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Analisi matematica. — An existence and uniqueness result for Hamilton-]acobi 
equations in Hilbert spaces. Nota di PIERMARCO CANNARSA e GIUSEPPE DA PRATO, 

presentata (*) dal Corrisp. R. CONTI. 

ABSTRACT. — We prove an existence and uniqueness result for a class of Hamilton-Jacobi equations 
in Hilbert spaces. 

KEY WORDS: Hamilton-Jacobi equations; Viscosity solutions; Optimal control. 

RIASSUNTO. — Un risultato di esistenza e unicità per equazioni di Hamilton-]acobi in spazi di Hilbert. Si 
dà un risultato di esistenza e unicità per un'equazione di Hamilton-Jacobi in spazi di Hilbert. 

1. SETTING OF THE PROBLEM 

Let X be a Hilbert space (norm | |, inner product (,)). For any Hilbert space K 
and any nonnegative integer k we denote by Ck(X,K) the set of all the mappings 
f:X—>K which are continuous and bounded sets of X, together with their derivatives 
of order less than or equal to k. 

We denote by Ck+1~ (X; K) the set of all mappings / i n Ck (X; K) whose derivative of 
order k. is Lipschitz continuous on X. 

We are here concerned with the following Hamilton-Jacobi equation: 

~Vt{tyx) + H(B*DV(t>X)) - (Ax+f(x)yDV(t,x)) = g{x) 

V(T,x) = $(x); xeX; te[0,T] 

under the following hypotheses (2): 

i) A : D(A) c X—» X generates an analytic semigroup etA in X. 3OJER such that 

I 
ii) The embedding D(A)->X is compact. 

iii) BeL(U;X) where U is another Hilbert space. 

iv)feC1-(X;X). 

v) g and $ belong to Cl~ (X: R) and are non-negative. 

vi) H(v) = sup {—(v, u) — h(u); u e 17}, where h e C(U;R) is convex and such 
that h{u) ^ c\\ufy VueU. 

DEFINITION 1. We say that V e C([0, T] X X;R) is a generalized viscosity solution of 
(1) if we have: 

(3) limV;(/,x) = y(/,x), VxeD(A), W e [ 0 , T ] 

n—»o° 

(*) Nella seduta del 22 giugno 1988. 
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where V„ is the viscosity solution of the problem: 

-Vntyx) + H(B*DVn(tyx))-(Anx+f(x)yDVHt,x))=g(x) 
(4) 

Vn(T,x) = $(x); xeX; te[0,T] 

and An— nA{n — A)'1 are the Yosida approximation of A. 
We remark that, under hypotheses (2), problem (4) has a unique viscosity solution 

by the results of M. G. Crandall and P. L. Lions [4], [5] and [6]. We recall that 
V e C([0, T] X X;R) is called a viscosity solution of (4) if, for any (t,x) e (0,T) X X we 
have: 

5 VV(pnpx)eD+V(t,x), - ^ + H ( B ^ ; 

ii)'V(pt}px)eD-VttjX), -pt + HiB^px)-(Anx+m,Px)^g(x) 
where the superdifferential D+ and the subdifferential D~ are defined as: 

D+V(t,x) = 

(ptypx)eRxX; lim sup -, j — . : ^ 0 
MM**) - \S - t\ + \y - X\ 

(6) 
D-V(t,x) = 

V(s, y) - V(t, x) - (s - t)pt - (y - x)px 
= \(pt,px)eRxX; lim inf 

(s,y)-^(t,x) \s — t\ 4- \y — x\ 

In [4]-[6] it is also proved that Vn(t,x) coincides with the value function: 

(7) V* (*,*) = inf \j[g(yAs)) + h(umds + t(ynT);ueL2(t,T'.U)> 

where: 

(8) y'n{s)=Anyn{s)+f(yn{s))+Bu{s),yn(t)=x, t^s^T. 

We remark that the definition of viscosity solution given by M. G. Crandall and P. 
L. Lions in [4]-[6] cannot be immediately extended to problem (1) due to the un-
boundedness of A. For this reason, M. G. Crandall and P, L. Lions in [7] have mod­
ified their definition to cover this case. 

The main idea of the presented work consists of solving (1) in two steps. First we 
use the «classical» definition of viscosity solution of [4]-[6] for the approximating 
problem (4) in order to take care of the nonlinear term H. Then we follow a typical 
procedure of evolution equations theory to treat the difficulties coming from the un­
bounded operator A. This approach seems quite simple and does not require the self-
adiointness of A. . , 

/•. 

