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Meccanica dei continui. — Extended irreversible thermodynamics in 

hypoelasticity. Nota di SEBASTIANO GIAMBO e ANNUNZIATA PALUMBO, presen­
tata (*) dal Corrisp. T. MANACORDA. 

ABSTRACT. - The constitutive equations of rate type for a class of thermo-hypo-elastic 
materials are derived within the framework of the extended irreversible thermodynamics. 

KEY WORDS: Extended thermodynamics; Hypoelasticity. 

RIASSUNTO. - Termodinamica irreversibile estesa in ipoelasticità. Si determinano, nelPam­
bito della termodinamica estesa, le equazioni costitutive per una classe di materiali ipoelastici. 

1. INTRODUCTION 

Recently, Olsen and Bernstein [1] have determined a class of hypoelastic 
materials, which obey the laws of thermodynamics, restricting the constitutive equa­
tion for heat flux to Fourier's law. However such an approach predicts the propaga­
tion of thermal signals with infinite speed. 

The purpose of this paper is to propose a phenomenological theory for a class 
of thermo-hypo-elastic materials which removes this paradox and which is, at the 
same time, strictly consistent with the extended irreversible thermodynamics. 

2. BALANCE EQUATIONS 

As wellj known, the motion of the medium is described by the balance equa­
tions of mass, momentum and energy: 

( do 
-r^-+edkk = o 

at 

/<\ / dvi 

(i) { e - ^ r = - t i j , j 
du j 

V e " d 7 = _ t i j d i j - q i ' i 

where Q, Vi and u are, respectively, the material density, the velocity and the specific 

(*) Nella seduta del 20 novembre 1987. 
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internal energy of the medium. Moreover ty is the stress tensor and qi is the heat 
flux while dy denotes the rate of deformation tensor defined by: 

(2) d ^ y K j + Vj.i) 

with the standard cartesian tensor notation. 
On introduction of the deviatory stress and of the pressure by means of the 

following relations: 

Sij = tij - pôij 

1 
p = — t k k , 

3 

the system of balance equations (1) must be supplemented by constitutive laws for 
qi? Sij and p . 

3. THE GENERALIZED GIBBS EQUATION 

According to the ideas of extended irreversible thermodynamics [2] — [11], we 
assume that the Gibbs function G depends on the absolute temperature T, on the 
stress tensor, as well as on the dissipative flux qi. Supposing that the medium is 
isotropic, we postulate that G is a function of ty and qi through the invariants p, 
s = (sijSij)1/2 and q = (qiqi)1/2, i.e. G = G(T, p, s, q). 

Then, the specific internal energy u is defined by the Legendre transformation: 

(4) u = G + TS - pV - s/S- qa 

where by analogy with the classical thermodynamics, we defined the specific en­
tropy and the specific volume by: 

~ ^ Y = S(T, p, s, q) 

(5) ; 

— = V(T, p, s, q) 
dp 

while 13 and a are given by: 

= j8(T, p, s, q) 

as 

— = a(T, p, s, q) 
dq 

(6) 
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From (4)-(6), differentiation of u yields the generalized Gibbs relation: 

Du ^ D S DV D/5 D a 
(7) D 7 = T D 7 - p m " - S D t - - q D 7 

where £ represents the objective derivative [12]: 

/o\ D d 

(8) —— tij. . . = — tij . . . + tik...Wiy + tjk...COki + ... , 

Dt at 

coy = — (vij — Vj,i) being the rotation tensor. Of course the use of the operator —— 
2 Dt 

is needed in order to obtain objective equations. 

4. EVOLUTION EQUATIONS FOR DISSIPATIVE FLUXES 

Inserting the mass and energy balances into the generalized Gibbs equation, we 
get: 

/«\ ^ D S D/3 D a ] 
( 9 ) e T — - s e — - q G — + S i j d i j + q u = 0 

1 
where dij s dy dkk&j is the deviator of the rate of deformation tensor. 

Now, we can express the entropy balance equation (9) in the standard form: 

/m\ D S J ' T 

(10) S — + d i v / = s , 

in which the entropy flux and entropy production are given respectively by: 

(11) / = 7 ( T , p , s ) ? 

