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Equazioni a derivate parziali. — Fourth-order nonlinear elliptic equations with
critical growth (*). Nota di Davio E. Epmunps, Donato FortunaTO e Enrico
JannNELLI (%), presentata (***) dal Corrisp. A. AMBROSETTL

AsgsTracT. — In this paper we consider a nonlinear elliptic equation with critical growth for the operator
A% in a bounded domain Q c R”. We state some existence results when #=8. Moreover, we consider
5<n<7, expecially when Q is a ball in R”.

Key worps: Biharmonic operator; Critical exponent; Sobolev embeddings.

Ruassunto. — Eguazioni ellittiche non lineari del quarto ordine a crescita critica. In questa nota si studia
un’equazione ellittica non lineare a crescita critica per I'operatore 4? in un aperto limitato 2 c R”. Vengono
enunciati alcuni teoremi di esistenza di soluzioni non banali per questa equazione quando 7=8. Si
considerano, inoltre, le dimensioni 5 <7 <7, con particolare riguardo al caso in cui Q & una sfera di R”.

1. INTRODUCTION AND STATEMENTS OF THE RESULTS
In this paper we are concerned with the problem
22y —ulu" N — =0 in Q,
(1)

u=§-t—£=0 on 0Q,
on

where Q is a bounded domain in R”, #=5.
We search for non-trivial solutions of problem (1), which, after suitable stretching,
are the critical points, with positive critical values, of the functional

) F(u) =% f |Anf? dx—% fuz dx
on the manifold “ a
V=23ueH}Q) J’ | doe = 1
Q

We shall confine ourselves to the case A < A;, where 1, is the first eigenvalue of the
problem

{AZu—Au=0 in Q,
3)
1u=_a—”=() on 0Q;
on

therefore we indeed are searching for the minima of F(x) on V.

(*) Partially supported by the Italian Ministero Pubblica Istruzione, fondi 40% «Equazioni
differenziali e calcolo delle variazioniy.

(**) Address of the authors: D.E.: School of Mathematical and Physical Sciences, University of Sussex,
Great Britain. D.F.: Dipartimento di Matematica, Universita di Bari, Italia. E.J.: Dipartimento di
Matematica, Universita di Lecce, Italia.

(***) Nella seduta del 26 novembre 1988.
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This analysis is complicated by lack of compactness due to the fact that H? is not
compactly embedded in L2, therefore, the manifold V is not weakly closed in the
H? topology. We shall carry out an analysis of problem (1) closely related to the
methods developed by Brezis-Nirenberg in studying nonlinear second order elliptic
problems whose nonlinear terms have critical growth (see [1]). We remark that works
on problems like (1), involving powers of the Laplacian, were initiated by P. Pucci and
J. Serrin (see [7,8]), who formulated various results and conjectures.

The steps of our analysis will be the following ones:

I) The quantity
) K= min_ [ 1aup ds

ueH, (R”
I |u|2n/(rz—4) dx=1

”

R’

R

exists and the minimum is obtained oxly when

[(7—4)(n—2) n(n+2) 2]"98

(8 + Ix _ x0|2)(n—4)/2

) u(x) =
for any x,€R” and any ¢>0. Moreover, for any bounded domain Q in R”,
(6) inf | [Aul?dx=K
ueV _()I
and the infimum is #o¢ attained.
II) F|y(») satisfies the Palais-Smale (P-S) condition in ] — o, K.
I11) il;l‘f/ Fu) <K, if 0<i<2, and #=8.
Obviously I), II) and III) imply the following
Turorem 1. If 0<A <), and n=8, problem (1) bhas a nontrivial solution.

Remark 1. The bound on the dimension # (= 8) in Theorem 1 seems to be optimal:
indeed, Pucci and Serrin have shown (see [8]) that, if Q is a ball and 5 <# <7, problem
(1) has no non-trivial radzal solutions for X € [0,u], where u is sufficiently close to 0
(however, for the case 5<% <7 see also Theorem 2 and Theorem 3 in the present
note).

