ATTI ACCADEMIA NAZIONALE DEI LINCEI

CLASSE SCIENZE FISICHE MATEMATICHE NATURALI

RENDICONTI

BRUNO FRANCHI, ERMANNO LANCONELLI

De Giorgi’s Theorem, for a Class of Strongly
Degenerate Elliptic Equations

Atti della Accademia Nazionale dei Lincei. Classe di Scienze Fisiche,
Matematiche e Naturali. Rendiconti, Serie 8, Vol. 72 (1982), n.5, p. 273-277.

Accademia Nazionale dei Lincei

<http://www.bdim.eu/item?id=RLINA_1982_8_72_5_273_0>

L’utilizzo e la stampa di questo documento digitale & consentito liberamente per motivi di
ricerca e studio. Non é consentito 1'utilizzo dello stesso per motivi commerciali. Tutte le
copie di questo documento devono riportare questo avvertimento.

Articolo digitalizzato nel quadro del programma
bdim (Biblioteca Digitale Italiana di Matematica)
SIMAI & UMI
http://www.bdim.eu/


http://www.bdim.eu/item?id=RLINA_1982_8_72_5_273_0
http://www.bdim.eu/

Atti della Accademia Nazionale dei Lincei. Classe di Scienze Fisiche, Matematiche e
Naturali. Rendiconti, Accademia Nazionale dei Lincei, 1982.



B. FrancHI e E. LANCONELLI, De Giorgt’s Theorem for a Class, ecc. 273

Equazioni a derivate parziali. — De Giorgi’s Theorem for a
Class of Strongly Degenerate Elliptic Equations ®). Nota di Bruno
Franch1 % ¢ ERMANNO LANCONELLI *%), presentata ***) dal Socio
G. CmmMiNo.

RiassuNTo. — In questa Nota enunciamo, per una classe di equazioni ellittiche
del secondo ordine « fortemente degeneri» a coefficienti misurabili, un teorema di holde-
rianitd delle soluzioni deboli che estende il ben noto risultato di De Giorgi ¢ Nash.
Tale risultato discende dalle proprieta geometriche di opportune famiglie di sfere asso-
ciate aglioperatori.

After the fundamental papers of De Giorgi [3] and Nash [15] about
the Holder-continuity of the weak solutions of linear second-order elliptic equa-
tions, many authors (see, e.g., [13], [10], [11], [18], [19]) extended this kind of
results to more general situations, making suitable hyp.theses on the greatest
and lowest eigenvalue A , A of the matrix associated to the operator; more pre-
cisely, they suppose that A/A is a bounded function and that A~", A" fulfill
some summability conditions. Unfortunately, these hypotheses are not satisfied
in the simple case of the operator L,=2 + [ x| 9,2, ,a > 0. On the other
hand, it is well known that, if « is an integer, the weak solutions of L, u =10
are smooth functions, since L, is hypoelliptic [8].

In this paper, even if in a particular situation, we shall obtain regularity
results in a strongly degenerate case, via a geometrical approach relying on the
geometrical properties of the integral curves of some vector fields associated to
the operator. y
n {

In what follows, L will be the differential operator ¥, 3; (aj; (%) 9;) + ¢ (¥),

i7=1
where ¢, a;; = a;; are real functions belonging to L™ (R") and ¢ < 0. We shall
suppose that:

H,) there exist ¢y, ¢y € R, such that:

n
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Vee R VE= (%, -, &) e R, where 2y (x) =2P (x) -+, 3P (v,), and the
7\(,-’“) ’s are real bounded continuous nonnegative functions such that:
H,) a) 2P is a Clfunction in R\ {0} and 2P ()= 2P (— ),
j,kzlv"'vnyjik;
by %; is Lipschitz-continuous in the x;variable, uniformly with
respect to xy, k=4, j,k=1,.-- n;

c) ;x> 0 such that 0 < xp (3 N) (%) < pjp 25 (%)
vxeR" if k,j=1,---,n,j+#k

In the sequel, we shall clarify the hypothesis H,) c); here, we note that
it is satisfied in the case of finite order degeneration.

If Q is a bounded open subset of R”, we shall denote by W, (Q) (VOW (Q))
the completion of C% (Q)(Cy (£)) with respect to the norm

s Wi (Q)IF == lu 3 L (Q)]| + f‘ﬁnxj 505 L (Q)].

Here and in the following, A= (%, - ,)\n) Furthermore, we shall say that «
belongs to Wy (Q) if gue W, (Q), Yo e CF (Q).

Finally, we shall denote by # the following bilinear form on C% (Q) N
N W, (Q):

L (u, v):f(z ai,jaiuajv——cuv) dx .
a

%,7=1

Obviously, £ can be continued to a bounded bilinear form on W, (Q).

