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Algebra. — On a definition for formations. Nota ¢) di Marco
BARLOTTI, presentata dal Socio G. ZAPPA.

ABSTRACT. — By constructing appropriate faithful simple modules for the group
GL (2, 3), the author shows that certain «local» definitions for formations are not
equivalent.

Key worps: Group; Formation; GL (2, 3); SL (2, 3); Faithful simple modle.

R1ASSUNTO. — Su un criterio di definizione « locale» per le formazioni. Con la co-
struzione di moduli semplici fedeli per GL (2, 3) si mostra che due criteri per la
definizione «locale » di formazioni dati in [1] non sono equivalenti.

All the groups considered in this paper are assumed to be finite and soluble.

For every positive integer n, let #(n) be a non-empty formation and let
Z(n) be a (possibly empty) isomorphism-closed class of groups. Let#, denote
the class of all the groups G such that, for every prime p and for any chief fac-
tor H/K of order divisible by p, the automorphism group induced on H/K
by the #(p)-residual of G belongs to Z(p); and let &, denote the class of all
the groups G such that, for every positive integer 7 and for any chief factor
H/K of order n, the automorphism group induced on H/K by the % (n)-residual
of G belongs to Z(n). The resulting classes #;,%, depend of course upon
our choice of the #(n)’s and the & (n)’s; we call a class of groups 3(V-definable
(3®-definable) if it can appear asF, (as (#,) in the above construction with an
appropriate choice of the #(n)’s and of the & (n)’s .

In [1] we proved that a 3(D-definable or 3®@-definable class is a (Z-closed)
formation and remarked that every 3(V-definable formation is also 3®-definable.
We now want to show that there exist 3(®-definable formations which are not
3(M-definable, i.e. that we do get more formations by allowing the #(n)’s and
the Z(n)’s to range over all the prime-powers.

In section 3 we exhibit faithful simple modules V, and V, of dimension
2 and 4 respectively for the group G, = SL (2, 3) over the field with 11 ele-
ments. Denote by G; and G, the semi-direct products [V,] G, and [V,] Gy;

(*) Pervenuta all’Accademia il 18 settembre 1987.
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let# , be the 3@-definable formation obtained by choosing #(n) = {1} for every
n, (112 ={Gy}, F(11%) =2 and ZF(n) =< (the class of all groups) for
any other positive integer n: it is clear that G,e#, and G,¢.%,. Now let
&, be any 3(V-definable formation obtained by a choice of #* (p)’s and Z'* (p)’s
such that G,e#,. Then &* (11) is not empty: in fact the group of automor-
phisms induced on V, by the#* (11)-residual R of G, (a normal subgroup of
G,) must belong to #* (11); now, whatever # * (11) may be, the #* (11)-resi-
dual of G, induces on V, the same automorphism group as R does on V,,
whence G, €%, and F, 4%, .

Sections 2 and 3 are devoted to some results on the representations of
GL (2, 3) and SL (2, 3) which justify the above example. The attention on
the group GL (2, 3) was motivated by the last example of chapter 16 in [3].

The author wants to thank professor T.O. Hawkes for a friendly discus-
sion of the subject.

2.

We fix some notation for this section.

Let p be an odd prime such that p = 2 (mod 3), and let F be the field with
p elements. Let G denote either the group GL (2, 3) or its normal subgroup
SL (2, 3); in both cases, G has a unique normal subgroup of order 8 which
we shall denote by Q (Q is isomorphic to the quaternion group, and the quo-
tient group G/Q is isomorphic in the former case to the non-abelian group of
order 6 and in the latter case to the cyclic group of order 3).

All the tensor products will be over F.

In this section we prove the following

THEOREM. Suppose that there exists a faithful simple FG-module V of di-
menszorz 2 over F; let U be a simple FG-module such that Ker (G on U) =
(such a module exists and has dimension 2 aver F by [5], 11.3.10 if G =SL (2, 3)
and by [2] 2.2 if G =GL (2, 3)).

Then the tensor praduct V o U is a faithful simple FG-module (and has di-
mension 4 aver F).

Proof. Let W =VeU.