Remark 2. Theorem 1 may be extended with slight modifications to the case of all
A>0: of course, when A > 2, we search for critical points of F which are no longer
minima (for analogous results in the case of the Laplace operator, see[2]).

Remark 3. If Q is starshaped, Pucci and Serrin have shown (see [7]) that problem
(1) has no non-trivial solutions for 2 <0. The case A =0 is completely open.

When 5<#<7, the following results hold:

Tueorem 2. Let 5 <n<7; let ¢ be an eigenfunction corresponding to the eigenvalue

A; of (B) such that .
f P9 dx=1.
Q
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Let

) A= ——2K

fgbzdx.
Q

where K is defined in (4) (obviously 0 <)y <2y). Then problem (1) bhas a non-trivial
solution for X, <A <l.

Theorem 2 follows by I), IT) and from the fact that III) holds, independently from
the dimension 7, if A, <A <2;.

When Q is a ball in R” and 5 <# <7, Theorem 2 may be improved. In order to
explain this situation, we define two auxiliary functions &,(#), 7,(¢) as follows:

N (P — Loa(t)  Jupa(2)
® 1) = de <1n/2-z<z> Jn/z_z(t)>
Lpi(t) = Jup1()  Lioua(8) = J1oua(2) _
det (In/z—z(f) —Jon=28)  L_,p(t) — ]z-n/z(l‘)> for n=5,7,
7 P 0= T Ko+ o)
n/2—1 — Jni2—1 n/2—1 21,021 f _
det (In/z—z(f) —Jun=2(t)  Kopop(t) — 3 m—z(ﬂ) or n=6,

where [;, I,, Y,, K, are Bessel functions (for their definition see the Appendix).
Let a, B the first positive roots of &, 1, respectively (of course «, 8 depend on the
dimension 7). It is possible to prove that «, 8 indeed exist and that 8<a.
Now we are in the position to state the following.

Turorem 3. Let 5<n <7, B,(0,R) the ball (centred at the origin) of R” of radius R
and ), the first eigenvalue of (3) on B,(0,R). Then problem (1) bas a non-trivial radial
solution for X, <A<y, where

_(EY. (=)
(10) "*‘(R)’ Al—(R) .
Remark 4. In order to prove that A; = (a/R)* when Q = B,(0, R) one can reason just
as in [6, Note F]. We remark that obviously the A, given by Theorem 3 is strictly less

than the A, given by Theorem 2 when Q = B,(0,R).
Easy numerical calculations give the following estimations on A+ in Theorem 3:

J0.484... for n=5;

(11) i—: 0.220... for n=6;
1

10.077... for n=7.

Remark 5. Brezis and Nirenberg proved in[1] that the problem

(12) {—Au—us—)\u=0 in B3(0)R)>

u=20 on 90B;(0,R),
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has a non-trivial radial solution #f and only if 1 <X <2y, where

_(BY. _ [\
(13) A*—-(R), Al—-(R)

and « == is the first positive root of the Bessel function [,,(¢) = \/2/xtsin (¢), while
B=r/2 is the first positive root of the Bessel function J_,(¢) = \/2/xtcos (¢). The
analogy between (10) and (13) is transparent, and motivates the conjecture following
which Theorem 3 should be indeed optimal, .e. there should be no radial solutions for
problem (1) under the hypotheses of Theorem 3 when A< ), (the already quoted
results of Pucci and Serrin (see[8]) are a first step in this direction).

2. SKETCH OF THE PROOF.

In this section we give a short sketch of the proof of Theorem 1; for the complete
proof of all our assertions we refer to[4].

I) The existence of the minimum in (4) essentially follows from the arguments
given by P. L. Lions in[5], who proves that the minimizing functions are (up to
translations) radially symmetric and decreasing with their derivatives up to order two.

Now, one easily checks that the functions #(x) in (5) satisfy the Euler equation
regarding the minimization problem (4), and it is possible to prove that they are the
only solutions of this equation which are (up to translations) radially symmetric and
decreasing to zero at infinity.