DerFiNtTiON 1. Let fe L3, (Q), ue Wy°(Q); we shall say that u is a
weak solution of Lu=f if £ (u,v) :—ffv dx, voe Cg (Q).

o
Here, &% (u, v) = % (Yu, v), where e C7’ (Q), Jv =1.

DeFINITION 2.  We shall say that the point y € R" is A-reachable from x e R"
if there exists a broken line connecting x to y, which is a chain of a finite number
of integral curves of the vector fields N, 3, ,- <, N, 9, .

If Q is a subset of R*, we shall say that Q is locally A-connected if Vxe Q
and for every neighbourhood W of x there exists a neighbourhood V of x such that,
Vye V,y is Areachable from x with a broken line lying in W.

Now, we have the following extension of De Giorgi’s Theorem.

TraeoREM 3. Let Q be an open subset of R™ which is locally \-connected;
. loc

then, every function ue Wy (Q) which is a weak solution of Lu=0 is locally
Holder-continuous in Q.
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In fact, the A-connectedness enables us to define in Q a suitable pseudo-
metric d (see [2], Chapter III), which is *“ natural” for the operator L. If, in
particular, 2, -, A, are smooth and nowhere vanishing functions, our pseudo-
metric is equivalent to the riemannian metric generated by the quadratic form

n
21 (M (%)) 2 €. We note that similar operator-shaped metrics can be found in
f=

[5] (see also [4]) and in [14] in the case of smooth coefficients. We note also that,
in the smooth case, if the Lie algebra generated by *;9,,---, %,2, has con-
stant rank # in Q, then, by Chow’s Theorem (see [7], Chapter 18 and [16],
Theorem 7.1), Q is locally A-connected.

The properties of the pseudo-metric 4 enable us to prove our regularity
result by a technique which is similar to Moser’s [12] one (see also [6]) in the
elliptic case. More precisely, we proceed in the following way: our first step
is to prove an embedding theorem.

THEOREM 4. Let Q, be an open subset of R* which is locally A-conmected and
let Q< Q< Q a bounded open subset of Q,. Then there exists o€ Ry such

that Wy, (Q) is continuously embedded in HI° (Q) Ve < ¢,, where B (Q) is the
usual Sobolev space of order c.

Remark a). The number ¢, can be written explicitly using the constants p; ;
of the hypothesis H,); e.g. ¢p=min {(1 4 p5,)"% (1 + p1,0)" %}, if n==2.

Remark b). For some particular choice of the functions A;,--+, A,, the
preceding theorem partially overlaps with analogous results for weighted Sobolev
spaces (see, e.g., [1] and [17] and the references therein).

Remark ¢). From the local A-connectedness and the hypothesis H,), it
follows that, for every compact subset K of Q;, there exist c€]0,1], C >0
such that

* dx,y)<Clx—y/|° ve,yeK.

Thus if, in particular, the );’s are smooth functions, Theorem 4 is contained
in [5]. Moreover, we note that, in the smooth case, condition (*) is necessary for
the embedding of W () in e (Q) (as it is proved in [5]). Now, suppose that,
eg., n=2,73=1,r=0>0(x)), where b is a smooth nonnegative function.
If the estimate (*) holds, then there exists m e N U {0} such that 5™ (0) % 0;
this implies Hypothesis H,) c) is satisfied in a neighbourhood of (0, 0). Thus,

the Hypothesis H,) c) is, in a suitable sense, ‘‘ necessary ” for the embedding
theorem.

From Theorem 4 it follows that W;, (Q) is (compactly) embedded in L? (Q),
for a suitable ¢ > 2. Thus, via Moser’s iteration method, we can deduce that
the weak solutions are locally bounded. Analogously, we can prove that, if >0
is a weak solution of Lu =0, then log« is a bounded mean oscillation (BMO)
function with respect to the balls S (x, ) of our pseudo-metric. Furthermore,
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(Q,d) is a * homogeneous pseudo-metric space ” (see [2], Chapter I1I); in fact,
we have the following result.

THEOREM 5. Suppose that the hypotheses of Theorem 4 hold. Then, there
exists a constant A > 0 such that

w(S, ) <Au(S(x,72)),

for every ball S (x,r) = Q, where p. is the Lebesgue measure in R*.

Then, by Theorem 2.2, Chapter III in [2], for the balls S (x, r) a Calderon-
-Zygmund’s decomposition theorem holds; so that we can prove a theorem

analogous to John-Nirenberg’s [9] one for BMO functions with respect to the
balls S (x, 7).

From these results, we have the following Harnak’s inequality.

THEOREM 6. Let Q be connected and locally \-connected, ue Wy*(Q),
u >0, u weak solution of Lu=0. Then, for every compact subset K of Q,
there exists Cx > 0, which is independent of u, such that

supu < Cginfu.
K K

Thus, in the same way as in the elliptic case, we can obtain the Holder-
continuity of the weak solutions.
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