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Teorie combinatorie. — On the number of representations of
an element in a polygonal Cayley graph. Nota di GaBrieLLA KUHN
e PaoLo M. Soarpi, presentata ®) dal Socio E. MARCHIONNA.

ABsTrRACT. — We compute explicitly the number of paths of given length joining
two vertices of the Cayley graph of the free product of cyclic groups of order k.

Key worps: Number of paths; Random walks; Cayley graphs; Free products;
Fibonacci numbers.

RiassuNTO. — Sul numero di rappresentazioni di un elemento in un grafo di Cayley
poligonale. Si calcola esplicitamente il numero di cammini di lunghezza data che uni-
scono due vertici del grafo di Cayley del prodotto libero di gruppi ciclici di ordine k.

1. INTRODUCTION
Let G denote the finitely presented group
1) G=(a,...,¢|af "' =.. . =at1=0¢)
where e is the identity, N >1 and K > 2.

(*) Nella seduta del 19 giugno 1987.

23. - RENDICONTI 1987, vol. LXXXI, fasc. 4.
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Consider the juxtaposed product

2) a;

,la- .

.a;
2]

n

of n (not necessarily distinct) symbols a; (» >1). In this paper we study the
following problem: given any w< G and any positive integer #, find the num-
ber of representations of w of the form (2). We will denote by y (7, w) such
a number and will set, for definiteness, 3 (0, w) = 0. Note that, if we denote
by T' the Cayley graph of G with respect to the generators @, . .., a;, then
¥ (n, w) is the number of paths of # edges from e to w .

The analogous problem was studied by P. Gerl [G] when G is the free
product of two copies of Z (the group of the relative integers).

It is not hard to show that this case corresponds to the case where G is
as in (1) with N=1 and k=4. ‘

The problem formulated above may be reduced to the problem of comput-
ing the n-step transition probabilities of the simple random walk on I'. In
this framework, the methods of [C-S], [W], [C] and [K] give information on
the asymptotic behaviour of those probabilities, but do not allow an explicit
computation. The aim of this paper is to produce such a computation by ele-
mentary methods.

2. 'THE NUMBER OF REPRESENTATION

Every element w e G different from the identity can be uniqﬁely represent-
ed as a reduced word of the form

(3) w= a;ll a;: . .a;:
where jiAjn, 1 <ji <k, 1 <r,<N,i=1...5

Of course, to every reduced word correspond in general many irreduced
words. For every we G, ws=e, the length of w, (the so called step length)
is the number

*) lwy=r+r+...+7

where 7, ..., 7 are the numbers appearing in the representation (3) of w.
We also set I(¢) = 0. A moment’s reflection shows that y (n,w,) = y (n, w,)
whenever [ (w,) = I (w,) .

Thus we set

X(®m,l(w) =y, wn).

For every » >0 let E, denote the set of all elements of G having length
r and let x, denote the charactens*lc function of E, .
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The following relations are easily verified

(5) 0¥ = Arn if 0<r<N,
(6) X * A = A + B0 if r=N,
(7) “n*u=tmt+E&—1)y~ i r>N.

Here * denotes the convolution on G. We can now prove our main result.

THEOREM. Suppoase G is the group (1) and let X (n,r) denote the number
of different representations (2) of any element of step-length r(r >0, n >0).
If n=r (mod (N + 1)), then

X (n,7) = (N+ 1 —AN) Zb:: R (h—1)b <a 4—2:]'1——1) +
" at+b
N(k—1)° < a )

wheren = a+ bandr =a —bN . Ifn #7r (mod (N + 1)), then X (n,r)-=
=0.
If k = 2 the above expression simplifies to

X(n,r)=(1_N)<2a+b—2a—1+1—<“+Z+1)>+(“+b>.

a

Proof. Let x¥" denote the n — th convolution power of x, . Then, by
(5) = (7) and the definition of X (n, r), we necessarily have

®) = DX,

From (8) and equations (5) - (7) we obtain the recursive equations

9 X(m+1,0)=kX(n,N)
Xr+1,n=Xmn,r—1)4+,k—1)X(®,r+ N).
Note that X (n,7) =0 if r >#n or n# 7 (mod (N + 1)) . Therefore we
may restrict X to the domain D, = {(n,7)e 2% : 0 <7 <#n,n=r (mod (N +
+ 1)

Setting # = a + b and » = @ —bN, D, is mapped onto the domain D ==
={(a,b)e Z2: 0 <b <a/N}. We let

x(a,b)=Xn(a,b),r(a,bd),
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so that equations (9) become

i0 x (BN, b) = kx (N, b—1)
(9 x(a+1,0+1)=x(,b+1)+(k—1)X (a+1,b),

for (a,b)e D. We also have the conditions
(11) x0,00=0 , x(a,0)=1 ifa>1,

since x(a,0)= X (a,a)=1 for a>1.

