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Equazioni differenziali ordinarie. — Integral Equivalence of Two
Systems of Differential Equations. Nota di JarostAw MORCHALO,
presentata®) dal Corrisp. R. CoNTI.

RiassuNnTOo. — Si studia ’equivalenza asintotica fra le soluzioni di un sistema li-
neare e quelle di una perturbazione non lineare. Vengono date condizioni sufficienti per
Pesistenza di un omeomorfismo fra le soluzioni limitate di tali sistemi.

The object of this paper is the study of asymptotic equivalence between
the solutions of the differential equations

4y Y (O=A®y @,
and
(IT) () =A@Mx@)+F@,x0@), (Tx)(@).

By means of the contraction mapping principle, we prove the existence
of a homeomorphism H between the sets of bounded solutions of (I) and (II).
Moreover, we are going to investigate the (g, p) integral equivalence between
equations (I) and (II), such that to each bounded solution x (¢) == Hy (¢) of (II)
we have

gy (@) —Hy @] le L, (), c0) .

Our results extend some theorems obtained by Ha¢ak and Svec [2], which
are proved using Schauder’s fixed point theorem.

Let Y be a finite dimensional linear space with norm | . |; o/ — the algebra
of linear functions from Y to Y with induced norm || . ||; I - the identity in.o/;
A - a continuous function from ] = < ¢,, 00), ¢, > 0 into o/ ; U — the funda-
mental solution for (I), i.e. U is a continuously differentiable function from J
to o7 such that U (¢,)) =1, U’ (£) =A (t) U (¢), te J, M, — a subspace of Y such
that x belongs if the function from J to Y described by ¢ — U (#) x is bounded,
M, — a subspace of Y such that Y =M, @ M, and P, — a supplementary projec-
tion in o7 ie. P, Y=M,; (=1, 2).

Let L be 2 function from J X J to ./ such that

U@P, U  if s<t,
L(t,s)z{

—U@)P,U(s) if s>1¢.

(*) Nella seduta del 26 gennaio 1985.
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Let F:J XY XY —>Y satisfy the Caratheodory conditions ie. F (¢,
u, v) is measurable in e J for all (u,v)e Y X Y and continuous in u, v for
all te], T:C(J)—Y, where C(J)={w:uec C[J,Y]}. A function gq:

{0, 00) =Y, is said to be in L, (0, c0), (p > 0) if f | ¢ (t) |? dt < co, where
0

|.] is any Y-norm.

Let g (t) be a continuous 7 X » matrix such that g—1 (¢) exists for all ¢z€ J.

DeriniTION 1. We will say that a function z is g-bounded on the interval
Jifsup{lg ()2 (t)| <o0,t€]}:

DrrINITION 2. We shall say that two systems (1) and (11) are (g, p) (p = 1)

integral equivalent on | if for each solution y of (1) there exists a solution x of (II)
such that

(111) gt @) [x (@) —y @] e Ly (4, ),

and conversely for each solution x of (11) there exists a solution y of (1) such that
(IIT) holds.

Let C be the set of all continuous functions with domain J and range Y.
A Cg~ space is the set of all continuous functions x in Y, such that

lol,=sup{lgt()x(t)| <M < 00,0 <M=const. te J}.
The following Lemmas will be used in our subsequent discussion:

Lemma 1 [1]. Let C be the Banach space of bounded continuous functions x:
J—Y with the norm || x||=sup{|x()|,te]}.

Let G : C — C be a contraction and N, , V, non-empty subsets of C such that
(I —G)V,c V,. IfH:V, —V, satisfies the relation Hy (t) =y (f) + GHy (2),
te ], ye V,, then H is a homeomorphism of V, into V,.

LemMa 2 [2]. Let f(t) =0 be continuous on (0, 0o) and such that

[e9)

[sf(s)ds<oo, then ff(s)dse L, (0,00),(p=1).

o

0

Lemma 3. If

1) g(t) is a continuous n X n matrix such that g='(t) exists for all te
€ (0, 0),

2) o (t) it a positive function for te (0, co),

3) U (t) is a non-singular matrix for all te (0, c0),

4) P is a projection in o,



) Atti Acc. Lincei Rend. fis. — S. VIII, vol. LXXVIII, 1985, fasc. 1-2

5) <f lg 2 () U (£) PUL(5) @ (s5) || ds)llqg_ K<oo,te(0,00), (¢ > 1),

o]

f exp (— K1 [0 @) £ @11 d) dt < 00, (0 + 2= p0),

0

then lim |g'(®U@)P| =0 and g () U(#)P|eL,(0,00),(p =2).

t->00

The proof of the Lemma is omitted since it follows Hagak’s and Svec’s
proof [[2], Lemma 3] in a straightforward manner (because of % (f) = (¢ (£))? ||
U @®) P ).

