V¥ — v* in L with v = 2, vy = , wp — w in
L,

Moreover,
o (1) = F(¢, u@®)|l, < llo* = g Ilp, + oz — F(¢, s ()Il, +|F (2, e (8) — F(&, (@),
where

o* = v ll., =0, o — F(t, 4. (&), =0,

IF(2, . (£)) — F(2, u(2))||z, < Cllge, — 4.
Thus, '

llo* (8) = F(t, u(®))|lL, =0, or v*(£) = F(t,u(#) a.e. in G.
We have considered the functions » = @« for u € Q, that is, the class Q’ of functions
v, and we have seen that Q' is closed in L.
By Theorem A we conclude that the Setrin-type integral H relative to H has an ab-
solute minimum in Q' given by some v = (v, v*), v* () = F(¢, u(2)), vy () = u(2), t € G,
uel.

Hence, u gives the absolute minimum of the Serrin integral 5 relative to I in Q, and
0<sl(w)<3m). 0O

Remarx. Whenever we can prove that I(z) = 0, that is, 0 = I(») < %(«), for the op-
timal solution u(#) = (u,...,4,,), t € G, u € Q, of the integral J associated to the integral
I(), then from (2.1) we derive that «(#) is a BV, possibly discontinuous, solution of the
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partial differential system
> (Fi(t,w), +Fi(t,w)=0, teGae), i=1,.,m,
el !

u(t) =w(t), te DcoG.

Remark. The reduction of the integral J to the integral 3¢ has allowed us to apply
to I verbatim the existence theorem A we had proved in[5]. Elsewhere we shall fol-
low the same line of argument in connection with other analogous lower semicontinu-
ous Serrin type integrals and with more sophisticated assumptions.

3. A RELEVANT SITUATION

Borrowing from hyperbolic problems, let P denote a trapezoid of the #x-space
R, say for T, R, M given constants, MT <R,

P=[0<¢<T —-R+Mt<x;<R-Mt;j=1,.,v].
u(0,x) =w(x), xeD=[0,x))]—R<x;<Rj=1,.,v].
In the definition of functions (¢, x) = (#,..., ,,) of bounded variation (BV) on P let
us always include D in the full measure set P-E on which we compute the total varia-

tions of «. Then, if w is bounded on D, say |w(x)| <M'’, x € D, and the function # with
#(0,x) = w(x) have equibounded total variations on P, say V;(«, P) <M", then

ffu(t,x)dtdx&fj (0, x)|dt dx + fj |2e(2, %) — u(0, x)|dt dx <
P P P

R

R
< TI |(0, x)|dx + f V, (x)dx <2RTM' + M".
-R -R

In other words, boundedeness of w and equiboundedness of the total variations of
the functions # (with the above convention) implies the equiboundedness of the val-
ues of the functions «.

Let A=[(¢,x,u)|(t,x) e P,—K<w,<K,i=1,...,m], let Fy = u; and F;(t,%,u), j=
= 1,...,v, be given functions of class C' on A, and let F; (¢, x,#) be given Lipschitzian
functions on A. Now the integral I of §2 becomes

I(u)=J.t_=i1
P

Then the Serrin integral J associated to I has an absolute minimum 7 given by a BV
possibly discontinuous function #(¢, x) = (#,..., 4,,), (t,x) € P, and 0 <I(x) < 3(u) = 7.
Whenever I(z) =0, then « is a solution of the Cauchy problem for the differential
system

dtdx, dx=dx,...dx,,

w + 2 (F; (¢, %, w),, + F; (¢, %, 0)
=1

wy+ 2(Fy(t,%,0), + F(t,%,4)=0, i=1,.,m, (,x)€Pa.e.),
=1

4;(0,x) =w;(x), —-R<sx;<R, j=1,..v, i=1..,m.

Elsewhere we shall further study the integral I(x).
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ExampLe 1. As a simple example, we consider here the case where m=1,v=1,
where ¢, x are the independent variables, and

Iw) = J lu, + Ba? ), |dz dx,
P

where P is the trapeze
P=[(t,x)0<t<T,—R+M:t<x<R—Mt]cR?, MT <R,

with Cauchy data #(0, x) = w(x), —R <x <R, |w(x)| <M. Here, there is only one func-
© tion F, say F; =0, and only one function F;, say Fj; = u°.

