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SEZIONE 1

(Matematica, meccanica, astronomia, geodesia e geofisica)

Analisi matematica. — 4 remark on complex powers of analytic
functions. Nota *) di GIUSEPPE ZAMPIERI, presentata dal Socio
G. Scorza DRAGONI.

RiassunTo. — Sia K € R” un compatto, f > 0 una funzione analitica all’intorno
di K, ed m la massima molteplicita in K degli zeri di f; si prova chela potenza f» (A e C,
Re A > — 1/m) ¢ integrabile in K. L’estensione meromorfa dell’applicazione A — f da
Re A > 0 a tutto C (con valori in @’ (K) anziché in L1 (K)) era gia stata provata in [1]

e [2].

1. In [1] and [2] it was proven that the power f* (f being a non-negative
analytic function in R® and A a complex number), which belongs to L] _ for
Re A > 0, extends analytically to be a distribution meromorphically depending
on A with rational negative poles.

Here we want to give a very elementary proof of the extension up to Re A =
=0 with L values:

“ProrosiTION. For K € R" let m denote the largest multiplicity of the roots
of f which occur in K. Then f* € L' on a neigbhourhood of K for Re A > — 1/m.

(*) Pervenuta all’Accademia il 25 settembre 1984.
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Remarx. Let 2’ (K), (L!(K)), be the spaces of distributions, (integrable
functions), on a neighbourhood of K. Let « be the first pole of the mapping
from C to 2’ (K) : A —f?, and set p =inf {Re A : f*e L' (K)}. We conjecture
here, under suggestion of Atiyah’s proof; that « =8. In such case we would
then obtain from the Proposition and from the trivial fact that f* ¢ L (K) for
Rer < —n/m:

—nm<oa<—1/m.

Note that o« = — n/m for f (§) = En £" (m even) and o = —1/m
for f(8) =7 .

2. Proor oF THE PRrROPOSITION

The proposition having local character, we will prove it in a complex neigh-
bourhood U of 0. We will assume that f is analytic in U with f({) =0 (| T |m)
for £—0 and X% |f (0)]|+0. Thus for suitable ye R* , |7 |=1,

I

al = m

we have | ¥ f® (0)n* |#0.

laj= m
By change of the coordinate system let y =(0, ..., 1). If then we denote
by ¢ the first # — 1 variables and by ¢, the last one and choose a suitably small
U, we have the factorization

FO=h® I Gu—w (@), CeU,

where 1 (0) = S2L(0) m15£0 and [, (2) | =0(1 7))
(a) First we have
2.1) CIF@Q = inf | G —p (XY ], CeU

provided hat U is so small that |2 ({) | =¢™ V(e U.

m

(b) Let us put now g (£', L= [T (& — w; (¢')) and write g (¥, €,) =

J=1
— O+ () O 4y (C) . with [ gy (C) | =0 (] ¢ ["). Let U’
be the projection of U on the {’-plane; we then have |a; ({')—a; (v) | <c|
U —x'1,¢,neU (for the coeflicients a; can be supposed to be regular in
a larger set than U’). Thus we can write g (', () =g (0", &) +7 (¢, 7', C)
where 7 has degree <m —1 in {, and coeflicients uniformly bounded by
¢| ¢ —mun"|. We then have under suitable labelling ([4])
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(2.3) [ (B)—w ()1 < T —x | Vm, j=1,...,m.

(¢) Let us cover Ug = U’ MR 1 by a family of spheres B; ,i=1,...,
M with centres & and radii ¢ in such a way that M =M, < c el Let us
consider in U the points (&, u; (&%), j=1,...,m, over each &, and the
family of polycylinders in R*1x C:B,;={|& —& | <e X {|{,—
— i (E) | <cetm}. We claim that for suitable choice of ¢

(2.4) U B, 2 (e Upif(®) <o

In fact if f(E) <, then |£, —p; ()| <cel™ for some j due to (2.1).
Since | &' — &' | < ¢ for some 7, then | p; (8') —p; (B) | < ¢ et due to (2.3),
and therefore |&,—u; (&) | <celm 4 ¢ elm=c"clm, This proves (2.4).

(d) We have obviously

@5 Vol (VW% —81 <) x {1 Gy (E) | <cem)) <M, toin

="’ elm (Vol = volume) .

(e) Taking into account (2.4) and (2.5) we have for b < 1/m, ¢ =27
(GJ=N> >0

ff(g)—b d¢ <f oNb gg _|_.Z 20+08 gg
7=N . .
UR 0{fE) > 2N} UgNi-U+D <pe) < 974}

< c2Nb Z ¢ 20t Vb—ilm — o5 (due to b < 1/m) .
iEN

The proof is complete.
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