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Analisi matematica. — A conjecture on minimal surfaces. Nota (*) del Socio Gian-
FrANCO CMMINO.

AsstracT. — Simple computations support the conjecture that a small spherical surface with its
center on a minimal surface cannot be divided by the minimal sutface into two portions with different
area.

Key worps: Minimal surfaces.

RuassuNTO. — A proposito di una congettura sulle superficie minime. Semplici calcoli per avvalorare la
congettura che una piccola superficie sferica col centro su una superficie minima non pud esser divisa da
questa in due porzioni di differenti aree.

Is it possible that a minimal surface divides a small spherical surface with the cen-
tre on it in two portions of different areas? Many years ago, I conjectured (!) that the
answer should be «no». If the question is still open, the following calculations can be
of some interest (?).

1. Let z(x,y) be =0 for x =y =0, with the Taylor expansion

(1) z2(%,9) =pox+qoy+ %("ox2 +250xy + 15y + %(7\0963 +3ugx’y +

+3vpxy? + 709°) + %(aox“ + 4By %% y + by x2 9 + 48 xy® + g0y + ..,

(*) Presentata nella seduta del 22 giugno 1988.

& G. CivmvNo. Sulla curvatura media delle superficie. «Rend. Circ. Mat. Palermo», LVI, 281-288
(1932). I

(?) Postilla (di Giuseppe Scorza Dragoni). Gianfranco Cimmino & morto il 30 di maggio del 1989.
Un maggio nel quale sono andato spesso a trovarLo in Bologna. Durante quello che poi sarebbe stato il
nostro ultimo colloquio Egli mi manifestd il timore di non riuscire forse a correggere le bozze della Nota
che ora vede la luce (e di un’altra, che la vedra prossimamente). Immediata e spontanea I'offerta: Se del
caso, me ne sarei occupato io. All'offerta Egli replicd avvertendomi che per dare agilita alle formule ave-
va fatto uso di scritture quali «cp», «cf», «g», «Z0», «sp»,-... in luogo delle consuete «cos p», «cos6»,
«cos® p», «cos® B, «seng», ... Se lo desiderava, dissi, ero pronto a far rientrare il-Suo scritto nell’ortodos-
sia. Me lo’ vietd deciso:. «Oh no! qualcuno capira bene! capira bene qualcuno!» Gia, ma con me aveva
preferito andare sul sicuro, Gli feci osservare, desideroso di concludere con un sorriso quella che in fon-
do era una disposizione testamentaria (con lassicurazione che certi Suoi scrupoli erano assolutamente
fuori di luogo avevo qualche mese prima concluso un altro nostro colloquio: la nostra pit che sessanten-
nale amicizia Lo aveva indotto a ‘parlarmi di un altro testamento, quello véro, e di certi dubbi che Lo as-
sillavano). E naturalmente ho rispettato il suo desiderio. II testo corrisponde all’originale a meno di due
aggiunte, volute da questa nostra Accademia per uniformitd di composizione: il titolo in italiano ed il
riassunto in inglese sono de mon cru. G.S.D.
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or, in polar coordinates x = psicp, y = pssp, z=pch, 0<O<=7, 0< ¢ <27,
) C0=w180+%pw2520+%p2w3530+ ipsw4s40+...,
@) w1=pocp+qosp, @ =nCp+25cpspt iy, w3 =A< g+ 3ugcesp +
+3vgcps? o+ 10870, wy =agcto + 48, psp + by ost o+ 48y cos’ o + g5t g, ...
Let 6=0(o,9) be the implicit function defined by (2), so that, for any little
¢>0,
3) x = psbe, p)cp, y=psble, p)sp, z=pchlo,), 0<p<2r,

are parametric equations of the intersection curve of z = z(x,y) with x* + y* + 22 = ¢,
on which we can assume that

4) min s6>0.

0<o<2r

From (2), by derivating three times, we get

4') -9, (s@+w1 ¢ + pw, sHch + —Zl-pzw3 s% fc + ) =

= %wzszﬂ-l— %pw;ssf)-i- %p2w4s40+ ceo

(4") =0, (50 + w; cO + pw, sBch + ...) — 20, (e, s6cO + pews s20cH+...) —
—62 (0 — wy 80 + pay (PO —20) +...) = %w3s3e+ %pw4s40+...,
(4") =0, (s0+ w;cO+...) =36, (wys0cO+ ...) — 36, (w3 s°0cO+ ...) —

~30,0,, (cO— w50+ ...) = 362 (0, (PO —§20) +...) —

——0?,(——56—a)1c6— )= %w4s46+

For 0 =0, if we put 6° =6(0, ¢), 62 =0,(0,9), ng =0, (0,9), OSPP =0, (0,9), we de-
duce from (2), (4)
1
! 1
) W=l =
Vel +1 Vel +1
and consequently from (4'), (4”)
2
" 95(’):-"1' zw2 32 029:__1- 2‘“3 2 6201‘”23’
whence finally, by means of (4"),
() @ =—L 5 wepes 15 wjol 5 o3

A WA D” 2 BHDE 4 (@B ADP 8 (1R
On the spherical surface x> + y? + 22 =¢%, the area of that portion in which z is
=2(x,y) is given by

2x 6(c,9) 2x

© ¢ [ ds [ sodo=g [11 - cote, 11 do
0 0

0
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It will be =2x¢” as soon as

27
(7) f cblo,p) dp=0.
0
If this happens to be true for all sufficiently small values of o, then it will be in
particular
2n 2n
[oeerds| =0, |L[cterrde| =o0,
0 0=0 © 0 =0
(8) 2r 2n
& &
— | cblp,p)dp| =0, — |cble,p)dp| =0,
{ de’ Of Lo [ & Oj b=0
ie.