Let A=[(¢,x,u)|(¢,x) e P,—-K<u<K]cR’.

We shall consider I(#) in the class Q of all scalar BV functions u(¢, x), (¢, x) € P, with
Vo (u) < W, for some constant W, sufficiently large.

By Theorem B, the Serrin integral () associated to I(#) has an absolute minimum
u, with 0 < I(») <3(u). If I(#) = 0, then # would be a solution of the hyperbolic equa-
tion with Cauchy data

u+uu, =0, (t,x)ePla.e), u0,x)=wlkx), —Rsx<R
Note that the function » = (v,,2;) is now vy =, v; =3%4%, and B is the set

B=1[(t,%,0)|(t,x) e P,v=(vy,v;),01 =82 , 0 =u,-M<u<M] cR*

ExampLe 2. We consider here the integral

(3.1) | I(u)=f§l
P

w; + 21 ay (8, %, )y, — f; (8, %, 1) | dt dx, dx = dxy...dx,,
=

where ¢ is a scalar, x = (xy,...,%,), #= (4,...,4,,), where P is the trapezoid
P=[(t,x)0s¢t<T,-R+Mt<x;<R-Mtj=1,.,v]cR"™, MT<R,
with Cauchy data #(0,x) = w(x), or %(0,x) = w;(x), i=1,..,m, for —R<x; <R, j=
=1,..,%, and |w;(x)| <M. We take
/Jl =[(t,x,u)|(t,x) e P,—K<u, <K]cR™" i=1_. m).

The integral I(u) can be written in the form (2.1).
Indeed, if certain primitive

u;
Ay (2%, 4;) =fa,~]-(t,x,oc)da, i=1,...,m, j=1,.v,

are of class C'; then

%

Aﬁ,xi (t) X, ui) = j az]',xj (ta X, oz)daz,
0 .

u(t,x)
(Az](t) X, U; (t: x)))x/ = d,'/'(t, x; u; (t) x))uix/- (t) x)’ + J' aij,x, (t) X, a)doz =

= azj(t: X, U; (t) x))uix]» (t) x) + Az'j,x/- (t> X, U (t; x))’
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and I(x) becomes

I(u)=J’§:1
P

wy + 2(Ay (6, %, 0,(8,%)),, + F (¢, %, u) | dt dx,
7=1

Fi(t,x,u) = —/_ZlA,}-,x]_(t, x,4;) — f: (2, %, 4).
Note that the functions v= (v,,v*) are now
Vo = U= (U, thy,), vy =A;(%u) =1,..,v, i=1,.,m,
with v(¢,x) € BcR"™,
B=[(¢,x,0)|(t,x)€eP, v, =u= (Uyyeesthyy), vy = Ayt %, 4;),
| =1,.,v,i=1,.,mueR"]cRT* ",

Under the assumptions of Theorem B, the Serrin-type integral 3(#) associated to

I(#) has an  absolute minimum i given by a BV function z€, and
0<I(u) < I(u).

If I(u) =0, then « is a solution of the Lax-type differential system with Cauchy
data

i+ 24563 1), = (b %0, (6,3 € Pla.e),

(3.2) u(0,x) = w(x), —R=sx <R,
X,

X = (xl)'-') v)) u= (u])'")um)-
For m=1, (3.1) reduces to

I(u)=f

P

where ¢ and # are scalars, x=(x,...,x,), and P is as above. We take A=
=[t,x,u)|(t,x) € P, —M < u < M] c R*"". For the 4 all of class C’,

dt dx,

2 + 21 dj (t) X, u)ux/ —f(t; X, u)
j=

Ai(t,x,u)= faj(t, x, a)da,

then I(») becomes

dt dx

I(w) =f

y P
where F= — EA]-)XJ —f, and (3.2) reduces to
=1

w+ (A8, %,u)),, + F(t, %, )
7=1

ut+zlaj(t)x) u)uxj =f(t)x> u)) (t>x) EP'
=
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