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Equazioni a derivate parziali. — On hyperbolic partial differen-
tial equations in Banach spaces. N o t a (•) di B O G D A N R Z E P E C K I , p re -
sentata dal Corr isp . R. C O N T I . 

RIASSUNTO. — Viene dimostrata l'esistenza di soluzioni del problema di Dar-
boux per l'equazione iperbolica z'xy = f(x , y , z , Z^, zy) sul planiquarto x > 0, y > 0 . 
Qui, / è una funzione continua, con valori in uno spazio Banach che soddisfano alcune 
condizioni di regolarità espresse in termini della misura di non-compattezza a. 

We prove the existence of solutions of the Darboux problem for the hyper-
bolic equation z"xy =^f(x , y , z , z'x , zy) on the quarter-plane x > 0 , y > 0. 
Here / is a continuous function with values in a Banach space satisfying some 
regularity condition expressed in terms of the measure of noncompactness a. 

Throughout this paper R+ = ; [0 , oo), Q = : R+ X R+, E is a Banach space 
with norm || • ||, and / is an E-valued continuous function defined on the set 
Q = ^ Q x E x E x E . Further, let a denote the Kuratowski's measure of 
noncompactness in E (see e.g. [2]), and C1 (Q , E) the standard Fréchet space 
of all E-valued functions z continuous on Q together with their partial deriva-
tives zx and zy. 

By ( + ) we shall denote the problem of finding a solution # e C1 (Q , E) 
of the partial differential equation of the hyperbolic type 

satisfying the initial conditions 

z(x,0)=;0 , * ( 0 , y ) = 0 

for x > 0 and y > 0. 
Hartman and Wintner [3] have shown that, for the existence of a solution 

of ( + ) with real function/, it suffices to suppose t h a t / i s continuous bounded 
and satisfies a Lipschitz condition with respect to the two last variables. Using 
the fixed point theorem of Sadovskii ([4], Theorem 3.4.3) we prove the existence 
of solutions of ' (+ ) provided for / some regularity condition expresed in 
terms of a. 

Denote by Sœ the set of all non-negative real sequences with standard par-
tial order < ; for Ç , Y] G Sœ we write \ < r\ if Ç < 73 and Ç76 TQ. Let us state 
the Sadovskii theorem in the following form: 

(*) Pervenuta all'Accademia il 28 ottobre 1986. 



BOGDAN RZEPECKI, On hyperbolic partial differential equations, ecc. 541 

Let f be a closed convex subset of C1 (Q , E), and O a function which 
maps each non-empty subset Z c f to a sequence 0 ( Z ) e S^ sucht hat (1) 
<!>({*}UZ) = $(Z) for zeir, (2) O (COTLV Z) — <D (Z) (here cônvZ is the 
closed convex hull of Z), and (3) if <£ (Z) = 0 (the zero sequence) then Z is 
compact in C1 (Q , E). Assume that F is a continuous mapping of ir into itself 
and <D (F [Z]) < O (Z) whenever O (Z) > 0. Then F has a fixed point in ir. 

For Z c C1 (Q , E) we denote by 2!x , Zy and Z (s , f), respectively, sets 
of all z'x, zf

y , z(s ,t) such that z e Z. The lemma below is an adaptation of 
the corresponding result of Ambrosetti [1]. 

LEMMA. If W is a bounded equicontinuous subset of usual Banach space of 
continuous ^-valued functions defined on a compact subset P of Q, then a (U {Z (x , 
y) :(x,y)e P}) = sup a (Z (x , j/)). 

( * , y ) e P 

Our result reads as follows. 

THEOREM. Let f be uniformly continuous on bounded subsets of Q, and let 
\\f(x,y ,z ,p ,q) y <G(x,y , \\ z || , \\p || , || q \\)for (x ,y , z ,p , q)e Q. Sup-
pose that for each bounded subset D of Q, and a compact subset P o / Q there exist 
constants, respectively, L (D) and M (P) such that 

Wf(x>y>z>Px>qx)—f(x,y,z,p2,q2)\\< 
< L (D) • max [ \\p1 —p2 \\ , || ft —ft || ] on D 

and 

« (/[P X W, X W2 X WJ) < M (P) • max [oc (WO , a (W2), a (W3)] 

for all bounded subsets W , W2, W3 of E. Assume in addition that G is a con-
tinuous function which is nondecreasing with respect to the three last variables and 
the scalar integral equation 

x y 

g(x,y)=jJG(s,t,g(s>t),g'x(s,t),g'y(s,t))dsdt 
0 0 

has a solution g e C1 (Q , R+). 

Under the above hypotheses, (+) has at least one solution on Q. 

Proof Fix a positive integer n. Put Q?a = [0 ,n] X [0,7*]. Let 

<** = sup g(s,t),bn= sup £ (* ,* ) ,*„=» sup g'y(s,t), 
(s,t)eQn (s,t)eQn (s,t)eQn 

dn = sup G (s , t, £ (j , t) , ^ (* , t) , ̂  (j , t)) as dt 



542 Atti Acc. Lincei Rend, fis. - S. VIII, vol. LXXX, 1986, fase. 7-12 

and 

&n = \(x>y>*>P><i)GQ'-(x>y)eQ»>\\*\\<*n>\\P\\ <K>\\q I I <**} . 