(12) s = T" 
,,_, x ~ D/3 D a _ 
(TY - i)qifi - sydij + S Q — + q e - j ^ - + Tqi%i 

As a first approach, we suppose the absence of coupling between the heat flux 
and the stress tensor; therefore the positive character of s leads to the following 
restrictions: 

(13)1 s ^ s e - ^ 

_, D a ,— 
q T ç — - q i T , i ^ 0 
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Now, we note that only the dissipative flux qi has the property of vanishing at 
the equilibrium, while this requirement is not fulfilled by ty whose equilibrium 
value is not zero (cf. [13], [14], [15]). 

Then, we expand the quantities defined by (5) and (6) around their local 
equilibrium values: 

( S = Se q(T ) P )s) + ( | ^ ) e q q + 0(2) 

(14) 

V = Vê T, p, s) + (4^-j q + 0 
a q / ^ - ( 2 ) 

/5 = /3«,(T,p,s) + ( 1 ^ ) ^ + 0(2) 

From the equality of the second derivatives of G with respect to T and q, p and 
q, s and q, it follows that: 

dS\ I d&\ 

âqi^-M-.-0 

dp) l dà) n 

therefore up to second order S, V and & reduce to their local equilibrium values and 
à is equal to a constant o;0. 

Consequently, the inequality (13)3 leads to the following evolution equation for 
the heàt flux: 

(15) q i = x ( e « o T ^ - T ( i ) ( x > 0 ) . 

The next step is to determine thermo-hypo-elastic constitutive equations which 
satisfy (13)2. 

First of all we note that: 

(.6) f-f», 
OSij s 

Then eq. (13)2 takes the form (cf. [1]) 

D IdG 
( 1 7 ) S i j d i J = e S u D t \ 3 s y 
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d2G 
Making use of the simplifying assumption = 0 [1], which implies 

dp ds 

(18) 
e = e (T, P) 

0 = /?(T,s) 

and differentiating the relation (16) with respect to time, eq. (17) becomes: 

(19) Sijdij = 
L S 

e | |8\ Ds 8 DSij ft DT 
S i j > 

where the subscript denotes partial derivative with respect to that variable. 

Equation (19) holds if we assume the constitutive equation: 

(20) 
, e \a 0\ Ds B Dsy ft DT 

Ds 
Now, eliminating —— from (20) by means of (19), we deduce the following 

constitutive equation for the deviatory stress: 

Dsy 1 (21) I * = t l ^ l i " i)Si jSkldkl+i(dy" idkkôij ft su D T 

ft s D t 

In order to derive the rate equation for the pressure, we write the continuity 

equation (l)i in a different way taking account of (5)2 and (18)i. Whereupon we get: 

(22) 
D p 1 / , D T 

Equations (21) and (22) can be combined to yeld the thermo-hypo-elastic equa­

tions: 

(23) 

EN _ l 
D t Q 

— \— — SijSkidki + —-dy — -— Idkkôij 

QTg J8T sy^ D T 

Qv 5s s / D t 

Finally, in order to obtain a complete set of dynamic governing equations for the 

ium, it is necessary to transform the derivative -

the generalized Gibbs equation (6) can be written as: 

medium, it is necessary to transform the derivative —— in (1)3. Setting cp>s = T——-

(24) 

D u 

D t = c. 
_ # D T M T Dp 1/ T f t , 

1 + T—- — 1- OT — r z r 1 H T" sydij + 
ft/ D t * e2 D t Q\ S ft/ 

p J D qs 
- _ d k k - Q f o q i — _ _ , 

0 D t 
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therefore the first law of thermodynamics (1)3 takes the following form: 

(25) e L + i f - X &)*£ - T^d. - 1 f sijdu - JU, + x T ) i ) + qu = a 
V & Q2 Qp/ D t Qp s ft xT 

Hence our system is completely characterized by the following thirteen 

unknown variables 

T, p, Vi, Sij, qi 

which are completely determined by the equations (25), (22), (1)2, (21) and (15). 
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