TreOREM 1 [3]. Suppose that Z is a mapping of a complete metric space
(X, d) into itself and d(Z (x),Z (y)) < g,(a,d)d (x,y) for each (x,y)e X
such that a <d(x,y) <b,q,(a,b) <1,(0 <a<b).

Then there exists a unique ue X such that w—=7Z (u).

MAIN RESULTS

THEOREM A. If:

1) r:JoxXJo—>TJo,={(0,c0)) is a non-decreasing function with re-
spect to each variable separately and such that

sup r(u,v) a<u,0<b,0<a<bh<1,
max (# , v)

2) there exist supplementary projections P, (i=1,2) in o/ and constant
K > 0 such that

1/q

(fllg’l () U () P, U(s) [l ds>1’“ + <7Hg—1 () U (&) P, U1 (s) |le ds) -
<K < oo for all t<],,

3) there exist continuous functions he L, (J,, R*) and positive constants
q,, K, such that

[ F@,u,0) =F@,u,0) | =h@®r(gt@)u@)—u @], |o@) —ov ()
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where

lo(t) —v, ()| <alg*@O[u@E)—u (@] ],0<a<l,u,v,u,v,€Y,

[ee]

[ (0 dt <o0, K ([ (1 diyie =K, <1,p + g=pg, (p = 2),

0 0

4) f|F(t,0,0) pdt < oo,
0

then there exists a homeomorphism H from the set of g-bounded solutions of (1) into
the g-bounded solutions of (II).

Proof. Let y be a g-bounded solution of (I) on J. Then there exists a
constant a > 0 such that ye B, ,, where

Bmz{z:zeC[],Y]}and sup{]g—l(t)z(t)lga,te]}.

Define, for xe B, ,, , the operator R

(1) Re (f) =y (1) + f U () P, U= (5) F (s, ), (Ti) (5)) ds —

—fU(t)PgU—l(s)F(s,x(s),(Tx)(s))dt,te].

Then

e () Re(t) | <a+ j lg () U@ P, U () [ h(s)r(|g ()a(s) |,

1 () x(s) ) ds + j e U@ P U () [ h(s)r(lg () 2 (5) ]

() % (s) |)ds+fugl<t>U<t)P1U—1<s)n|F(s,o,0>l¢s+

+fng—1(t>U<t>P2U—1<s)u |F(s,0,0) | ds <
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<a-+r(2a,2a) {(j lg* (@) U @) P, U (s) |9 ds>1/q <jh1’ () ds>‘1/p +

+([1erovar o @pe)” 0” @)} +

1/p

—I—(f”g”‘l(t)U(t)PlU‘l(s)llq‘i‘)l/q(flF(S’O’O)Ipds) "

1/p

4 (7 I () U () P, U= (5) | ds)”q (T F(5,0,0)] 2s)

If we choose ¢, such that

t

T ! p g

r (2a,24) K (fhp (s)d;> =2 ad K (f[F(s,o,O) des> =2 t=1,
to t,

we have that R maps B, ,, into itself. Now we are going to demonstrate using

the Krasnosielski’s Theorem 1, that the operator R has a unique fixed point

in B, s, For x,x,¢€ B,,, , we have

| £ (1) [Ro, (1) — R ()] | < f Il (@)U @P, U]

F (s, 2,(5)» (Ta) () —F (5, 2 (5) , (Toxg) () | ds -+
+ f e (UG P UL || F (s, 2 (), (Ta) () —

—F (s, 2,(5), (Ty) (5)) | ds <

% 1/p
<K ([# 6 ds)" rm—slly, lm—s],) for all 5, me By
tO

Hence || Rx; —Rux, [l, <7 (| %, — a5l , | #, — %2 l;). Thus we can apply
Theorem 1 which yields the existence of a unique x€ B, ,, such that x — Rux.

An easy computation shows that the fixed point x (f) =Rx (¢), e J is a
solution of (II). :

Let B,; and B, 1y denote the spaces of g-bounded solutions of (I) and (II)
respectively. We define the mapping H : B,; — B, ;1 in the following way:
for every ye B, 1, Hy will be the fixed point of the contraction R. Thus for
te ], Hy=RHy (t).
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According to Lemma 1, where V, = B,; and V,= B, ;;, H is a homeo-
morphism from B,; to B, and the inverse mapping is

Hx (@) =2 —R,x(f) ,xe By, 1€ 7,

where

R, x (¢) :fU ()P, U-(s) F (s, x (s), (Tx) (s)) ds —

— f U () P, U-1(s) F (s, % (5) , (T#) (5)) ds

Trueorem B. If:

1) the assumptions of Theorem A hold,

2) fnPIU—ws)uh(s)dKoo , fuP]U-’@u1F<s,o,0>|ds<oo.

