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Equazioni differenziali ordinarie. — Bounded solutions on the Real
line to non—autonomous Riccati Equations. Nota di GiuseppE Da PraTo
e AKIRA ICHIKAWA, presentata (*) dal Corrisp. R. CoNTI.

RiassuNTo. — Si da un risultato di esistenza e unicitd di una soluzione limitata
in ]— o, + oof per un’equazione di Riccati infinito-dimensionale.

Let H be a Hilbert space and A = {A (?)}, g a family of linear operators
in H. We assume:

i) For any te R, A (f) generates strongly continuous semi-groups
in H.

ii) There exists an evolution operator Uy (¢, s) (resp. U, (¢, 5)) with
— 00 < § <t < oo attached to the family A (resp. A¥).
Moreover Up (¢2,s)x= lim Up*(¢,s5)x, Up* (¢, )=

n—>co n n
) = lim Up* (¢, s) x, xe H where A, (#) (resp. A}, (#)) is the Yosida

approximation of A (¢) (resp. A, (2)).
iii) There exists M > 0, we R so that

| Ua(t,s) |+ 1 Ugu(t,9) | S Meot—?
' —oo<s<t<-+ o0.

Let U be another Hilbert space. Let B={B (¢)},.x , M ={M (2)},.x
and N ={N (¢)}, g be families of linear operators. We assume:

( 1) B(t)e L (U ; H), Vte R and B is strongly continuous and bounded.
2) \ ii) M (t)e L (H) , Ve R and M is strongly continuous and bounded.

| iily N(#)e L(U) , N(¢) > >0 for some ¢ >-0 and N is strongly
continuous and bounded.

(*) Nella seduta del 22 novembre 1985.
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We also assume:

i) (A, B) is stabilizable, i.e. there exists a mapping K : R — L (H ; U)
strongly continuous bounded so that Ua_pg is stable (i.e. | Up_pk (¢,
1 <Ce®t,0>0,t>s) where Up_pgk is the evolution ope-

3) rator generated by A-BK.

if) (A, M) is detectable i.e. there exists a mapping K; : R — L (H)
strongly continuous bounded so that U A-KM is stable (i.e. | Us_yx,

(2,8) | <Cre®1=9 o, >0, ¢ >5).

We are interested in bounded solutions in ] — oo, co[ of the Riccati equa-
tion:

*) Q' + A*Q 4+ QA =QBN-'B*Q + M*M =0.
We say that Q is a mild solution of (4) if we have:

(5) QM x=Ux(s,)Q(s) Ua(s, t) +

§

- fUi& (v, 1) (M¥(0) M(0) — Q(v) B(e) N-* (v) B¥(0) Q@)) Ua (v, 2) x do

t

for any xe H, —co <t <s <+ oo.

ProposiTiON 1. Assume (1), (2), (3)-i. Then there exists a Q : R — L (H)
strangly continuous so that :

i) Q()>0 vieR;
i) |Q(#) || < C for some constant C, Vte R;

iii) Q s a solution to eq. (4).

Proof. Let ne N; then there exists a unique positive mild solution Q,
of the problem:

Q, + A*Q, + QA — QBN B*Q, + M*M =0
(6)
{Qn(n)=0 te ]—oo,n

moreover it holds

(7) Qn(t) S Qn+1 (t) ’ te ]_ 0, n[ .
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Let y be the mild solution of the problem:

® { YEO=AEy(+BEul) seft,n]

y(@)y==« —oo<t<n

where ue L2 (t,n ; U).
We have
d I
Q9,5 () =N+ N-1B%) (5) | — | My [ — | Ntu |
which implies

9 (Qu(), ) + f | N2 (2 + N1 Bty) |2 ds —= f [ My [ + | Ny |9 ds

and hence
(10) Q) #) < [[1My [+ | Nteu 1 de.

Let now K be such that (3)-i holds. By taking

{ u(s)=—K(s)y(s)
Y()=TUsmx(s,8)x

in (10) we have

S_(‘IIMIIZCH— INJ K 2C?) |

(Qn (1) x) (1 —eeem).
(O]
Thus
c2
(11) Q@ = — UIMI+INFIKE) . —oo<t<n.
Since Q,, is increasing in z there exists a limit
(12) Q@t)x= lim Q, () x , vxe H.

n~—> o0
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Now the conclusion follows letting # go to infinity in the equality
Q) x=Uj (s, ) Qu(s) Ua(s, ) x +

+ f UA(v, 1) M*@2) M (v) —Q, B (v) N' (2) B*(2) Q, ()) Ua (v, ) xdo. W

ProrosITION 2. Assume (1), (2), (3)-ii. Then eq. (4) has at most ane bound-
ed mild solution.

Proof. Let Q be a bounded solution of eq. (4).

1% step. We shall show that L —=A — BN-*B*Q is stable ie., Uj, is
stable. Set K == BN-! B¥, then eq. (4) is equivalent to

(13) Q' + L*Q 4 QL + QKQ 4+ M*M =0 .

We have

QO UL, )%, Ui, )5 =— [TRE Q) Unls, )
— M UL, e P,
which implies

(14) Q@) x,2)=(QE) UL(s,8)x, Ur(s, 2) x) +

s

+J~[| JRK(6)Q6) Uy (s, % >+ | M(s) Uy (6, £) & |2] ds .

t

Thus

(15) MUL (-, )X , VKQUL(-,t)xe L2(¢, oo; H).

Now, by (3)-ii there exists a K, such that A — K;M =D is stable. From
the equality

UL(s,t)szD(s,t)x—fUD(s,v)(KlM——KQ)UL(v,t)xdw

and (15) it follows Uy (-, #)xe L2(¢, - ; H) and by Datko [3] this implies
that L is stable.
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2m step. Now we prove uniqueness.
Let V be another bounded solution of eq. (4). Setting Z=Q —V we
have

Z'+ L* +7ZL + ZKZ =0 .

From this we have

21% (Z () UL(s, )%, Z () UL(s, ) x) = — | V K (s) Z(s) UL (s, ) |2

which implies

§

<Z(t)x,x):f1 VK (6) Z(5) Uy, (o, t) x [2do + (Z(s) UL (s, &) x, Uy (s, 1) x) .

t

Thus (Z ()%, x) = (Z(s) U (s, ) x, Uy, (s, t) ). Letting s tend to infini-
ty, we get (Z(t)x,x) > 0.
Hence Q > V. Interchanging Q and V we conclude Q=Y. ]

CoroLLARY 1. Assume (1), (2), (3). Let Q be the unique bounded mild
solution of eq. (4).

1y If A, B, M, N are constant we have
Q () = const == Q,,
and Q, is the unique solution of the Algebraic Riccati equation.
(16) - A*Q + QA 4+ M*M — QBN-1B*Q =0.

ity If A, B, M, N are T-periodic then Q (t) is the unique T-periodic sa-
lution of eq. (4).

Proof. Set V(t)=Q (¢t + 1), A€ H; then in the first case V is also a
bounded solution of (4), so that by uniqueness

QE+1N)=Q@ , vieR.
Set Q. ==Q (), then it is easy to show that Q_, satisfies (16).

Consider now the second case. Then V (£) =Q (¢ + T is also a solution
of (4) and by uniqueness we have

Qt+T)=Q(@).
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