Let us denote by § w (s ) (s>0) the supremum of the numbers \\f(xl9 
yi>%\> Px > ft) — f(x2 ,y2>*2>p2, ft) II such that max [\ xx —x2\ , \y1—y2\ 9 
II #i — #2 II » II Pi —p2 II, II ft — ft II] < £ whenever (*<, y<, * 0 ^ , ft) G DW (I =; 
= 1,2). We define 

on(x,y,z)=^n • Sw(Aw£) • exp(L(Dn)j;), 

f» (* » J* > e) = n • 8, (*n s) " exP (L (D*) *) 

for # , y , s in R+, where hn =; max (1 ,bn,cn, dn). 
Let iT0 be the set of all s e C1 (Q , E) with || z(s , *) || <g(s,t), \\ z'x (s, 

0 II < £ * (*, 0 and || z'y (s , t) \\ <gy (s , t) on Q. By 1T we represent the set 
of all zei^o such that 

II K (s + e, 0 — < (*, 0 II < °n(s> * , e) , | | < (* + e , 0 - ^ (s , t) || < ^ e 

and 

11 < (sf t + e) - z'y (s, t) 11 < T n ( * , *, e) , 11 < (*, « + s) - < (* , 0 11 < A e 

(n =i l , 2 , . . .) for (s, £) in Qn and with sufficiently small s > 0. It is not 
hard to see that iT is a convex closed bounded subset of C1 (Q , E) , and "T 
i^x, if y are almost equicontinuous on Q. 

Putting 
x y 

(F *) (* , y) = f f / (* , t, z (s, t) , z'x (t, t) , z'y (s , t)) ds at 
0 0 

we shall write (+) in the form ^ F ^ (in y ) , because F is a continuous 
mapping of y into itself. 

Let 
<pn (Z) = max [ sup exp (— rn (s + t)) a (Z (s , *)) , 

(*.*)6Qn 

sup exp(— rn(s+ *)) a « ( * , * ) ) » 
(s,t)eQn 

sup exp(—rn(s+t))*(Z'y(s9f))]. 
(s,t)eQn 

(n = 1 , 2 , . . .) for a nonempty subset Z of y , where rn > 0. Now we shall 
show the basic inequality: min (rn , r*) • <pw (F [Z]) < 3 Mw • <pn (Z) with Mn ~ 
= M(Q„). 
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To this end, fix (x, y) in Qn. Let 

no (* > 0 = « ( z <* > *))> M* > 0 = * (K (s > 0)> M* > 0 = * (z; (* , o) 
for (s, £) G Q. For any given e > 0 there exists a S > 0 such that (s' , t') , 
(*" , t") e [0 , x] X [0 , y] with | s' — s" \ < S and | t' — t" \ < S implies 
3 Mn | jx* (s', *') — JJL̂. (s" , *") | < s (k = 0 , 1 , 2). We divide the intervals 
[0 , x] and [0 , y] into m parts 

* 0 = 0 < * x < ... <xm~ x9 yQ = 0 <y1< ... <ym=y 

in such a way that max | x{ — Xilx \ < S and max | yi — y^ \ < S. Put: 

'PiJ=-[xi-vXi]X[yj^lyy,]y 

WW = u { Z ; ( ^ 0 : ( ^ 0 e P o } a n d 

w f = u { z ; ( , , 0 : ( * , * ) e P * ; } 
for * , / =; 1 , 2 , . . . , m. By Lemma we obtain 

a ( W f ) = sup n i ( * > 0 ( * = 0 , l , 2 ) ; 

let (4*>, *<*>) be a point in P 0 with a (W#>) =* JI* ( ^ > */*°) • 

Let JJL (s , t) = |x0 (* , t) + Hi (*,*) + H2 (* > 0 on Q. 

Applying the integral mean value theorem, we get 

a (F [Z] (* ,y)) < a ( £ m e s (P«) « ^ ( / [ Q,, X W f X W<£> X W<§> ] )) 
v,/=i / 

m 
< Mn 2 m e s <P<j) m a * [ « ( W ^) > oc (WW) , a (WW) ] < 

< 

2,y=i 

< Mre I J J fx (* , 0 djr d# + 
0 0 

2 m r 

< Mv (J. (* , 0 as dt + zxy ; 
0 0 

35. — RENDICONTI 1986, vol LXXX, fase. 7-12. 
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therefore 

* y 

a (F [Z] (* , y)) < Mn • j j y. (s , t) as àt < 
0 0 

x y 

< 3 M„ • q>„ (Z) • j j exp (rn (s + t)) ds ât 
0 0 

and consequently 

V « . sup e X p ( - r n ( ^ + ^ ) j a ( F [ Z ] ( * , ^ ) ) < 3 M n - T „ ( Z ) . 
(x,y)eQn 

Arguments similar to the above imply that 

r „ - i . sup e x p ( - r n ( x + ^ ) ) m a X [ a ( F [ Z ] ; ( ^ ^ ) ) ) a ( F [ Z ] ; ( ^ ) > ; ) ) ] < 
(x,y)eQn 

< 3 M „ - 9 ) i ( Z ) , 

and our inequality is proved. 
Define : 
O (Z) — (cpa (Z) , (p2 (Z) , . . .) for a non-empty subset Z of ^ . Evidently, 

0 ( Z ) e S^. By properties of a and Ascoli theorem the function O satisfy 
conditions (l)-(3) listed above. 

Assume rn > max ( 1 , 3 Mw) for w > 1. Then from our basic inequality it 
follows that O (F [Z]) < O (Z) whenever O (Z) > 6. Thus all assumptions 
of Sadovskii's fixed point theorem are satisfied, F has a fixed point in V and the 
proof is complete. 
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