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Equazioni differenziali ordinarie. — Periodic solutions to a non-linear differential
equation of the order 2n + 1. Nota (*) di Monmxa Kusicova, presentata dal Corrisp. R.
Conrr.

ABsTRACT. — A criterion for the existance of periodic solutions of an ordinary differential equation of
order £ proved by J. Andres and J. Voragek for £#=3 is extended to an arbitrary odd 4.

Key worps: Nonlinear ordinary differential equations; Periodic solutions; Existence.

Ruassunto. — Si estende ad una equazione differenziale ordinaria di ordine dispari arbitrario £ un
criterio di esistenza di soluzioni periodiche dimostrato da J. Andres e J. Vora&ek per il caso di £=3.

We consider the equation:
q
(1) x@V g, %, 5, ..., x) "V + 4 g, (2%, %, xP) 5+ b(x) =
=e(t, x,%’, ..., x%")

with functions 4, ...,4,+1, € € C(R¥*?,R), h e C(R,R). Furthermore we assume the
w-periodicity in the variable ¢ of 4y, ...,2,41, € (>0, n=1).

The existence of an w-periodic solution of (1) will be proved by the Leray-Schauder
fixed point technique. In the paper the result of J. Andres and J. Voragek from[1] for
the third order equations to the equations of the order 2z + 1 is extended.

The equation (1) results for p:=1 from the following family of differential
equations depending on the parameter p:

2,) %@V 4 play(t,x, &', . x2) X"V Lt a0 (f %, X %) X+
+ (h(x) — cx)] + cx = pe(t, x, %, ..., x%7)
with a suitable constant ¢#0.

For the existence of an w-periodic solution of (1) the following conditions are
sufficient:

(i) All the w-periodic solutions x(#) of (2,) and x'(2), ..., x*”(¢) are for 0<p<1la
priori bounded by a constant independent of p.

(i) The linear equation:
(20) x@ D 4 o =
(resulting from (2,) for p = 0) has no w-periodic solution different from identical zero.

The condition (ii) is satisfied if and only if the characteristic equation of (2), 7.e. the
equation

ZZn+1 +¢c=0

(*) Pervenuta all’Accademia il 17 agosto 1988.
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has no root in the form #(27/w) &, & is an integer. It is clear that the condition (ii) is
satisfied for any ¢ # 0. Hence it is sufficient to consider the case when the condition (i)
is satisfied.

From the Wirtinger Lemma [2], p. 185, it follows that for every w-periodic function
x(¢) € C**(R,R) such that x?**Y e [?({t,t+ w)) we have:

tHHo Ho

f(xfe 1 )st<( )f M) ds,  forall feR and k=2,3,.. 21+ 1.

In the following the composited function (¢, x(¢), x'(¢), ..., xX?”(£)) of the variable ¢
formed by the function 4, and the function x(¢) will be denoted by the symbol a.(#)
k=12,..,n+1).

In the same sense we use the symbols 5,(¢), e.(¢). Further we put:
=
W= P

At first we prove the estimates for w-periodic solutions of (2,) in the L? space norm.

Lemma 1. If the following inequalities:
|aa(t, %1, ..., %20)| S Ay, for k=1,2,..,n+1,
‘e(t,xl,...,xzn)l SE

hold for all ¢, x;, x5, ..., %,,, and

n+1l
b:=1—3 At 1>0,
k=1

then every w-periodic solution x(¢) of (2,) satisfies the inequality:

tHHo

) f (x"*V(5)?2 ds < D2, ,, for all £,
where '
” 2
Df;+11 = [w;Ejl w.

Proor. Substituting a fixed x(¢) into (2,), multiplying the obtained identity by x'(#)
and integrating in (#,¢+ ») we come to:
ttw tta

(- 1)”f (0 )ZdS‘Pf = a3(8) X" () x'(5) = .. — @' (5)7 + () X' (5)) .

t

By the assumptions of Lemma 1 we get:

Ho o

| Gmve)zds< [ TAI96) 26| + ..o + Aypr((6)F + Bl ()1 ds.

t

Using (3) and the Schwarz inequality we get the inequality:
o

GZJ (x"* ()P ds<E’of"w, for all ¢
t

from where we come to (4).
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CororLary 1. If all assumptions of Lemma 1 are fulfilled, then for every w-periodic
solution x(#) of (2,) we have:

tHo

(5) f (x®(5)) ds < D3 for k=n+1,n,..,2,1 and for all zeR,
where '

D,:=w Dy for b=n,n—1,..,2,1,
6) |x®(s)| < Dj for £=1,2,....n and for all seR,

where D}: = \/;Dkﬂ.

Proor. By the finite induction we get the estimates (5) from (3) and (4).
Furthermore for £=0,1,...,7 — 1 and for all ¢ the w-periodic function x®(s) fulfils on
(t,t +w) the assumptions of the Mean value theorem. Thus there is a point
ti€(t,t+ ) such that:

x® () =0.
Consequently

s

x® D (5) = fx"‘*z’(u) du for £=0,1,...,n—1 and for all se (¢t,t+ w).

t

On the basis of the Schwarz inequality and (5) we get the estimate (6) in the sup norm.