2r 2n
[erdo=0, [@sPdp=0, f(eO s+ (0 i) dp =0,
(9) 0 0

2
f (60, 56° + 36060, c6° — (680)’s6°) dp = 0.
0
The first and the third of these equalities are verified because of (2'), (5), (5'),
whereas the second and the fourth, by taking into account also (5”), are seen to be re-
spectively equivalent to
2r

W)
10 —d =0,
(10) f(w§+1)2 o

2n 3 3
(11) J(—l— %zt o 22 21\,

4 (B+1° (@Dt @+ 4 (@ + D

2. The integrals we find in (10), (11) are of the type of the J, defined by
(12) J,=

2x
_f Ay o+ A P loso+ ...+ A, os" o+ A los" o+ L+ Ay, s
; (ac® 9 + 2bcpsp + cs* )"

for n=1,2,3,4.
In general, we can remark that

S e A 4, &
w) =0 )(Aoa e L

+ + ... +
oa" 2 947 10b 2" 9b"
2r
A n "
LA 0 4, 2 ) f dy ,
271 gpnt ac oc" ) ) ac o + 2bcgse + cs*
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where

2%

(13 f o

= 2n(ac — b? )_1/2 .
ac® ¢ + 2bcgsp + s’ o

The particular case (Agc® ¢+ ...+ A,,5" ) = (A ¢ + 2Bcgsg + Cs? )" is note-
worthy, for in it one has

(14) I, = (A——— +B(—9-l; +C—= )]n_
whence, for n=1,2,3, by (13'),
(15) Ty = n(cA — 2bB + aC)(ac — b* )2,

(15") ]2—-77:[ (AC—B)(ac—B) + > A= 2bB+aC)2]( —p?)R,

15" J,= n[— 2 (AC—B?)(cA~ 26B + aC)ac — 1) +

oo|u\

(cA — 2bB + aC) ](ac— P22,

The integral (15), for
(16) A=rO> B=50 C=t0) d=1+p§’ b=p0q0) C=1+q(2),
is nothing other than the left hand side of (10). Thus equation (10) holds if, and only

if, z=2z(x,y) verifies for x =y =0 the equation

(17) (1+q2)r—2pqs+(1+p2)t=0

characterizing the minimal surfaces.
Furthermore, if this is the case, then, because of (15”), the fourth term at the left

hand side of (11) will also be = 0. More generally, an immediate inductive argument
based on (14) shows that

2z
(7,2 o + 255 cosp + £, 5% )"
(18) (14+g2)r,—2 S5+ (1+p3)t,=0=
(1+45) 0= 2pogoso Do)k Of [1+ (o oo+ 2059 I

for every odd integer #.

3. Let us now suppose z = z(x, ), (x, ) € open set ¢ R% to be a minimal surface. We
want to prove that not only (10) but also (11) will then be verified.

In (2'), the partial derivatives of z(x,y) till the fourth order will now be taken
not only for x =9 =0, but for all x,y sufficiently near to 0, with ¢ no more bound
to x,y as in (3), but meaning an independent variable. Beside (15), (15'), (15"),
where now A=7r, B=s, C=¢ and cr—2bs + at is the left hand side of (17), we
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; (i+1)
2 2 2 2 2\ d
1 9 i 3 9 . O i ®
= o 4252+ 2, 420 +e =
2 ( dd® A a0 " 27 ap? 8bdc ac )Oj ac? o+ 2bcgsg + ¢s’ ¢

N 37” [ac® — 48bc + 2y(ac + 2b%) — 4éab + ea® Y(ac — b* )P,

27

W1y W3 1 &? gr+3pp & qut+pv &
19 | 222 g Ly +3 .
Y oJ’ (0] +1)* "6 <p dd? 2 9adb 4 o
3gv+pr  3? 52 F (rc? o + 2s5cpsp + 5% ¢
i & 8]
2 9bdc 8¢ ; (ac? @ + 2bcosg + cs? 9)?

A+
= %H—pka‘+ q—;ﬂ‘—(bt+ cs) = 3(qu + pv) bs +

1

+ 3qv+p7 (br + as) — QTaV}(ﬂC - b))l + 4 (e =2bs + at){ip)\tz -

2

—5(gr + 3pu) be + 3(gu + pv)(ac + 4b% ) — 5(3gv + pr) ab + 5qa® }(ac — b2y ] ,

2n 2z
(rc? o + 2scose + 5% @)’

3
1/ 20 o)
o [ g 12,2 i
(? +1) ? 4\3a dc of (ac® 9 + 2bcgsp + cs? ¢)* ?

= %[%(r+ H(rt — 52 )(ac— b*) 2 — %(d + ¢)(rt — §%)(cr — 2bs + at)(ac — b? )72 —

— =2 (cr —2bs + at)? (r + H(ac— B*) 7 + 21% (cr = 2bs + at)® (ac— b*) ™2 |

Therefore, from the assumption cr — 2bs + a¢ = 0 it follows that equation (11) be-
comes equivalent to

+
(20) % [ac® — 4Bbc + 2y(ac+ 2b% ) — 4dab + ca® 1 + pact — q—)\—zzp—#— (

bt + cs) +

qv+p1(

+3(qu + pv)bs — > 3 br + as) + grar — %(r+ Hrt—s*)=0.
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And, as one may easily check, the left hand side of (20) can also be written as

1 32 & 3? 3( 0
{8<Cax2 b@xay a8y2)+ y (pt qs)ax +
+(qr—ps)i —2(#—52) (cr—2bs+a?).
3y 2

This completes the proof of the fact that minimal surfaces satisfy the equations (8),
according to the conjecture that for them equation (7) should hold whenever ¢ is suffi-
ciently small.