‘We start with some considerations on the restrictions Vo and WQ

Suppose that Vo were the direct sum of two one-dimensional FQ-modu-
les: since such modules cannot be faithful for Q (which is not abelian), they
would both be centralised by the unique minimal normal subgroup of Q; hence
Vq wouldn’t be a faithful FQ-module, which is a contradiction since V is by
hypothesis faithful for G. So

(2.1) Vg is a faithful simple FQ-module.

Moreover, since Q acts trivially on U and acts faithfully on V, we have
that
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(2.2) Wq is a faithful FQ-module.

Now let {v, , v,} be a basis for V and {u, , u,} be a basis for U over F; since
{0y@u, V30U, V,®Uy, Vs® Uyt is a basis for W over F, we have that
W =(Veu)®(Veouy) as a F-vector space. Since Q acts trivially on U,
each V@ #; is a FQ-submodule of Wq isomorphic to Vq; thus

(2.3) Wgq is a direct sum of two faithful simple
FQ-modules isomorphic to Vg .

Now we consider the FG-module W. Since Q contains the unique mi-
nimal normal subgroup of G,

(24) any FG-submodule of W which is faithful for Q
is a faithful FG-module.

Thus, by (2.2), W is faithful for G. Suppose by way of contradiction
that W is not a simple FG-module: since any decomposition of W in a direct
sum of FG-submodules yields a decomposition of W in a direct sum of FQ-
submodules, by (2.3) and the theorem of Jordan-H¢lder we have, using again
(2.4), that

(2.5) if W is not a simple FG-module, then
W - V]_ @ Vg
and each V;(: =1, 2) is a faithful simple
FG-module of dimension 2.

Denote by T a (fixed) Sylow 3-subgroup of G. Each V; in (2.5) is faithful
for T', hence (by [5], I1.3.10) is a simple FT-module. Thus

(2.6) if W is not a simple FG-module, then W is a direct sum of two
faithful simple FT-modules each of dimension 2 over F.

Since, by their definition, both Vi and Uy are faithful for T, they must
be isomorphic to the unique falthful simple FT-module M (which has dimen-
sion 2 by [5] I1.3.10), hence ‘

27) Wp~MeM.

To complete our proof (through comparison of (2.6) and (2.7)), we show
that M@ M has one-dimensional FT-submodules.

Let m be any non-zero element of M, and let £ be a generator of T; then
{m ,mt} is a basis for M over F and {meom, mtom, meomt, mte mt}
is a basis for M ® M over F. Direct computation, and the fact that in F — 1
is the unique cubic root of — 1 (see [4], 3.7.1.), shows that mt? = —m — mt .
Thus we have

(memt—mtom)t =meomt—mteom,
(meom-+meomt+ mtomt)t =mem-+ memt -+ mtomt

and the proof is complete.



10 Atti Acc. Lincei Rend. fis. — S. VIII, vol. LXXXII, 1988, fasc. 1

3.

Let a, b be elements of GL (2, 3) of order 6 and 8 respectively, such that
GL(2,3) =(a,b); then SL(2,3) =(a,b?). To exhibit a representation
for GL (2, 3) of degree n over the field F we give the imagesof aand basn X n
matrices over F .

The smallest prime p = 2 (mod. 3) yielding a faithful irreducible repre-
sentation of GL (2, 3) of degree 2 over GF (p) is p =11; we get in fact two
non-equivalent representations f and g, given by

f@=g@=a=(_717) 10 =8=(} ;) mdg®) =B =(] ;).

These yield just one faithful irreducible representation of SL (2, 3),
because B% and B? are conjugate via

3 3
—3 —5
which centralises A .
Applying the theorem proved in section 2, we obtain a faithful irreducible
representation ¢ for GL (2, 3) (and one for SL (2, 3)) by considering e.g.

0 0 —1 1 00

0

, (o 0 —1 0 o foo10
?(a) =A —<1 1 —1 1) and ¢ (b)) =B “(0 10 3>
1 0 —1 0 10 3

Note that B’ and

00 0 1 1 —2 1 —2

B = 0.0 1 0 are conjugate via z2 =12 -1
1=\o 1 o0 —3 Jug —1 22 —4
1 0 —3 0 —2 1 4 —2

which centralizes A’.
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