Let f(a, =) denote the generating function )] x(a,d)2’. From the
. b=0
second equation of (10) and from (11) we get

12y fla,2)=C(x)(1—(k—1)2),

where @ > 1 and C (3) = 2 ¢; 2 has to be determined (cfr. [J]).
7=0

From (12) and the definition of f(a, ) we obtain

(13) x(a,b)= zb:(;].(k___l)b—j (a"f‘b—‘]'—l).

=0 a—1

Taking the first equation of (10) into account, we get by (13)

b _—
(14 3 (6 —hep) (r— s (PHD I o,

with ‘the convention ¢_; = 0.
Setting d; = (¢; — kc;_;) (k— 1)~7, equation (15) becomes

(1#) §; d, (b (N +bll’]7j - 1) —0.

The solution of (14') is given by dy = ¢, =1,d; = — N for j > 1, whence
(15) c;=01+NA—Fk)I+N(E—1y+,7>1.

From (13) and (15) we obtain the first part of the theorem.

If k= 2, the expression for x (a, b) can be simplified as indicated in the

statement of the theorem, by repeated use of summation by parts and elemen-
tary identities for binomnial coefficients.
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3. - RELATION WITH RANDOM WALKS AND CONCLUDING REMARKS

For every element xe G let 3, denote the unit mass at x. Let p denote
the probability measure on G

w=h (3 + 8, ... 8 ) =K1y,

(as x, can obviously be identified with a measure).

Let us consider a sequence Y;,Y;,...,Y,,... of G-valued indepen-
dent identically distributed random variables with common distribution .
The random variables

W,=Y,Y,Y,...Y, (Y, = e identically)

define a random walk on G (with initial point e) whose transition probabilities
are P(Wop =y | W, = 2) = u(x73). Let P, —P(W,=u).

Then, by independence, PY = u*n(w) = k" y,*»(w). It follows that
if I(w)=r,P™ =k"X(n,7r). An application of Theorem 5 in Woess’
paper [W] gives the asymptotic estimate for X (n,7) as n — 00 :

X (n,r) ~ ko n32 if m=r (mod (N + 1))

X(m,r)=20 otherwise.

Here C is a constant depending on r, N and % only and p is the conver-
.gence norm of the random walk.

The numbers 2" X (n, 7) represent the probability that at the time # the
random walk is at a given element of length . Another natural problem is
the computation of the probability that at the time » the random walk is at
distance 7 from the initial point e (the distance between two points x and y being
simply /(y~*x)). Clearly, if ¢, denotes the cardinality of E,, one has

P(l(W,,): r)=¢q, k"X (n,r).

Hence the problem reduces to computing ¢,. It turns out that the g,’s
are sums of generalized Fibonacci numbers. We say that the numbers f, (r =
=0,1,...) are (k, N)-Fibonacci numbers if they satisfy the recursive re-
lation

(16) fri=k=0)(fat+frat...frx) i r>N

with the initial conditions: f, =0 if 0 <7 < N, fy = 1 (cfr. [Ka]).
It is easy, passing to the /! norms in (5)~(7) and then using the method
of the generating function, to verify that ¢,=f, + fouy + ... + fran for
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every 7. Arguing as in [M] one can conclude that the numbers g, have the
expression

N N
(17) q,= 2 Wt N(p' (ay))t, if r>N,
s=07=1
g, =k , if r<N.
Where a,, oy, ..., oy are the ‘\T distinct roots of the polynomial p (2) =
=aN—(k—1)(1+2+22+...+2N). If N=1, equations (17) give

the well known expression for the cardlnahty of the  —th corona in a homo-
geneous tree of degree k. In the case k=2 we have, by the definition of
generalized Fibonacci numbers, ¢, = f,,n41. The (2, N)-Fibonacci num-
bers were studied in detail by Miles [M].
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