2 . T H E MAIN RESULT 

THEOREM. Under hypotheses (2) there exists a unique generalized viscosity solu­
tion V of problem.(!).' 



(9) 

where: 

(10) 

V(t,x) = in{-

y 
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Moreover, 

' T 

\ig{yn is)) + h{u(s))-]ds + &{T)-; ueL2 (/, T: U) 
t 

y'{s)=Ay{s)+f{y{s))+Bu{s), y(t)=X; t^s^T. 

PROOF. Uniquenesses a trivial consequence of Definition 1 and Theorem 1 
in [4]. Let us prove existence. If. V is given by (9), then, from V. Barbu and G. Da 
Prato[3] and V. Barbuti] it follows that: 

i) Vis continuous in [0,T]xX. 

ii) V(/,x) e [0, T] XX, there exists an optimal pair (u*,y* ). 

Let (t,x) e IO-,T]. XD(A) be fixed and {u* ,y* ) an optimal pair for V at (t, x). Let y„. 
be the solution of (8) with u = u*. Clearly y„.—>y* in C([t, T];X). So 

T 

(11) V < / , x H % f ^ sup V* (*,*). 

Next we claim that 

(12) lim in£V.(t,x)&V(t,xï 
n->*x> 

which will conclude our proof. 
Assume (12) does not hold. Then there exists a subsequence, which is still denoted 

by {V*•(*»*)}, such that 

(13) XimVn{t,x)<V(t,x). 

Let un e L2 /, T; U) be such that 

T 

(14) V» (*,*) + ±>j[g(zAs) + h(un(s))lds + $(zn(t)) 
t 

where z„ is the solution of 

(15) z'n{s)=Anzn(s)+f{zn{s))+Bun{s)y zn(t) = x; t^s^T. 

From assumptions (2) and from (11) we conclude that {un} is bounded in 
L2 (/, T; U). Therefore, there exists a subsequence, still denoted by {u„ }, and a func­
tion veL2(t,T;U) such that 

un^vy weakly in L2 (t,T;U). 

Recalling (2) i), iv), from .(15) it easily follows that\zn } in bounded in L00 (/, T; U). 
Then, we can find a subsequence, still denoted by {%}, such that 

zn-*z, Zn •: =/(%)+Bun-*X, weakly in L2 (/, T: U). 
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Also, by (15) 
S 

( 16) z„ (s) = eis-')A"x + j[eis~a)A" - e{s^)A ]Ç„ (*)de + 
t 

S 

+ jeis-°)A Z„ {°)da = : I? {s) + Q (s) + F, (s), 
t 

Now, 

(17) IÏ{s)-+e(s-,)Ax in C([t,T];X) 

and, since {£„} is bounded in L2(t,T;X) and A generates an analytic semi-group, 

(18) Ç(s)-*0, Vse[t,T] 

by the dominated convergence theorem. Finally, 

(19) IHsi-^je^)A^)d<j, Vse[t,T\ 

due to the compactness of the semigroup etA 

Therefore, from (16)-(19) 

(20) lim z„ (s) = z(s) = e(s-')A x + | e(s~°)A Z(a)d<r, V* e [t, T]. 
n—><x> J 

t 
Consequently 

\im f(zn(s))=Az(s)), Vse[t,T] 
n—»°o 

and in fact z is the solution of 

z' (s)=Az(s) +f(z(s)) + Bv(s), z{t) = x; t^s^ T. 

Now, by the convexity of h and by (14) we obtain 
T 

lim mf Vn .(/,*) ^ Jlg(z(s)) + h{v(s))ids + 9(z(T)) ^ V(t,x) 
t 

which contradict (13). The proof is thus complete. 

REMARK. By variational arguments (see P. L. Lions [8] and V. Barbu [2]) one 
can show that the value function given by (9) satisfies (1) in the sense that for every 
(t,x)e(0,T)xD(A) we have: 

i) V(pt9px) e D+ V(t,*), -pt + H(B*px) - (Ax +f{x)ypx ) ^ g(x) 

ii) V(pnPx) e D- V(t,x), -pt + H(B*px) - (Ax +f{x)ypx ) ^g(x) 
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