Finally, rescaling arguments show that the infimum in (6) does not depend on Q;
this infimum is equal to the constant K in (4): in fact, it cannot be smaller than K

(otherwise, for any Q there exists # € H3(Q) such that I(x) = J |Aul dx <K and
Q

|#4| 20y = 1; the extension of # by zero outside Q leads to a contradiction), nor
greater than K (in fact there exists a sequence {#,} ¢ C§(R"), |u,|;2-o = 1, such that
I(u,)— K; see P. L. Lions [5]). This infimum is not achieved (on the contrary, let #, Q
such that « € H3(Q, |u|2v-0g = 1 and I(u) = K; extending « to zero outside Q leads to a
minimum of I on R”, but this minimizing function is not of the type (5)).

IT) The proof is based on arguments analogous to those used by Brezis—Niren-
berg[1] and Cerami-Fortunato-Struwe [3].

IIT) Let ¢ € H3(Q) and #=8. Let

(14) () = — 2

(6 + IxIZ)(n—4)/2'

Then one can prove the following asymptotic estimations (for ¢— 0):
U2 = Cl 6(4—’1}/2 + O(l) ) U, iz"/(”_“' Q= CZ 5(4_n)/2 + O(l) )
@ @

(15) ) G5 %72 + O(1) if n=9
|uel320) = oo
Gslogle| + O(1) if n=8,

where C;, C,, C; are positive constants and C,/C, =K.
From (15) the conclusion of III) easily follows.
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APPENDIX

In this appendix we shall briefly recall the definitions of those Bessel functions
which have a role in our Theorem 3.
For any X such that — X ¢ N the Bessel function J, is defined as

@ (2/2)A+2b
_ 1y
while the modified Bessel function I, is defined as
_ (Z/Z)}""Z”
) = 3 oD

Moreover, we use the Hanke] function of second type Y, which, for any #» € N, is
defined as

n-1 —-h-=1) ~n+2h
(18) Y () =2(y +log @2) (@) = 3 (”_”_'_)_(%) % _

h=0 h!
* (z/2)”+2” 1 1 1 1
— Y -
;::( 1) e +b)'(1+ LT S e +b)

and the Macdonald function of second type K, which, for any # € N, is defined as

(19) K@) = (= 1) (y +log (z/2)) I,(z) + 2(—1 %(g)ﬂ

Ll @2 1 1, L1
A ,,Zob!(n+/9)!(1+2+ R R +b>

where y=0.577215... is the Euler constant.

We recall that, when 2 is half of an odd integer, the functions J, and I, can be
expressed in terms of elementary functions; therefore the functions é,(¢) and 7,(¢) in (8)
and (9) can also be expressed in terms of elementary functions when »=5 or n=7.

REFERENCES

[1] H. Brezis and L. NirenBerG, 1983. Positive solutions of non-linear elliptic equations involving critical
Sobolev exponent. Comm. Pure Appl. Math. 8: 437-477.

[2] A. Carozzi, D. Fortunato and G. Parmier, 1985. An existence result for nonlinear elliptic problems
involving critical Sobolev exponent. Ann. Inst. H. Poincaré, 2: 463-470.

[3] G. Cerami, D. Fortunato and M. StruwE, 1984. Bifurcation and multiplicity results for nonlinear
elliptic problems involving critical Sobolev exponents. Ann. Inst. H. Poincaré, 1: 341-350.

[5] P. L. Lions, 1985. The Concentration-Compactness Principle in the Calculus of Variations. The limit case,
Part 1. Revista Math, Iberoamericana, 1: 145-201.

[6] G. PoLya and G. SzeGO, 1951. Isoperimetric Inequalities in Mathematical Physics. Princeton.

[7]1 P. Puccr and J. SerriN, 1986. A General Variational Identity. Indiana Univ. Math. J., 35: 681-703.

[8] P. Puccr and J. Serrin. Cratical exponents and critical dimensions for polybarmonic operators, to appear.