Lemma 2. If all assumptions of Lemma 1 are fulfilled and there exist real numbers
c¢#0, m>0 such that the inequality

7) xb(x) sgn ¢ = |c|x? for every |x| = m
is true, then every w-periodic solution x(#) of (2,) satisfies

(8) |x(2)| < D}, for all zeR
.with Dg: =R+ Djw

'AlDrH-l +..+A,,D i E:l
c c

R:=max |:m,

Proor. We again substitute x(#) into (2,). Multiplying the resulting identity by x(¢)
and integrating in (#,¢+ w) we obtain for every ¢
t+o

P f (a1() x"*V(5) x(5) + .. F pi1(8) %7 (5) x(5) — €,(5) x(5)) ds =

¢ ttw tto

=(p— l)f cx%(s) ds—pf x(s) b(s)ds .

Hence using the assumptions of Lemma 1 we get the inequality:

9 f ((1 = p) cx®(s) + px(s) b(s) sgnc) ds <

< [ LA () (5)| + ...+ Ay (5) ()| + Elx(5)[1 s

t

If on the whole interval (¢, ¢ + ) the inequality |x(s)| > R (= ) held, by (7) and (9) we
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would have:

Ho tHo

cf x3(s)ds< f [A|x"*V(s) x(s)| + ... + A,ea]x' (5) x(5)| + El|x(s)|1 ds

t

and on the basis of the Schwarz inequality and (7) this would imply the inequality:
tH+o

(10) e f x2s) ds<PR%w.

13
On the other hand by the inequality |x(s)|>R on (#,¢+ ) we come to
o
Vo f x%(s)ds>c*R?*w
which contradicts (10).
Thus on each interval (¢,¢+ w) there must exist a point # with

Ix(t)| <R.
Using the Mean value formula we get for all s€ (£,¢+ w):
x(5)| < [x(2)| + |x" ()] |s — ] .
The periodicity of x(#) assures that (8) holds for all teR.
Lemma 3. If all assumptions of Lemma 2 are satisfied then denoting
H: =rg%§lb(x)l

we have for every w-periodic solution x(¢) of (2,)

o

(11) J (x®*D(s))? ds < D341, for all zeR,

t

where Ds,y1:=A:Dyer + ... + Ay Dy + (E+ H) Vo

Proor. We again substitute x(#) into (2p). Multiplying the obtained identity by
x®"*1(¢) and integrating in (#,¢+ w) we get the identity:
ttow tHHo

f (x@*D(s)) ds = —p f (a1(s) x"HV(5) + ... F @yarals) ¥ (5) + Do(5) — exs)) x2*V(s) ds .

t

Using the assumptions of Lemma 3 we come to:
o H+o

j (x@m* () ds < f [A;|x"*D(s) @+ D(5)| + ... +
’ ‘ + Ayl (5) X2 0(s)| + E|x270(s)| + H|x2*(s5)|1 ds

Hence the Schwarz inequality and (5) implies that:

t+o
| @*(5)2ds < (A1 Dy + oo+ Aps Dy + (E+ H) Vo2 : = Dy
t
Using (11) and (3) we can extend the inequalities (5) for £=2x+1,...,2,1. Then
by a similar method as in Corollary 1, the estimates (6) can be extended for
k=1,2,...,2n. Thus the following corollary holds.
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Cororrary 2. If all assumptions of Lemma 2 are fulfilled, then every w-periodic
solution x(#) of (2,) satisfies:

tHo

(12) f (x®(5))*ds< D3 for k=2n+1,2n,...,2,1, and for all zeR,
;

where D,,.; is given in Lemma 3

Dy:=w;Dpiy for k=2n2n—1,..,0+2,

D, is given in Lemma 1

Dy:=w;Dpiy for k=nn—1,..,1.
Further:
(13) |x®(s)| < Dj for #=1,2,...,2n, and for all reR,
where

D=\ Dy, for k=1,2,..,2n.

Trureorem. If the following inequalities:
|au(t, %1, ..y X2n)| < A for k=1,2,..,n+1,
le(t,%, ..., %,,)| <E

hold for all £ x,%,, ..., %2,,

n+1
b:=1— Aot 1>0,

k=1

and if there exist such real numbers ¢# 0, 72> 0 that (7) holds, then the equation (1)
admits an w-periodic solution.

Proor. From Corollary 2 we get for every w-periodic solution x(£) of (2,):
2n 2n
S |x®@)|< > Dp:=P,
k=0 =0
with P independent of p e (0,1).
Thus both conditions (i), (ii) which are sufficient for the existence of an w-periodic

solution of (1), are fulfilled.

ReFERENCES

[1] J. ANDRes - J. VORACEK, 1984. Periodic solutions to a non-linear parametric differential equation of the
third order. Atti Acc. Lincei Rend. fis. (8), 77: 81-86.
[2] G. H. Haroy - J. E. Lirtiewoop - G. Péiya, 1951. Inequalities. Cambridge Univ. Press, 185.