[e9)

3) fshp(s)ds<m , fle(s,O,O)]Pds<oo.
0

#) fexp (-K«fﬂg(s) e ds) de < oo,

then g7 (1) [Hy (t) —y ()] |€ L, (%, c0) .
Proof. From (1) and hypothesis of the Theorem B we have

e () Hy () —y ()] | < j g (5 U () PU(5) || | F (s, Hy (5),

0

(THy) (s)) | ds + f g @) U @) PLU ()| | F (s, Hy (s), (THy) (s)) [ ds <

2) t ¢
<1g @) U@P, | {(Qa,2a) f I PLU (s) [ 7 (s) ds + f 1P, U-1(s) |

to

oo (o9

[F(s,0,0) | ds} + 7 (2a,2a) [||gr1<t)P1U~1<s>uh<s)ds+fug~l(t)U<t>

P, U-1(s) || | F(s,0,0)ds.
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Hence

t t

e @U@ P, | & Qa,2) J 1P, UL (5) | (5) ds + f 1P, U-1(5) |

i
‘0

|F(s,0,0>|ds}S||g~1(t>U<t>Pln{r(Za,2a>fuP1U-1<s>nh(s>ds+

0

+[!5P1U—1<s)nIF(s,o,onds}.

Since (from Lemma 3) || g (9) U (¥) P, |le L, (%, c0), it is evident that
this first term in the above inequality belongs to L, (Z,, 00).

Taking into account the second term of this inequality, we obtain

r (2a, 2“)7 g @U@ P, U (s) [ h(s)ds + 7 gt @ U@P, U (s) |l
F(s,0,0)|ds <r (2, 2a) <7|| 21 (f) U (f) P, U (9)] ads> " <Tkﬁ s) ds> L
+ (Tng—l (1)U (&) P, U= (5) o ds) . (7 |F(s,0,0) ﬂds)‘“’ <

< Kr (2a, 20) (Thﬁ ) d;)”p LK (7 IF(s,0,0)] pds>m’ .

Also, from 3) and Lemma 2, this second term belongs to L, (¢,, c0). The
proof of the theorem is complete.

Turorem C. If
1) the assumptions of Theorem A hold,

2)  lim <f|b(t)\1’dt>1/p=0 for all be L, (t, o),
d

d -> 0
00

) [ex <—quug (5) [ ds) d < oo,

0

then  Lim | g=() [Hy (5) —y ()] | =0.

t—>
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Proof. Let

(S b) () = f U (£) P, U~ (s) b (s) ds — f U (£) P, U-1(s) b (s) ds,

o

(S, 0) () = ¢ (1) (Sb) (¥) ng“l O U@ P U (s)b(s)ds —

o

—fg—l @U@ P, U (s)b(s)ds.
I3
The assumption 1) of Theorem implies that
I(36) , =K Jibll, forall belL,(z),co).
For any v > ¢, let us put

e =g (cr o> F (- Hy, (THY)) , 00=38; (1 <z 0> F (-, Hy, (THy))) .
Because
Aoy @ F (2, By (@), (THY) @) | < [ A cri0) () F (2,0,0) | +
F Ny O @) 7 (I Hy [l , [ Hy |ly) for ze ],
then

(o) o0

o, < Kr (1B 1y 13y 1) (400 dt)‘“’ +x([1Fe.0.0 oar)”

r 1p o 1/p
By assumption 2) lim (fhp () dt) = 0and lim <f| F@,0,0) 7 dt> =0.

€

Therefore for any ¢ > 0 we can choose © > #, such that || v_ ||, < 5

Moreover, by 1), 3) and Lemma 3, lim ||g*(z) U (#)P,||=0.
t—>00

Hence there exists a #, > ¢, such that

€

lu. @) | <1 g (U @) P flPlU“l(S)F(S,Hy(S),(THy)(S)) lds <

o

|
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for all £ >¢. From this by (1) it follows that

t

@O MHy () —y O] = fg‘l @ U (&) PU(s) F (s, Hy (5) , (THy) (5)) ds —

o

— f @U@ P, U () F (s, Hy (s), (THy) (5)) ds = u. (1) + 2. (9) -

Hence | g () [Hy () —y )] | < lu. (t) | + | 2. (t)is§+;=e.

As ¢ >0 is arbitrary this implies lim |g='(¢) [Hy (¢) —y (#)] | =0.
t—>00

This completes the proof of the Theorem.
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